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Abstract

"noon "n_n

A graph G with "p" vertices and "q" edges is called a Polygonal sum graph(PSG) if it admits a

labeling known as Polygonal sum labeling (PSL). PSL is an injective function & : V(G) — N,
where N represents the set of all non-negative integers that induces a bijection h™ : E(G) —
{Px(1),Px(2),...,Px(q)} of the edges of G defined by h™ (uv) = h(u) + h(v) for every e = uv €
E(G), where Px(1),Px(2),..., Px(q) are the first "q" polygonal numbers. In this paper we prove that
Olive tress, Caterpillars S(ny,ny, ..., 1ny) Shrub St(nq,ny, ..., ny), Banana tree Bt(nq,ny, ..., ny) and

H-graphs are PSG's.
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1. Introduction

In this paper, we consider non - trivial finite, simple, undirected graphs. The vertex set and edge set
of a graph G are denoted by V(G) and E(G) respectively. We adopt the graph theoretic notation and
terminology from Bonday and Murty [2] and the number theory concepts from Burton [1]. Numerous
types of labeling’s have been introduced and explored by various researchers, and an excellent review
of graph labeling can be found in [3]. In 2018 R. Sureshkumar [6] introduced a labeling called polygonal
sum labeling (PSL), a graph which admits PSL is called a polygonal sum graph (PSG). In this paper

we prove some families of graphs which admits PSL.

2. Main Results

Definition 2.1. Number of the form Px(n) = 5[(K—2)n— (K—4)] for all n > 1 are called Polygonal
numbers, where K > 3 is the number of sides of the polygon. For K = 3 it gives triangular numbers, for K = 4

it gives square numbers and so on.
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Definition 2.2. PSL is an injective function h : V(G) — N, where N represents the set of all non- negative
integers that induces a bijection h™ : E(G) — {Px(1), Px(2),...,Px(q)} of the edges of G defined by h™ (uv) =
h(u) + h(v) for every e = uv € E(G), where Px(1),Px(2),...,Px(q) are the first q polygonal numbers. For

K = 3 the above labeling gives Triangular sum labeling, for K = 4 it gives square sum labeling and so on.
Definition 2.3. A graph G is called a PSG if it admits PSL.
Theorem 2.4. Olive trees are PSG's.

Proof. Let ug be the root vertex. Let u11,u1y, ..., 11, be the vertices in the first level. Let up, us3, ..., u2,
be the n — 1 vertices in the second level and so on. Let u,, be the unique vertex in the n'" level. Then

uo,, 1 < v < m; ugun,2 < v < n;upuz, 3 < v < n;...Uy_1,Uny, are the edges in the corresponding

levels. Then G has n(nTH) edges and ”("TH) + 1 vertices.

Define h: V(G) — N by

h<u0> =0
m(m—1)

h(upwe) = Px|(m—1)n— 5

+1] — h(”m—lr)

where, m (represent each level) = 1,2,3,...,n;r = m,m+1,...,n. This induces the edge labels as

follows:

Wt (uour,) = h(ug) + h(uz,)
= 0+ Px(r)
= Px(r), I<r<n
ht (unua) = h(uny) + h(uzy)
= h(ur,) + Px[n — 1+ r] — h(uz,)
= Px[n—1+7], 1<r<n-1
Wt (uguzy) = huzy) + h(us,)
= h(uzr) + Px[2n — 3+ 7] — h(uz)

= Px[2n—3+7], 1<r<n-2

h+(un—1n”nn) = h(”n—ln) +h(unn)
= h(uy—1n) + Px [(n —1)n—
n(n+ 1)]

(1’1—21)11 + Tl:| — h(un,m)

= P
|

Hence the injective function h induces the first P [”("; 1)} edge labels. Therefore Olive trees are

PSG's. O
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Example 2.5. The decagonal sum labeling of Olive tree with 16 vertices is shown in the following figure.

—_

116

0
27 52 85
148 180 212
222 271 328

360 414

441

Theorem 2.6. Shrub graph St(ni,ny, ..., ny) isa PSG.

Proof. Let V(St(ny, ny, ..., ny)) =

{vo, 0,005 : 1 <r <m1<s <

{v,v,,00s : 1 <r <m1 <s <mn}and E(St(ny,ny,...,ny)) =

n,}. There fore St(nq,ny,..

vertices and m + ny +np + - - - 4+ n,, edges.

Define h : V(St(ny,n2,..., 1)) —

NIRNIRN~ O

1
2

N by

[(K—2)r* — (K —4)r], 1<r<m.

(K=4)(m+m+ny+---+n_1+s—r),

This induces the edge labels

ht(vo,)

h(v) + h(v;)

M) hasm+ny+na+ -+, +1

[(k—2)(m+3s)?—(K—2)— (k—4)(m+s—1)], 1<s<mn.

[(k—2)(m+ny+5)* = (K—2) —4(k—4)(m +ny+s—2)], 1<s<mny.

[(k—2)(m~+m +ny+-+n_1+s)* — (K—2)r* —

O+%[(K—2)r2— (K—4)r] =Pg(r), 1<r<m
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]’lJr(UlUls) = h(01)+l’l<v1s)
= %[(K—Z)—(K—4)]+%[(K—2)(m+s)2—(K—2)—(K—4)(m+s—1)]

= Px(m+s), 1<s<m

th(UzZ)zs) = h(vz)+h(025)
= %[(K—Z)‘l—(K—4)2]+f[(K—2)(m+n1+s)2—4(K—2)—(K—4)(m+n1+s—2)]

= Px(m+mny+s), 1<s<mn

N =

1 1
2 2
(K—4)(ny+nay+-++ny_1+59)]

W (0poms) = =[(K—2)m?* — (K—4)m]+ =[(K—=2)(m+ny+ny+--+nyu_1+5)>— (K—2)m>—

= Px(m+ni+ny+---+nyu_1+5), 1<s<n,

Clearly the edges labels are the first m + ny +ny + - - - + n,, polygonal numbers. Hence Shrub graph
St(ny,n,...,1ny) is a PSG. O

Example 2.7. The triangular sum labeling of St(2,3,4,5,6) as shown in the following figure.

Theorem 2.8. Banana tree Bt(ny,ny, ..., ny) isa PSG.

Proof. Let V(Bt(ny,ny,...,ny)) = {0, 0, wr,wys : 1 <r <m,1 <s<mn—1}, E(Bt(ny,ny,...,ny)) =
{vo,, vyw,, wywys = 1 < r < m,1 <s < mn,—1}, Bt(ny,ny,...,ny) has 2m+ny +np+ -+ +nyy + 1
vertices and 2m + ny + np + - - - + n,, edges.

Define h : V(Bt(ny,ny, ..., 1ny)) — N by



Generalized Polygonal Sum Labeling of Some Families of Graphs / R. Sureshkumar et al.

195

Mo) = SIK-2)2—(k—4)], 1<r<m

h(w,) = %[(K 2)(m? +2mr) — (K — 4)m), 1<r<m
h(wys) = Px(2m+s) —h(w), 1<s<m-1
h(wys) = Px(2m+ny—14s) —h(wy), 1<s<mn-—1
h(wss) = Px(2m+mny+mny—2+s)—h(ws), 1<s<mn3—1

h(wys) = Pxm+s+n+np+---4+n_q—(r—-1)—h(w,), 1<r<m

The induced edge labels are

ht(vv,) = h(v)+h(v)
= 0+1KK—2ﬁ—(K—®ﬂ:PAO, 1<r<m

2
W (vyw,) = h(vy) + h(w,)
= JI(K=2)2 — (k= 4)] + 5[(K ~2)(n + 2mr) — (K — 4)m]
= Px(2r), 1<r<m

W (wiwis) = h(wr) + h(ws)
= h(wy) + Px(2m +s) — h(w1)
= Py(2m+s), 1<s<n -1
Wt (waws) = h(wa) + h(was)
= h(wy)+ Px(2m+mn1 —1+s) — h(w)

= Px(2m+n; —1+s), 1<s<mn—1

W (wywys) = h(wy) + h(wys)

= h(w,) +Px2m+s+n+np+---+n,_1—(r—1)) —

= Px(2m+s+ny+ny+---+n_1—(r—1)), 1<r<m,1<s<mn,—1

Clearly the edge labels are the first 2m + nq +ny + - - - 4+ n,,Polygonal numbers. Hence Bt(ny,na, ..., 1y)

is a PSG

Example 2.9. The square sum labeling of Bt(4,4,4,4,4) as shown in the following figure.

O
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454 5q

86
109
419 134
5
376 o l6

335
151

180
316

279

Theorem 2.10. Caterpillars S(nq,ny,...,ny) is a PSG's for all n, > 1.

Proof. Let Py, : ujupus. .. u, be a path with m vertices. From each vertex us,s = 1,2,3,...,m there are
ny,r=1,2,3...,mpendent vertices say us1, s, Us3, . . ., Usy,. The resulting graph is known as caterpillar
and is represented as S(ny, 1y, ..., My).

The caterpillar graph S(ny,n,...,1n,) = G has m+ny +np +nz + - - - +n, verticesand g = m — 1 +
ni +ny +nz+-- -+ ny, edges.

Define 1 : V(G) — N by

W) = 0

W) = SUK=2)(s=12= (k=4 k(1) 2<s<m
M) = lK=2)(m-1472— (K-4(m-140), 1<r<m
Bit) = S(K=2)(m 1+ e 47—

—~

K—4)Ym—-14+n+ny+n3+---+ns_1+r)]—h(us), r=2,3,4,...,n5;s=2,3,...,m.
and the induced edge labels are

Wt (ujupy) = Py(1)

W (ususy1) = h(us) + h(usy)

]’l+(u1u1r) = h(u1 —|—h(1/l1r)
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= Px(m—1+4r), 1<r<m

Wt (usus,) = h(us) +h(us) =Px(m—1+mny+ny+nz+---+ns1+7)

where, r = 1,2,3,...,ns s = 2,3,4,...,m. As a result the induced edge labels represent the first g

polygonal numbers. Hence Caterpillars S(n,ny,...,n,) are PSG for all n, > 1 ]

Example 2.11. The Heptagonal sum labeling of S(2,2,3,4,5) as shown in the following figure

81 147 280 457 528 852 948

]

111 183 229 30

391 675 94 61

Theorem 2.12. H— graphs are PSG's.

Proof. Let uq,us,us, ..., u, be the n vertices of the first copy of P, and v, v2,v3, ..., v, be the vertices in

the second copy of P,. Let u,vs € {1,2,3,...n} be the connecting edge. This graph has 2n — 1 edges.

Define h: V(H) — N by

h(u,) = 0
h(u,—;) = Px(i) —h(u,—is1), i=1,23,...r—1
h(upyr) = Pr(r+i—1) —h(upioq), i=1,23,...n—r
h(vs) = Px
h(vs—;) = Px(n+i)—h(vs_it1), i=1,23...,s—1
h(vsyi) = Px(n+s—1+1)—h(vsii1), i=1,23,...,n—s

and the induced edge labels are

Wt (up,_1)

WY (U ithy—(141))

ht (ururJrl)

W (U ity (i41))

ht (vsvs_1)

h(u) + h(ty 1) = Pe(1)
h(uy—i) + h(u,—(i11))
Px(i+1)

1) + h(itrs1)
Py (r)

h(urii) + 1ty i41))
Pe(n)

1(05) + h(vs_1)

;1=1,2,3,...
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= PK<7’Z + 1)
h+(05—ivsf(i+1)> = h(US—i) +h(vsf(i+1))
= Px(n+(i+1)) ;1=1,23,...s =2

W (vsvs01) = h(vs) + h(vs41)

= Px(n+s)
ht (Us+ivs+(i+1)) = h(vsyi) + h(vs+(i+1))
= Px(n+s+i) ;1=1,2,3,...n—(s+1)

Clearly h is an injective function that establishes h" (E(G)) = Px(1), Px(2), Px(3), ... Px(2n —1). O

Example 2.13. The Octagonal sum labeling of H— graph obtained from two isomorphic copies of Ps as shown

in the following figure
14 139
7 37
1 9
0 ¢ 129
40 151
15 190
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