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Abstract

A shifted Jacobi spectral collocation method based on operational matrices is developed for a
nonlinear sequential Y-Prabhakar-ABC fractional boundary value problem with nonlocal
multipoint conditions.  Explicit closed-form expressions for the operational matrices of the
Y-Prabhakar-ABC derivative, the ¥Y-Riemann-Liouville integral, and the Y-Hilfer derivative are
derived, and the problem is reduced to a small nonlinear algebraic system solved via
Newton-Raphson iterations. Spectral convergence is proved in Sobolev spaces and confirmed

numerically, showing high accuracy with few basis polynomials.
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1. Introduction

Fractional calculus has emerged as one of the most powerful mathematical tools for modeling
phenomena exhibiting memory and hereditary properties, anomalous diffusion, viscoelastic behavior,
and non-local dynamics that classical integer-order calculus fails to capture adequately. Among the
many fractional operators proposed in the literature, the three-parameter Mittag-Leffler function
introduced by Prabhakar [1] and the associated Prabhakar fractional integral and derivative have
attracted considerable attention in recent years due to their remarkable flexibility in fitting
experimental data across diverse physical systems including dielectric relaxation, anomalous

diffusion in complex media, and heat conduction with memory [2,3].
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The Atangana-Baleanu-Caputo (ABC) fractional derivative, introduced by Atangana and Baleanu
[4], employs the one-parameter Mittag-Leffler function as its nonsingular, nonlocal kernel, thereby
overcoming the singularity issues of the classical Caputo and Riemann-Liouville derivatives. The
generalization of the ABC derivative to the three-parameter Prabhakar-Mittag—Leffler kernel, yielding
the so-called Y-Prabhakar—-ABC derivative, was recently developed and studied by several authors
[5-7]. This operator encompasses the standard ABC, Hilfer-Prabhakar, and Y-Hilfer derivatives as
special cases, and thus provides a unifying framework for a wide class of fractional models [3,7].

A significant and active research direction concerns the analytical study of boundary value problems
(BVPs) for fractional differential equations involving these generalized operators. Existence and
uniqueness of solutions for nonlinear fractional BVPs with ¥-Hilfer and Prabhakar-type derivatives
have been investigated via Krasnoselskii and Banach fixed point theorems, see for instance
[8-10,18,22]. In particular, the two companion papers [18,22] of the present work established the
existence of at least one solution via Krasnoselskii’s fixed point theorem and the uniqueness together

with Ulam-Hyers stability via Banach’s fixed point theorem for the nonlinear fractional Duffing BVP
ABCDMBAN (1) 4 Ax(t) + px(t) = f(tx(t), € (a,b), M

subject to nonlocal multipoint boundary conditions involving ¥Y-Riemann-Liouville fractional integrals
and Y-Hilfer fractional derivatives.

Despite these qualitative advances, the problem of constructively solving fractional BVPs of the type
(1) — that is, computing the actual solution function with rigorous convergence guarantees — remains
largely open in the setting of sequential ¥-Prabhakar-ABC derivatives. The present paper addresses
precisely this gap.

Spectral methods based on operational matrices of orthogonal polynomials have proved highly
effective for the numerical solution of fractional differential equations. The key idea is to represent the
unknown solution as a finite series of orthogonal basis functions (Legendre, Chebyshev, or Jacobi
polynomials) and to precompute a matrix that approximates the action of the fractional derivative
operator on the basis, thereby transforming the differential equation into a system of algebraic
equations. This approach was pioneered for classical Caputo derivatives [16] and has been extended
to Prabhakar fractional equations by Phang and Nasrudin [7], who employed a shifted Legendre
operational matrix for Prabhakar fractional differential equations and demonstrated excellent
accuracy with spectral convergence. Bokhari [5] further developed a Legendre-wavelet operational
matrix scheme with regularized Prabhakar derivatives, and numerical schemes for Caputo-Prabhakar
distributed-order equations were studied in [11]. Spectral methods based on Jacobi polynomials for
Atangana—-Baleanu fractional equations were analyzed in [12], where the full convergence theory
including error estimates in weighted Sobolev norms was established.

However, to the best of our knowledge, no operational matrix for the sequential generalized Y-Prabhakar—
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ABC derivative has been derived in the existing literature, and no spectral collocation method has been
developed for nonlinear BVPs involving this operator with nonlocal multipoint boundary conditions
of the form (27)—(28). The construction of such a matrix and the resulting numerical method constitute
the main contributions of the present paper.

The principal contributions of this work are as follows:

1. We derive an explicit (N + 1) x (N + 1) shifted Jacobi operational matrix Dfﬁl’g’g"w for the Y-
Prabhakar-ABC fractional derivative, together with operational matrices I?‘{ZP for the Y-Riemann-

Liouville integral and D?{'Vj a4 for the Y-Hilfer derivative.

2. We develop a spectral collocation method based on these matrices that transforms the nonlinear
BVP (1)-(28) into a nonlinear algebraic system, which is efficiently solved by Newton-Raphson

iteration.

3. We prove convergence of the method with error bound |[x — xn||;2 = O(N™*) for solutions
x € H;j]([a, b]), where s quantifies the smoothness of the exact solution and the convergence is

spectral (exponential) for analytic solutions.

4. We validate the method on several numerical examples including a linear Y-Prabhakar—ABC
equation with known behavior, the fractional Duffing equation from [?,2,17,19-21], and a

fractional van der Pol oscillator equation.

The paper is organized as follows: Section 2 collects the necessary definitions and properties of the
Prabhakar function, the Y-Prabhakar-ABC derivative, the ¥Y-Riemann-Liouville integral, the Y-Hilfer
derivative, and the shifted Jacobi polynomials. Section 3.1 states the model problem precisely and sets
up the spectral approximation framework. Section 3.2 derives the operational matrices. Section 3.3
establishes convergence and error estimates. Section 4 presents numerical experiments with tables and

figures, and Section 5 provides conclusions and directions for future work.

2. Preliminaries

In this section we recall the necessary definitions and properties of special functions, fractional
operators, and orthogonal polynomials that are used throughout the paper. Let [4,b] C R with
0<a<b< co,and let ¢ € C!([a,b]) be a strictly increasing function satisfying ¢'(t) > 0 for all
t € la,bl.

2.1 The Prabhakar Function

Definition 2.1 (Three-parameter Mittag—Leffler function [1,3]). For parameters o, > 0, v € R, and z €
C, the three-parameter Mittag—Leffler function, also called the Prabhakar function, is defined by the convergent
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series

00 k
Enp@) =) 1"(05125,8); @

k=0
where, (77)x = T (v + k) /T (7y) is the Pochhammer rising factorial with (y)o = 1.

Remark 2.2. The Prabhakar function (2) generalizes several classical special functions [2,3]:

1. Setting v = 1 gives the two-parameter Mittag—Leffler function:

k

> z
E,5(z) = Eap(z) = k;)m-

2. Setting v = 1 and B = 1 gives the classical Mittag—Leffler function E,1(z) = Ex(2).
3. Setting v = 0 gives E) 5(z) = 1/T ().

Lemma 2.3 (Boundedness of the Prabhakar function [2,3]). For «, > 0, v € R, and any p > 0, there

exists a constant Cy 5,0 > 0 such that

< Cuprr 45 3)

EY5(—pt)

In particular, Ezﬁ(—p t*) € L1(]0,00)) for a € (0,1).

Proof. The asymptotic expansion of EZ,;;(Z) for large |z| with |arg(—z)| < (1 —a/2)m gives

o <_pta)7(y X\ —y—
E] 4(—pt ):M+O<(pt) v 1), £ — co.

For v > 0 and > a7y, the dominant term decays as t %7 < C/(1 + pt*), establishing (3). For ¢y < 0 or
near t = 0, the bound follows from continuity and the power series representation (2). See [2,3] for full

details. =

2.2 Fractional Integral and Derivative Operators

Definition 2.4 (Y-Riemann-Liouville fractional integral [8,13]). Let 6 > 0 and w € L'([a,b]). The Y-
Riemann—Liouville fractional integral of order & with respect to  is defined by

. 1 t _
RET W (t) = ) / (p(t) —9(s)" "¢ (s) w(s)ds, t>a. @
a
Definition 2.5 (Y-Caputo fractional derivative [13]). Forn —1 < 6 <n,n € N, and x € C"([a, b]), the

Y-Caputo fractional derivative of order 6 is

gy | =) e

CDWx(t) =

) xas ©
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Definition 2.6 (Y-Hilfer fractional derivative [8,14]). For 0 < 8; < 1,0 <v; <1, and x € C'([a, b)), the
Y-Hilfer fractional derivative of order B; and type v; is defined by

iVis vi(1=8i); 1 d 1—v:)(1-8;);
HDS‘]F /l/’x(t) — RLIHL( ﬁ])‘/’ <1/J/(t) dt) RLI,1(+ ])( ﬁ])ll’x(t) (6)

When v; = 0, (6) reduces to the Y-Riemann—Liouville derivative; when v; = 1, it reduces to the ¥-Caputo

derivative (5).

Definition 2.7 (Atangana-Baleanu-Caputo derivative [4]). For 0 < a« < 1, B(a) > 0 a normalization
function satisfying B(0) = B(1) = 1, and x € C*([a, b)), the Atangana—Baleanu—Caputo fractional derivative

1s

D () = 1O [ B (-9 ) v s %

11—«
Definition 2.8 (Y-Prabhakar—Atangana-Baleanu—Caputo derivative [5-7]). For0 <a <1, > 0,7 € R,
normalization B(a) > 0, and x € C'([a, b)), the Y-Prabhakar—-ABC derivative is defined by

ABCDUBI (1) = 1B<_> /ﬂ t Eﬁj< = (p(t) - ¢<s>>ﬁ) ¢'(s) ¥/ (s) ds. ®)

1—ua

Remark 2.9 (Special cases of Definition 2.8 [3,7]).

1. Setting ¥ (t) = t and v = 0 in (8) recovers the standard ABC derivative (7).

2. Setting y(t) = t recovers the Prabhakar-ABC derivative studied in [7].

3. Setting B = w and y = 1 recovers the Y-ABC derivative with standard Mittag—Leffler kernel.

4. Setting v — 0 recovers the Y-Caputo derivative (5).
Definition 2.10 (Sequential Y-Prabhakar-ABC derivative [7,18]). The sequential Y-Prabhakar—ABC
derivative of second order is defined iteratively as

ABCfDiirﬁr’Y}’l’x(t) _ ABCDZ/f/V;lP (ABCDZ;ﬁ/%#’x) (t), )

where, ABCDZ’f VY is as in (8).
The following property is fundamental for the operational matrix derivation.

Lemma 2.11 (Semigroup property of ¥-RL integral [13]). For 6,6, > 0and w € L'([a, b)),
RO (RZi¥0) (1) = M), (10)

Proof. By definition (4),

R (NIE0) () = s . 0O 9O 6 [0 - pm) T () w(x) drds
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Changing the order of integration via Fubini’s theorem, setting u = (¢(s) — (7)) / (¢(t) — (7)), and
applying the Beta function identity B(d1,8,) = I'(61)T(2)/T (61 + J2) yields

1

BCEES) [0 = 90" g (@) o) de = BT o),

which establishes (10). O

Lemma 2.12 (Action of Y-RL integral on a power function [7,13]). For 6 > 0 and x > —1,

R () — p(a))"] () = = )~ pla)) . (1)

(k+0+1)
Proof. By (4),

ST ()~ p(@)] (1) = r({” [ @) =96 9 6) (906~ pla))as.

Substituting ¢(s) — p(a) = (p(t) — ¢(a))E, so that ¢'(s)ds = (P(t) — ¢(a))d¢ and P(t) — P(s) =
(p(t) — ¢(a))(1 — ), the integral becomes

_ a))x ) _ a))x ) K
PO g O gy T e,

which is (11). O

2.3 Shifted Jacobi Polynomials

Definition 2.13 (Shifted Jacobi polynomials on [a,b] [15,16]). For parameters a*, p* > —1, the shifted
Jacobi polynomials {P,E“*’ﬁ *)(t)};’;’:() on [a,b] are obtained from the standard Jacobi polynomials {P,Sa*’ﬁ *)(x)}
on [—1,1] via the affine change of variables x = 2(t —a)/(b —a) — 1:

P E) (1) = Pl F) (2g_—;) - 1) , (12)

They are orthogonal on [a, b] with respect to the weight function w ™ F7)(t) = (t —a)* (b — t)F":
b * Q% * Q% x % * Q%
/ P (1) PP () B (1) dt = S P, (13)

where

(5 (b—a)* P+ Tn+a*+1)T(n+p*+1)

_ : 14
8 2n+ % + p* + 1 n!T(n+a*+p*+1) (14)

Remark 2.14 (Special cases of shifted Jacobi polynomials [15]).

1. a* = B* = 0: shifted Legendre polynomials on [a, b], orthogonal with respect to w = 1.

2. a* = B* = —1/2: shifted Chebyshev polynomials of the first kind.
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3. a* = B* = 1/2: shifted Chebyshev polynomials of the second kind.

The general Jacobi case w*,B* > —1 provides the most flexibility in adjusting boundary behavior of the

approximation.

Lemma 2.15 (Three-term recurrence for shifted Jacobi polynomials [15,16]). The shifted Jacobi polynomials

satisfy the three-term recurrence relation:

PP ) = (AP B ) PP () - P B ), nz, (15)

with Pé“*’ﬁ*)(t) = 1and Pl(“*’ﬁ*)(t) = (“*Ziﬂ)t — ("‘wﬁ*ﬂ)az(f;*ﬁ*)(bfa)/z, where the coefficients AEF)

Bﬁ,a*’ﬂ*), and C,(q“*'ﬁ ) are explicitly given by

A _ 2n+a*+B*+1)2n +a* + p*+2) (16)
" 2m+1)(n+ax+p+1)(b—a) ’
B ) _ (2n+a* + B +1)(«? — ) a”
! 2n+1)(n+a*+ B+ 1)2n+a* + B*)’
cor s (1) )20+ e+ +2) s
! (n+1)(n+a* + B +1)(2n +a* + p*)’
Lemma 2.16 (Derivative of shifted Jacobi polynomials [15,16]). The derivative of Pk(“*’l3 ) (t) satisfies
d o ) 2 ktat+ BT AT ripe
- ’ = . / > 1.
iy (1) . 7 P, (1), k>1 (19)
Expanding Pk(f*lﬂ’ﬁ ) (t) in the basis {P].(a*’ﬁ ) ;‘;& via connection coefficients d,(c,lj) gives
d IX*, *) k=1 1 “*, *)
%P,f P(t) = E) d) PP (), (20)
where the connection coefficients are given explicitly by
40 _ 2 (ko + B +)Q2j+af + B+ T(+a* + B+ 1) T(k+a")T(k+ ) 1)

Y b—a 2T(j+ o + DI(j+p* +1) Tk+a 1 p +1)
fork > 1andj:0,1,...,k—1withj%—kodd,anddsj) = 0 when j + k is even.

Lemma 2.17 (Function approximation in Jacobi basis [15]). Let x € L2 . .., ([a,b]). Then x can be uniquely

expanded as

x(t) = Yo PP (1), (22)
k=0
where the Jacobi coefficients are given by
b * g% * Q%
o= gy [ X B w0 () 23)
h}({“ ) a
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N
The truncated series approximation xN( ) Z )(t) = CT®(t), where C = (co,c1,...,cn)T and
@(t) = (PP (1), PP (1), ... t ) satisfies
lx —xn[l2 < CN7°[|x| s, (24)

for x € H3,([a,b]) with s > 0, where C > 0 is independent of N.

24 Function Spaces

Definition 2.18 (Weighted Sobolev space [15,16]). For s > 0, the weighted Sobolev space on [a, ] is defined
as
H? (o ([a,B]) = {x € L2 s ([a,]) : Y (1+ K> F) < oo}, (25)
k=0

equipped with the norm ||x||3,, = ozo; (1+ k)2scﬁh1(<“*'ﬁ*)~
w k:0

Remark 2.19 ([13,14]). Throughout the paper, C([a, b]) denotes the space of continuous functions on [a, b] with
norm || - ||, and C"([a, b]) denotes the space of n-times continuously differentiable functions. All fractional

operators in Section ?? are well-defined for x € C'([a, b]) — H:,([a, b]) for any s > 0.

3. Main Results

3.1 Problem Statement and Integral Formulation

We consider the nonlinear sequential fractional boundary value problem: find x € C!([a, b]) satisfying
ABCDRPWx(8) + Ax(t) + px(t)® = f(t,x(1)), tE€ (ab), (26)
subject to the nonlocal multipoint boundary conditions

Zgz RLI X 771 (27)

ZC] HDPYY x(6,), (28)
where 0 <& < 1,8 >0, 7,A 1 €R, B(a) € (0,00), a;, B; >0, v; € [0,1], 1;,0; € (a,b), §;,; € R, and

f:[a,b] x R — R is continuous.

We impose the following hypotheses throughout.

(H1) There exist constants L > 0 and p > 0 such that

|f(t,u)] < Le(1+4|ulP), Vtelab], ucR,
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(H2) The normalization satisfies 0 < By < B(a) < By < o0.
(H3) There exists K > 0 such that

£ (500 -9 )| <K vass<ise

Proposition 3.1 (Integral representation). Let (H1)-(H3) hold and let x C'([a, b]) be a solution of (26)-
(28). Set u(t) = —Ax(t) — ux(t)® + f(t,x(t)). Then x satisfies the Volterra integral equation

() = x(a) + 5 [u(t) — ula)]
* B(la) i <1_—[sz>7 F(ilB) /at(l/’(f) — ()" ' (s) u(s) ds, (29)

with x(a) and x(b) determined by (27)—(28).

Proof. Step 1: Inversion of the single Y-Prabhakar—-ABC operator.
Let y(t) = 4BCD P 7 x(1). By Definition 2.8,

y(t) = f (_“,1 / | E;,Y( — (1) —w(s»ﬁ) ¢'(s)x'(s) ds. (30)

Expand Egly using Definition 2.1 with z = =2 (¥(t) — ¥(s))P:

1—a

[ee]

£ (500 —96)?) = L s (28 i - vie @1

- = 1—a

Substituting (31) into (30) and exchanging sum and integral (justified by hypothesis (H3) and the

absolute convergence of Eﬁ_Y on [a, b]):

v = 1 s (125 [0 =y @K (s @)

The r = 0 term gives

TS [ v e s = P - x(a)]

For r > 1, integrate by parts with u; = (¢(t) — ¢(s))P" and dov; = ¢/ (s)x'(s) ds:

s=t

[ @0 (6P O (s)ds = [(90) — 9©)Px(9)] " +br [ (90— 9Py ()x(s) ds
= —((t) ~ 9(@))"x(a) + pr |

-t
a

(p(t) — 9(s))P" 19/ (s)x(s) ds.
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Substituting back and collecting terms in (32) gives the resolvent equation

CB@ o B@) & () e\
y() = 28 oy @ e (1) WO -v@) RO, 6y

11—«

where R (t) collects integral terms. Recognizing the sum as Eg? (72 (1(t) — ¢(a))P) and inverting (33)
for x(t):

(1) = 2(a) + GSvl) + oS x@ET ({500 - p@) ) - TSRO, G

Step 2: Second integration.
Now set ABCDZ’f"Y"wy(t) = u(t), i.e., the equation (26) reads ABCDZ’f’WJy(t) = u(t). Applying Step 1 to
the pair (y, u) in place of (x,y):

_ l—w _ Lo —a " (=eBr ! _ Br—1.,/
y10) = y(a) + s 1) (0] + 575 1 (75 ) irgpely [ 00—y s uts) s
(35)
Since y(t) = ABCDZ’f ¥ x(t) and the kernel of the ¥-Prabhakar-ABC derivative vanishes at s = t, we

have y(a) = 0. Moreover, using the identity r,(;ag)r’ flr) = r'F ﬁr (since T'(Br +1) = prT(pr)), equation

(35) becomes

1 (_7)7’ — "ot r—1,/
5L (%) [wo-s@r e s o

Step 3: Substitution into (34).

Substituting (36) into (34) and using y(a) = 0 so u(a) = 0 (since y(a) = 1_"3 [u(a) —u(a)] = 0) gives

exactly

)2 . o (L —a \" ot
w(8) = x(a) + G w0 — )] + g T e (75 ) [0 =9 e ute) s

1—«

1—u

Factoring out Ba) and absorbing constants using (—7),/r! and the definition of the Prabhakar

resolvent (see [3,7]), the above simplifies to (29) with the identification % roi:l (%)r ﬁﬁ) as the
resolvent kernel coefficient. The values x(a) and x(b) are fixed uniquely by substituting t = #; into
(29) and using (27) to get

Z &R x (),

and substituting t = b into (29) and using (28) to get
ZC]HDﬁJV]w ]).

These two scalar equations together with (29) constitute a closed system for x(a), x(b), and x(t) for
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t e (ab). O

3.2 Operational Matrix Construction
Let N € N and write xy(t) = CT®(t) with C = (co, ..., cy)T and ®(¢) = (P P (), ..., P ) ()T

Theorem 3.2 (Operational matrix of the ¥-Prabhakar-ABC derivative). There exists a unique (N + 1) x
(N + 1) matrix DY with (k, m)-entry

1 b o - a*, * a*, * “* *
ka _ h(a*,ﬁ*) /ﬂ (ABCDarfr')’ ¢P]£ B )) (t) Pigi B )(t) ZU( B )(t) dt, (37)

such that for eachk =0,1,...,N,

* Q% N * Q%
ABCDIPN B ()~ ) Dby (1), (38)
m=0

so that in vector form ABCDgf’%w(I)(t) R~ D'Zg’g;lpd)(t).

Proof. For each k = 0,1,...,N, project ABCDZ;/S ’V;IPPk(“*’ﬁ *)(t) onto Xy. By the orthogonality relation

(13), the unique L%U—projection coefficient onto P,gf*’ﬁ R is
ABC B p(a’f7) P(a*,,B*)>
at+ k s I'm 1 b ABC a,ﬁ,’y;lp (D(*,‘B*) (D‘*rﬁ*) (D‘* B*)
Dy — P 2= / (ABCDPr P ) ()P () e B (1)
which is precisely (37). The matrix Di\’g’g;lp = [Dim) ,I(\,’mzo then satisfies (38). O

Lemma 3.3 (Explicit computation of Dy,,). For k > 1 and m = 0,1,...,N, the entry Dy, in (37) is given

explicitly by
Be) N my (=1 ( —a )’ j r+1)
Dim = ————2—— Y d;; R Sy
k (1—0&)hn§x*’ﬁ*)]§o k/Jr;Or!l"(ﬁr+1) 1—a E;Op]’él"(é%—/%r—FZ)
b * B* * Q%
x [ (e) = (@) P () ) (1) d, (39)

where d,((lj) are the connection coefficients from (21), and p; , are the monomial expansion coefficients of Pj(“*’

")
* * ]
in the -power basis: P]-(oé b )(s) =Y pie(p(s) — ¥(a))’. For k =0, Do, = 0 for all m.
=0

Proof. Step 1: Apply the definition.
By Definition 2.8,

. * % t — * Q%
(D) () = £ [ (25 0 90 ) WO AP @ ds 6o

Step 2: Expand the derivative.
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By Lemma 2.16,

d o, B* — ot B
%Pk( ﬁ)(s)zgd,fﬁpf B (s). (41)
Substituting (41) into (40):
ABC B¢ p(a*,B) - —& _ B\ . (a*,B)
(Asepemep )Y (1) g Ve (0 0P ) YO o @)

Step 3: Expand Eg? in series.
Insert the power series (31) for Eg? into (42) and exchange sum and integral by hypothesis (H3):

L B (75)

/a 06) ~ 9P P ) s @)

(ABCDZf/Yﬂﬁ P}Eﬂ*ﬁ*))

X

Step 4: Evaluate the inner integral.
Write P( ( ) = 2 p;e(¥(s) — ¢(a))’ and apply Lemma 2.12 with k = £ and § = pr + 1:

[0 = 96D $) pls) = (@) ds = s T+ 1) -RZ P [(9) (a0

_ TI(+1) .
= m(lﬂf) — () TP (44)

where in the last step we used Lemma 2.12 directly as

/ﬂt(lp(t) — ()P g (s) (9(s) — ¢(a)) ds = B(Br+ 1,0+ 1) (p(t) — p(a)) TP

T(Br+1)T(£+1) .
F T pria) PO = g@)

Substituting (44) into (43):

By plat B - (=7)r —a '\’
(ABCDaf’Yl/’Pk( ﬁ)) ; Zr'l"(,[v’r+1) (1_(X>
/ (2 + 1) +Br
;)Pj,ﬁm( (t) = (a)) TP (45)
(w ).

Step 5: Project onto Py,
Multiply (45) by P 151“*//3*) (Hw'*F)(t), integrate over [a,b], and divide by hy(,f £,

Bl F o (= —a \"& o T(+1)
Don = e D) L (1me) S pr i)

< (pU0) — (@) D) (B )
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which is (39). For k = 0: %Pé“*’ﬁ ) (s) = 0 since Pé“*’ﬁ D= 1, so (40) gives zero identically, hence Dy, = 0
for all m. O

Lemma 3.4 (Moment integral evaluation). For 7 > 0and m = 0,1,..., N, the moment integral

M) = [ (0(6) (@) P (0 ) 1) (46)
is given by B .
M) = 32 pmg [ (000 = (@) (=) (0= 1) at @)
=

where each integral on the right-hand side is finite and positive.

Proof. Write P,gf‘*’ﬁ*)(t) = g Pm,g(P(t) —p(a))7 and substitute into (46):
q=0

Malr) = [ () - 9(@)) (iﬂ Pna(9(t) - WW) (t—a)" (b — 1) dt
=

=3 pug /b(sb(t) —(@)"(t —a)* (b — 1) dt.
q=0 e

Since i € C([a,b]) with ¢’ > 0, the map t — (t) — (a) is strictly increasing from 0 to ¥(b) — (a) >

0, so each integrand (¢ (t) — ¢(a))"+9(t —a)* (b —t)F" is a continuous, nonnegative function on (a,b)

with integrable endpoint singularities (since a*, B* > —1), confirming finiteness and positivity. O

Theorem 3.5 (Operational matrix of ¥-Riemann-Liouville integral). There exists an (N +1) x (N +1)

matrix If{f with (k, m)-entry

k
S 1 r(¢+1)
(1), = W P g 1) M0 49
where My, (£ + 6) is as in (47), such that
RLTV (1) ~ 10 ®(1). (49)
Proof. Step 1: Apply Definition 2.4.
Foreachk=0,1,...,N:
(5; “*, * 1 £ _ D(*, *
SIPP0) = g [ 00— gD R ds (50)

Step 2: Substitute the monomial expansion.
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* Q% k
Write Pk('x ’ﬁ )(s) = Y pre(9(s) — ¢(a))! and substitute into (50):
(=0

k t
TR (1) = % X p [ @) =96 Y W) — pla)) ds. (5)

Step 3: Evaluate each integral.
For each term, substitute ¥(s) — (a) = (P(t) — ¢(a))¢ so that ¢'(s) ds = (p(t) — ¥ (a)) d¢ and P(t) —
¥(s) = (p(t) = 9(a))(1 = ¢), with ¢ € [0,1]:

[0~ 9 ) () 9@ ds = (1) — pla@) (-t

0

= ((t) — ¢(a)) "°B(6, £ +1)

_ Ir)r+1)
= (p(t) - l/’(“))uém

Substituting back into (51) and cancelling I'(4):

I
Y e (UL TOI )

Step 4: Project onto P\ *".

Multiply (52) by P,Sf‘*’ﬁ ) (£)w® F)(t), integrate over [a, b], and divide by hﬁ,f B,

(1), = hw* /f(z Pt it )<w<t>—¢<a>>ﬂ+5> PP (Bl ) ()

r(4+4é+1
k
_ (£+1) b (45 p(a* %) (a*,B*)
- M L Py, O~ 9 @) R ) g ar
1 ¢ T({+1)
= w5 L sty )
which is (48). O

Theorem 3.6 (Operational matrix of ¥-Hilfer derivative). There exists an (N +1) x (N + 1) matrix Di{'vi v

satisfying
HpP e (1) ~ DI @ (1), (553)

given explicitly by the matrix product

D@"Vﬁlp — I]l/?jlsl_ﬁ/);lp D(l) Il(QlL_V/)(l_ﬁj);lpl (54)
where DW is the differentiation matrix with entries

(DW), =dia (55)
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the connection coefficients from (21).

Proof. Step 1. By Definition 2.6,

Vi *, * 1— 1 d 1 1-
HDfiwlpPk(“ B )() RLI:L( Bj)iw <¢/(t) dt) RLI[§+ vi)( 5J)¢P( B )( 0. (56)
Step 2: Apply the first RL integral.

By (52) with 6 = (1 —v;)(1— B;):

T(0+1)

k
RL7(I=vi) (A=) (™, B7) 1y £ — w(a)) v =) (57)
at k ( ) Z;Opk/r(g_i_(l_vj)(l_ﬁ])_’_l) (l)b( ) lp( ))

Step 3: Apply the y-derivative.

1 _ r(0+1 B
Set py ) = r(4+(175j)(1)7ﬁ]-)+1) and 0 = £+ (1 —v;)(1— B;). Then

s L) — p(@)] = il e (o) — p(@) 8)

Summing over ¢:

1 d rp0—v) (=Bt " p7) y _ T((+1)
Y/ (t) dt Lo B )_E;Opk'ér(g—i—(1—1/]')(1—‘5]')—|—1)
X (04 (1 =v))(1—By)) ($(t) — p(a)) OO
r(¢+1)

— () (-p)-1
ijz(£+( A= gy PH - v@) , (59)

usingI'(c+1) =0T (0).
Step 4: Apply the second RL integral.
Apply RLI RASRLLE (59) using Lemma 2.12 with x = £ 4 (1 —v;)(1 — B;) —1 and ¢ = v;(1 — B;):

r(£+(1 )(1 )) g,
fevi-p) W0~ Pp(a)) A (60)
Combining (59) and (60):
HpPivif pa %)y - I(+1) — w(a)) 15
Drﬁ Pk <t) ;)pk'zr(f—f— 1_ :B]) (ll](t> l/)( )) . (61)

Step 5: Express as matrix product.
By (52), the action of Ig{ WP followed by D) followed by Iggiﬁ M on ®(t) reproduces (61) entry
by entry, yielding (54). O



Shifted Jacobi Operational Matrices for Solving Sequential Fractional... / V. B. Magar, P. S. Avhale, A. V. Kawarkhe 316

Proposition 3.7 (Sequential derivative matrix). For xy(t) = CT®(t),

ABCDMPT (1) ~ CT (Dﬁ;@@”ﬁ)z ®(t). (62)
Proof. By Definition 2.10,

ABchlfﬁmwa(t) _ ABCDZ;ﬁ,’Yﬂ/’ (ABCDZ;ﬁ/YﬂPxN> (t).
Using (38),
ABCDZ;/S/Y?lPxN(t) _ ABCDZ;/SI“WP (CTq)(t)) _cT (ABCDZ;ﬁ/W?lP(I)(t)) ~ CTDleglg;wq,(t)'
Let C = (Di’g’g ;lp) ! C, so that ABCDZ"f TN (t) ~ CTd(1). Applying the operational matrix once more:
AP (ETa(n)) ~ DY () = CT (DYEIY) DYE (1)

By construction, the L2-projection matrix Di”g’g ¥ is symmetric: for any k, m,

1 b . * Q% * Q%
Din =y |, (D) (PP Oty ar

and the symmetry Dy, = D, follows from the self-adjointness of the L%U—projection operator, so

o\ T .
(D“Xﬁg”’) = DY, giving
. o\ 2
ABCDRE Wy (1) ~ €T (DYEIY) (1),

which is (62). O

Proposition 3.8 (Nonlinear algebraic system). Collocating the approximation xn = CT® in (26)—(28) at the
N — 1 Jacobi-Gauss interior nodes {t;}1* C (a,b) and enforcing the boundary conditions via the operational

matrices yields the (N + 1) x (N + 1) nonlinear system F(C) = 0, where:

F(C)=CT (Dj'g'g;l”)zq)(ti) rACTo(t) + y(CT¢(ti)>3 —f(tz-, Cch(ti)) =0,
i=1,...,N—1, (63)

Fn(C) = C'®(a) — f & Cg o () =0, (64)
i=1

Fy1(C) = CT®(b) — Y ;"D o (6)) = 0. (65)
j=1
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The Jacobian Jg has (i, k)-entry
el = [ (D2) @000 22 0) + 3 (o)) 2
_ (tz, CcTo(t )) P (). (66)
Proof. Substituting xx(t) = CT®(t) into (26) and using Proposition 3.7, the residual at t = #; is
" (DY) @(t) + ACT@(t) + p(CTo(t)) — £ (1, CT o)) =0,
which is (63). Substituting xy into (27) and using (49):

CTq) Z é’l RL:Z-D( 1Y (CT(I)) Z CZ CTIZI);ILII)¢(171)
i=1

yielding (64). Similarly, substituting into (28) and using (53):

n .
CTo(b) = 325,01 (") () Z;a "Dl (),
j=1 j

yielding (65). For the Jacobian, differentiate (63) with respect to cx:

oF _ 9 [CT (D”ng;‘/’)zd%ti)} a2 [CT‘I’(ti)}

ack ack aCk
d T ] 3 . i ) T ) d T
i {(c <I>(tl)) } = (tl,C d)(tl)) % [c @ (1 )}.
Using %[CTAd)(ti)] = [A®(t)]; for any constant matrix A, az’Tk[CTq)(ti)] = P,E“*’ﬁ*)(ti), and
2 [(CT@(1))°] = 3(CT®(£))*P" ) (1), we obtain (66). O

3.3 Convergence Analysis

Theorem 3.9 (Approximation error). Let x € H,([a, b]) with s > 1/2. Then

[o°] o0 2
2 24 (a*,B*) 1 25 27 (a* ﬁ*) HXH o
x —xnl||5. = cih < v (14 k)*ceh,” —_—, (67)
ol = o S T S
[ g _
Hence [|x — xn/| 12, < ﬁ = O(N%).
Proof. By Lemma 2.17 and (13),
. 2
el = | 3 a0 = )
k=N+1 12 k=N+1
(14+k)=2n* )

For each k > N + 1, since k > N +1 > N we have (1 + N)* < (1+k)%, so ckh( *) (ERNE
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Summing over k > N + 1:

o o (a8 BY) 1 - 26 24 (a*B7)
c2h < - (1+K)%c2h
L TS s b k

1 [l
< 2s 29 (a%,B*) _ w
(1+N)» & Z(l+k) 2 (14 N)»’

establishing (67). Taking square roots gives |[x — xn||;2 < (1+ N)7°[|x|g; = O(N7*). O

Theorem 3.10 (Operational matrix truncation error). For each k = 1,...,N, the truncation error in the

operational matrix approximation satisfies

ABC B, 7 —s s Go
D14 ple Dy P < GINT+C , (68)
Z " "rz;ﬂ rIT(Br+1)

where Co = = ((b) — (a))P, sy is the Sobolev regularity of ABCDZ’f mek('X*’ﬁ ") R is the Prabhakar series

o

truncation level, and Cy, C,’( > 0 are constants independent of N and R.

. * Q* N * Qx
Proof. Let gi(t) = ABCDZ;’S ’AY’IPPk(Dé B (t) and IIng = Zo kaP,Sf #) jts best L2 -projection onto Xy. By
m=

the triangle inequality,

R)

g — Tingelle, < llge — &8 Ml + g™ — Mgt l2 + [ITTng™) — Tngill 2, (69)

where g,ER) is the function obtained by truncating the Prabhakar series at level R in (43).

Term 1. From (45), the difference gx(f) — g,ER) (t) is

() — g0 ()

—a \"J T6+1 r
k] g Z rlF ,Br+1) <1 ‘Xlx> ij,zr(giﬁr_gz)(gb(t) — p(a)) P,

R+1 (=0

Taking the L2-norm and bounding |(—),/r!| < C"/r! for some C > 0, [({+1)/T({+ pr+2) <1,
and ((£) = p(a) P < (p(b) — p(a)) TP

gk — g™l s

- Cr « roj
E 8 e (oe) L ) — pla) el
j=0 =0

r=R+1

o0 Cr
< C -0
kr:;ﬂ rIT(Br+1)

where Cy = £< (y(b) — y(a))P and C collects all finite constants.

Term 2. By Theorem 3.9 applied to g,({R) € Hys([a, b)): ||g,(<R) — HNgIER) 12, < CeN~%

Term 3. Since Iy is an orthogonal projection with ||TIy|| < 1: ||HN(g](< =gl < llgk — gk HLz <
G T r'r(;csirﬂ) Combining all three terms in (69) gives (68). O
r=R+1
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Theorem 3.11 (Full convergence). Suppose x € H:,([a,b]) with s > 1/2 solves (26)—(28), and let xn =
(C3)T® be the numerical solution from Proposition 3.8. Assume the Jacobian Jg is uniformly invertible for all

N > Ny. Then
e,

I = anllez < g + e ZeN |®ll.3, (70)
where E(Nk) =GN~ +C, E m as in (68). As N,R — oo, the right-hand side of (70) tends to zero.
r=R+1

Proof. Let x3; = I1nyx be the Jacobi projection of the exact solution. Then
[ —xnllrz < [l — 2y llez, + (x5 — x2n ]2 - (71)

The first term satisfies
x| s,

[x =yl < N+1F (72)

by Theorem 3.9.
For the second term, let C** be the coefficient vector of x}, so xi, = (C**)T®. Evaluate the residual

F(C*):

F(C)] = (€T (DY) (1) + AC™)T@(t) + (€ @(1)) — fi xm)]

= |ABCDR Wi (1) — (AECDIE ) (1) + (8, x(1)) — F (i k()]

< ‘ABCrDZ“ﬁ’YlP(

0|+ Lell = xille

<C 2 e, (73)
k=0

where in the last step we used Theorem 3.10 and the Sobolev embedding || - ||c < C|| - ||, for s > 1/2.

Hence [|[F(C*)|lo < C Z 8 By the inverse function theorem applied at C}; where F = 0 and Jg is

invertible: N
€ = il < 5 | IF(€)ll < 3 € L e
Therefore
N
i =l = (€ = Coe|, <lle = Chllely < it Iefac Lol

Combining with (72) in (71) gives (70). As N — oo, the first term — 0 by s > 0. As R — oo, the series

Y. Cj/(r'T(Br+1)) — 0since E;Y is entire [3], so each e%) — 0, completing the proof. O
r=R+1 ’

Corollary 3.12 (Spectral convergence for smooth solutions). If x € C*([a, b]), then for any s > 0,

[x —xnllz = O(N™*) as N — oo. (74)
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If x is analytic on [a, b], then there exist constants C, > 0 and o > 0 such that
[x — xnll2 < Coe N, (75)

Proof. Since x € C%([a,b]) C Hy([a,b]) for all s > 0, Theorem 3.11 gives [x — xnl[;2 < CN~* for
every s > 0, proving (74). For analytic x, the Jacobi coefficients satisfy |c;| < C,e=F for some ¢ > 0

depending on the width of the analyticity strip of x (see [15]), so

ol = 3 @ <c 3 ek SN e
S o T k=N l—e20 = '
giving (75). O
Corollary 3.13 (Recovery of special cases).
1. Setting y(t) =t and v = 0 in Lemma 3.3 gives
pO=0) _ (@) =l J I'(¢+1) £+1P( £ @B) (1) d
o = T L Sy (t-a) (P,

which is the operational matrix of the standard ABC derivative [5].

2. Setting u =0, A # 0, and f = 0 in (63)—(65), the nonlinear system reduces to the linear system
[(D"‘*W”)2 + AI] C=b
ABC = b

where b € RN encodes the boundary data from (64)—(65).

3. Setting A = —1 and u = 1 recovers the fractional Duffing BVP of [18,22], for which (63) becomes
b\ 2 3
c’ (D"ggfg"/’) ®(t) — CTd(t) + (CTdJ(ti)) — f(t,CT®(t)) =0, i=1,...,N—1,
and the Newton—Raphson Jacobian entry (66) simplifies to
apw) (o ) T 2 plapr) f (1 cT (" 5")
e = | (DS527) @(t) | — P () +3(CT@(t)) B (1) — 52 (1, CT@(t) ) PP (1),
k

Proof. All three statements follow by direct substitution of the specified parameter values into
Lemma 3.3, Proposition 3.8, and (66) respectively. For statement (1), setting ¥(t) = t gives ¢/'(s) = 1
and ¢(t) — ¢(s) = t — s, and setting v = 0 forces (—7), = 0 for all r > 1, leaving only the r = 0 term
in (39), which yields the stated expression. For statement (2), the cubic term vanishes and the system
F(C) = 0 becomes the linear system [(D f;'gglp) + AI]C = b, where the vector b encodes the
boundary constraints from (64)—(65). For statement (3), substituting A = —1 and u = 1 into (63) and

(66) directly yields the stated expressions. ]
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4. Numerical Example

In this section we apply the shifted Jacobi operational matrix method developed in Section 3 to a

concrete fractional boundary value problem. We choose N = 4 (basis polynomials of degree 0,1,2, 3, 4),

*

a* = B* = 0 (shifted Legendre polynomials on [0, 1]), and 9 (t) = ¢, so that all matrices can be exhibited
explicitly.

4.1 Problem Setup

Consider the following nonlinear sequential ¥-Prabhakar-ABC fractional boundary value problem on
[0,1]:
ABCDRP V(1) — x () + x()* = f(t,x(1), te€ (0,1), (76)

with parameters

x=075 p=1, 4=05 B@a)=1 A=-1 u=1, (77)

subject to the boundary conditions

x(0) = &1 M T (3) + & M T (3), (78)
x(1) = "D x(3) (79)

with §; = 0.1, {» = 0.1, {1 = 0.2. The forcing function is chosen as
f(t,x) =T275) %7 + 3 — 7 +¢, (80)

so that the exact solution is

X*(t) — t1‘75, (81)

which can be verified by direct substitution into (76) using the known formula for the ¥-Prabhakar—

ABC derivative of a power function with ¢(t) =¢t, =1, v =0.5[7].

4.2 Shifted Legendre Basis on [0, 1]

With a* = B* = 0 and [a,b] = [0, 1], the first five shifted Legendre polynomials are:

t) = 70t* — 1403 + 90> — 20t + 1. (82)
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The norms from (14) with a* = * = 0 are h}({o,o) = ﬁ, sohg=1,h = %, hy = %, h3 = %, hy = %. The
basis vector is

®(t) = (Po(t), Pi(t), Pa(t), Ps(t), Pa(t)) .

4.3 Monomial Expansion Coefficients

k
Writing each Pi(t) = Y prt! (with ¢p(t) = t so ¥(t) — (0) = ), we read off the coefficients py , from
(=0
(82):

poo =1,

pio=-1 pi1=2

p0=1 p21=-6pr2=6, (83)
pso=—1, ps1 =12, p3p=-30, p33=20,

pao =1,  pa1 = —20, ps2 =90, ps3z=—140, pss="70.

4.4 Connection Coefficients d](clj)

From (21) with a* = p* = 0 and j + k odd, the nonzero connection coefficients are:

-2
=6
i) =6, diy =10,
d) =14, dY =18 (84)
(1) _
All other d; ;=
4.5 Computation of the Operational Matrix D%ZSC’LO'S”
Witha =075, =1, 7= 0.5, B(a) = 1, and ¢(t) = ¢, the formula (39) becomes
= d U T(t+1) 1
r 4 (+r+1
Dy = (2K + 1) Z rZOT"FT’-i-l ~3) ;)p],gr(HHz)/o FHTHD, (1) dt, (85)
where we used 2 = %2 = —3 and I'(fr +1) = I'(r + 1) = r!. The inner moment integral with
w=1on]l0,1]is
m
H1 Py (t) dt = / gy =y P 86
[ Epmq Lo (36)

Row k = 0: Dy,, = 0 for all m by Corollary ??2.
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Row k= 1: Only j = 0, d\}) =2, pog = 1.

D1 =3 22 <_O'(57,)!r)(2_3)r

(=05),(=3)" 1 _ (=05),(=3)
(rH2 T(r+2) (r+1)12

1(—0.5),/r!] < C/r):

Using

For m = 0:

1 1
/tr“Po(t)dt:/ tHlde =
0 0

I'(r+2)

and truncating at R =

1
/ 1P, (t) dt.
0

6 (the series converges rapidly since

1
r4+2°

D=6 1 g o [+ (02 (OSRICSE
Computing term by term:
-
i3 (—0.5)(2)3.;)2(.1.55)(—3)3 _ 0.3751-8%—27) _ —11(;3.825 _ _0.05625,
4 (—0.5)(0(54)!(; 52(2 5)(81) _ 09;1;6 81 _ 72::675 ~ 0.02198,
r_5. (—0.5)(0.5)(1(:!))22. 57)(3 5)(—243) _ —3.?%;23(5)6243 ~ —0.00632,
r=6: ~0.00135.

Summing: 0.5 + 0.5 — 0.140625 — 0.05625 + 0.02198 — 0.00632 + 0.00135 ~

0.81913 ~ 4.9148.

Form =1:

1 -1
/ P (1) dt = / 1 (2t
0 0

Computing the sum analogously gives Dy; ~ —1.6382.

For m = 2,3, 4: proceeding similarly gives Dy ~

)dt =

~
~

0.81913. Thus Dy =~ 6 x

2 1
r+3 r4+2

0.4914, D13 =~ —0.1475, D14 ~ 0.0443.

Rowk=2:Onlyj=1,dy) =6, pio=—1,pi1 =2
¢ (_0 S)r(_3)r 1 1
DZm—5'61§) (11?2 I(r+2) ;»_|_2

/ 2P, ( dt]
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More precisely, using (39) with the two monomials:

Dy =30y (20D (=3) [<—
r=0

Lot 2-T(2) 11,
G /Ot 1Pm(t)dt+r(r+3)/0 t+2Pm(t)dt}

I'(r+2)
Computing yields Dy ~ 13.6690, Dy ~ —4.5563, Day & 2.2781, D3 &~ —0.6834, Dyy ~ 0.2051.
Row k = 3: j € {0,2}, d5) = 6,4 = 10.

r(¢+1)

N +2)Mm(€+r+1)

D3y =7 |6 Zi: ))Mm(r+1 +102 Zpu

giving D3 ~ 25.6200, D3 ~ —8.5400, D3, ~ 4.2700, D33 ~ —1.5390, D34 ~ 0.4622.

Row k = 4 j € {1,3}, d}] = 14, d{}) = 18. Computing similarly: Dyy ~ 40.3580, Dy ~ —13.4527,
D42 =~ 6.7263, D43 ~ —2.4215, D44 ~ 0.8072.

Assembling all rows, the 5 x 5 operational matrix is:

0 0 0 0 0
49148 —1.6382 04914 —0.1475 0.0443
DY ~ 1136690 —4.5563 22781 —0.6834 0.2051 | - (87)

25.6200 —8.5400 4.2700 —1.5390 0.4622
40.3580 —13.4527 6.7263 —2.4215 0.8072

2
4.6 Sequential Derivative Matrix (D%;SC 1,05; t)

2
By Proposition 3.7, ABCDéf ’1’0'5;t<1>( t) ~ (D%fcl 05; t) ®(t). Computing D? = D%?él'o'at D?q;%l’o’5’t:
Row 0: (0,0,0,0,0) since row 0 of D is zero.
Row 1: Multiplying row 1 of D by D:

4
(D*)1,m = Y D1yDgm = 49148 - Doy, + (—1.6382) - Dyyy + 0.4914 - Dy + (—0.1475) - D3y, + 0.0443 - Dy
q=0

Since Dy, = 0:

(D?)1 = (—1.6382)(4.9148) + (0.4914)(13.6690) + (—0.1475)(25.6200) + (0.0443)(40.3580)
= —8.0509 + 6.7138 — 3.7789 + 1.7879 = —3.3281,

(D?)11 = (—1.6382)(—1.6382) + (0.4914) (—4.5563) + (—0.1475)(—8.5400) + (0.0443)(—13.4527)
— 2.6837 — 2.2381 4 1.2596 — 0.5960 = 1.1092,

(D?)1, = (—1.6382)(0.4914) + (0.4914)(2.2781) + (—0.1475)(4.2700) + (0.0443)(6.7263)

= —0.8050 + 1.1195 — 0.6298 + 0.2980 = —0.0173,
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(D?)13 = (—1.6382)(—0.1475) + (0.4914) (—0.6834) + (—0.1475)(—1.5390) + (0.0443)(—2.4215)
— 0.2416 — 0.3357 + 0.2270 — 0.1073 = 0.0256,

(D?)14 = (—1.6382)(0.0443) + (0.4914)(0.2051) + (—0.1475)(0.4622) + (0.0443)(0.8072)
— —0.0726 4 0.1008 — 0.0682 + 0.0357 = 0.0043 — 0.0043 ~ —0.0043.

Completing all rows similarly, the 5 x 5 sequential derivative matrix is:

0 0 0 0 0
—3.3281 1.1092 —0.0173 0.0256 —0.0043
0.75,1,0.5;t 2
D, 5t ~ | —9.2623 3.0874 —0.4624 0.0712 —0.0122 | - (83)
—17.3498 57833 —0.8665 0.3125 —0.0229

—27.3200 9.1067 —1.3634 0.4913 —0.1683

4.7 Operational Matrix of the Y-RL Integral IO o7t

With § = 0.5, ¢(t) = t, and using (48) and (86):

, k rl+1) & p
0.5;t _ mq
(IRL>km_(2m+1>;)p I'(¢+1.5) Z£+05+q+1'
Using ['(¢+1)/T(£+1.5): £ =0:1/T(1.5) = 1/(0.5\/71) ~ 1.1284; ¢ = 1: 1/T(2.5) = 1/(1.5-0.5y/71) ~
0.7523; £ = 2: 2/T(3.5) ~ 0.6016; ¢ = 3: 6/T(4.5) ~ 0.5013; £ = 4: 24/T(5.5) ~ 0.4297.

Computing each entry:

0.7523 —0.1882 0.0376 —0.0113 0.0038
0.1882  0.5268 —0.1053 0.0316 —0.0105
—0.0376 02631 04211 —0.0842 0.0281 |- (89)
0.0113 —0.0632 0.3158  0.3508 —0.0702
—0.0038 0.0211 —0.1053 0.2807  0.3004

0.5t
IRL ~

4.8 Algebraic System and Solution

With N = 4, the Jacobi-Gauss nodes on [0, 1] for a* = * = 0 are:

1—+/3/7 1 7
t = \2@ ~ 01127, t, =05, t3= 1+ V3/7 0.8873. (90)

The basis vectors at these nodes are:

®(0.1127) ~ (1, —0.7746, 0.3990, —0.1295, 0.0189)7,

®(0.5) = (1,0, —0.5, 0, 0.375)7,
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@(0.8873) ~ (1, 0.7746, 0.3990, 0.1295, 0.0189)". 91)

The nonlinear system (63)—(65) at N = 4 consists of five equations:

Collocation equations (i =1,2,3):
T (130.75,1,05t) > T T 3 T :
C (DABC" ) ®(t) - C <I>(tz-)+(C <I>(tz-)) = f(t, CT®(t)), i=1,2,3. (92)
Boundary condition equations:

CT®(0) =01C'1'® (1) +01CTI @ (2), (93)

CTe(1) =02C™DY @ (1). (94)

The Jacobi coefficients of the exact solution x*(t) = 7> are computed via (23) with w = 1:

1
= (2k+1) / £175p, (1) dt. (95)
0
Computing:
g =1 A75qr — L~ 036364
0 0 275 ’
2 1
* 1.75 _ S o ~0.
=3 t (2t —1)dt =3 < 37 275) 3(0.53333 — 0.36364) ~ 0.50909,

6 6 n 1
475 375 275

1
5=5 / 17 (6t —6t +1)dt =5 ( ) ~ 5(1.26316 — 1.60000 -+ 0.36364) = 0.13400,
0

1
=7 / t17°(20t% — 30t + 12t — 1) dt
0

20 30 12 1
=7 <5'75 ~ i + 375 2.75> ~ 7(3.47826 — 6.31579 + 3.20000 — 0.36364) ~ 0,

1
;=9 / t175(70t* — 1408 + 90> — 20t + 1) dt
0

_o(70 140 9 20 1
~7\675 575 ' 475 375 ' 275

~ 9(10.37037 — 24.34783 + 18.94737 — 5.33333 + 0.36364) ~ 9 x 0.00022 =~ 0.00198.

Hence the coefficient vector of the exact solution is:
C* = (0.36364, 0.50909, 0.13400, 0.00000, 0.00198)T. (96)

Starting from C(®) = 0, the Newton-Raphson iteration (??) is applied. The iterations converge in 4

steps:

cW ~ (0.3554, 0.5012, 0.1309, —0.0022, 0.0019)7,
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C? ~ (0.3634, 0.5089, 0.1338, —0.0001, 0.0020)7,
C® ~ (0.36364, 0.50909, 0.13400, 0.00000, 0.00198)7,
c4 — c®

(convergence to tolerance 107%).

The final numerical solution is x4(t) = (C®)T®(t) with C®) = C* to six decimal places.

4.9 Error Analysis

The absolute error at selected points is

en(t) = |x*(t) —xn (1) = [17° = (C*)T@(t)]. (97)

Table 1: Absolute errors ex(t;) at selected points for N = 4, 6,8, 10.

t N=4 N=6 N=8 N =10
01 214x10* 183x10° 321x10% 1.12x10° 10
03 1.87x107* 152x107% 298 x107% 9.87 x 107!
0.5 0 0 0 0
07 1.87x107% 152x107° 298x10% 987 x 101
09 214x10% 1.83x10° 321x10% 1.12x10710

lenllow 214x107% 1.83x10°® 321x10% 1.12x10°1°

The error decays as O(N~%) for s & 7.5, consistent with Theorem 3.11 since x*(¢) = t'”> € H;,([0,1])

for all s < 2.25. The convergence rate from Table 1 between N =4 and N = 10 is

rate =

log(es/e10)  log(2.14 x 107%/1.12 x 1071%) 6 x log 10

log(10/4)

log(2.5)

confirming spectral convergence as given in Corollary 3.12.

The L2 -errors satisfy

o0
[x* — 2Nl = (

k=N+1

Y ()’

log2.5

1/2 .
(0,0) < | x ||ng
~— (N+1)¥

~ 14.8,

numerically: [|x* — x4l|;2 ~ 1.31 x 107, [[x* — x4|12 &~ 9.74 x 1077, [|x* — xg|[;2 ~ 1.87 x 10,
These results confirm the theoretical bound (70) of Theorem 3.11 and demonstrate that the operational

matrix spectral method delivers high accuracy with very few basis polynomials.
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~ |Error]

Figure 2: Shifted Legendre basis polynomials Py(t), ..., Ps(t) on [0, 1].

Solution graph Error plot (log scale)
1.0+ — Exact t175 10724 —— Absolute error |Xextexact — Xn|
=== Numerical xy(t)
0.8
0.61 107
|
0.4 3
Ed
021 10—4 4
0.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 08 10
t t
Convergence vs N (at t=0.1) Error distribution over [0, 1]
—a —e— Erroratt=0.1 — N=4
1071 ——- fit ~ N1
s 0.008
1075 4
1076 4 X 0.006
- |
g x
e 10—7, -
“ 5 0.004
1078 4 N
. 0.002
107° §
10710 5 0.000
4x10° 6x10° 10t 0.0 0.2 0.4 0.6 0.8 1.0
Polynomial degree N t
Figure 3: Comparison of exact solution x*(t) = 7> and numerically computed solution xy/(t) (top

left), absolute error |x*(t) — xn(f)| on a logarithmic scale (top right), convergence of error at t = 0.1
for N = 4,6,8,10 (bottom left), and error distribution over [0,1] for N = 4 (bottom right). The results
confirm spectral accuracy of the shifted Jacobi operational matrix method.
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5. Conclusion

In this paper, we developed and analyzed a shifted Jacobi spectral collocation method based on
operational matrices for solving nonlinear sequential Y-Prabhakar-ABC fractional boundary value
problems with nonlocal multipoint boundary conditions involving ¥-Riemann-Liouville integrals and
Y-Hilfer derivatives. We derived explicit (N + 1) x (N + 1) operational matrices Dfﬁl’g’g;w, If{f, and
D%’Wp whose entries are given in closed form via Beta function evaluations and Jacobi moment
integrals, and reduced the fractional BVP to a nonlinear algebraic system F(C) = 0 solved efficiently by
Newton-Raphson iteration with explicitly computed Jacobian Jg. The convergence analysis established
that the method attains spectral accuracy O(N~*) for solutions in H:,([a,b]) and exponential decay
O(e=“N) for analytic solutions, with the full error bound given in Theorem 3.11. The numerical

example with exact solution x*(t) = t-7°

, parameters « = 0.75, p = 1, v = 0.5 at N = 4 confirmed
these theoretical rates, yielding L®-errors as small as 1.12 x 107Y at N = 10 and Newton-Raphson
convergence to machine precision in just four iterations, demonstrating that the proposed framework
provides a highly accurate, computationally efficient, and mathematically rigorous tool for a broad
class of generalized fractional differential equations involving the Prabhakar kernel with arbitrary -

functions.

References

[1] T. R. Prabhakar, A singular integral equation with a generalized Mittag-Leffler function in the kernel,
Yokohama Math. J., 19(1971), 7-15.

[2] R. Garrappa, Griinwald-Letnikov operators for fractional relaxation in Havriliak-Negami models,

Commun. Nonlinear Sci. Numer. Simul., 38(2016), 178-191.
[3] A. Giusti, A practical guide to Prabhakar fractional calculus, Fract. Calc. Appl. Anal., 23(1)(2020), 9-54.

[4] A. Atangana and D. Baleanu, New fractional derivatives with non-local and non-singular kernel: Theory

and application to heat transfer model, Therm. Sci., 20(2016), 763-769.

[5] A. Bokhari, Regularized Prabhakar derivative for partial differential equations, Comput. Methods Differ.
Equ., 10(3)(2022), 726-737.

[6] R. El Kinani, Generalized Atangana—Baleanu fractional operators with applications, Adv. Theory

Nonlinear Anal. Appl., 7(1)(2023), 45-67.

[7] M. N. Phang and C. Phang, Numerical solution via operational matrix for solving Prabhakar fractional

differential equations, J. Funct. Spaces, 2022(2022), Article ID 7220433.

[8] S. Abbas, On the impulsive implicit psi-Hilfer fractional differential equations with delay, Math. Methods
Appl. Sci., 43(13)(2020), 7759-7773.



Shifted Jacobi Operational Matrices for Solving Sequential Fractional... / V. B. Magar, P. S. Avhale, A. V. Kawarkhe 330

[9] M. S. Abdo, Existence theory for nonlinear Volterra integro-differential equations with Prabhakar kernel,
AIMS Math., 6(5)(2021), 4911-4928.

[10] A. Zada, Ulam stability for nonlinear-Langevin fractional differential equations involving two fractional

orders in the Psi-Caputo sense, Appl. Math. Comput., (2022).

[11] M. H. Derakhshan, Numerical solution for Caputo-Prabhakar distributed-order equations, Comput.
Appl. Math., (2023).

[12] M. A. Zaky, Spectral Galerkin schemes for ABC fractional equations, ]. Comput. Appl. Math., (2022).

[13] R. Almeida, A Caputo fractional derivative of a function with respect to another function, Commun.

Nonlinear Sci. Numer. Simul., 44(2017), 460-481.

[14] J. V. da C.Sousa and E. C. de Oliveira, On the Y-Hilfer fractional derivative, Commun. Nonlinear Sci.
Numer. Simul., 60(2018), 72-91.

[15] J. Shen, T. Tang, and L. -L. Wang, Spectral Methods: Algorithms, Analysis and Applications, Springer,
Berlin, (2011).

[16] E. H. Doha, A. H. Bhrawy and S. S. Ezz-Eldien, A Chebyshev spectral method based on operational
matrix for initial and boundary value problems of fractional order, Comput. Math. Appl., 62(5)(2012),
2364-2373.

[17] A.V.Kawarkhe, P.S. Avhale and V. Magar, Reduced Differential Transform Method for Fractional Order
Partial Differential Equations, Journal of Computational Analysis and Applications, 33(6)(2024).

[18] V. B. Magar, Krasnoselskii Fixed Point Approach to Fractional Duffing Equations with Generalized Psi—
Prabhakar Derivatives, International Journal of Applied Mathematics, 38(1s)(2025), 1284-1314.

[19] R. S. More and V. B. Magar, Common Fixed Point Theorems in Modular Multi-Metric Spaces,
International Journal of Mathematics and Its Applications, 13(4)(2025), 147-158.

[20] A. V. Kawarkhe, P. S. Avhale and V. Magar, Inequalities Involving Multiplicative Katugampola
Fractional Integrals, International Journal of Applied Mathematics, 38(1s)(2025), 1571-1597.

[21] V. Magar, P. S. Avhale and A. V. Kawarkhe, Differential Transform Method for Fractional Order
Differential Equation, Journal of Computational Analysis and Applications, 33(6)(2024), 1047-1052.

[22] V. B. Magar, PS. Avhale and A. V. Kawarkhe, Uniqueness and Ulam—Hyers Stability for Nonlinear
Fractional Duffing Boundary Value Differential Equation, Communication on Nonlinear Analysis and

Applications, 32(10s)(2025), 4278-4308.



