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Abstract
In mean labeling, unique integer labels are assigned to the vertices such that the each edge receives
a distinct label equal to the ceiling of the arithmetic mean of the labels of its incident vertices. In
this paper, we prove that the tortoise graph, PC, graph, k-triangular snake graph, and alternate

k-triangular snake graph admit mean labeling.
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1. Introduction

Throughout this paper, we consider a finite, simple, connected, and undirected graph
G = (V(G),E(G)), where p = |V(G)| and g = |E(G)|. We follow the comprehensive survey on graph
labeling given by J. A. Gallian [3]. We use the terminology and notation introduced by F. Harary [4].
Graph labeling refers to the assignment of integers to the vertices or edges of a graph under
prescribed conditions. Over time, numerous labeling patterns have been explored due to their
structural significance in graph theory. Mean-based labeling frameworks such as harmonic mean,
geometric mean, root square mean, centroidal mean, and Heronian mean have been extensively
examined for several graph classes including paths, cycles, trees, and snake graphs.

In 2003 Somasundaram [8] introduced mean labeling defined as the ceiling of the arithmetic mean of
the adjacent vertex labels. Ambica [1] proved that the tortoise graph T, (n > 5and n = 1,3 (mod 4))
and PC, graph for n > 5 are F-centroidal mean graphs. Arockiaraj [2] proved that the graph
P(1,2,--- ,n—1) is an F-centroidal mean graph for n > 2. P. Jeyanthi [5] introduced the term extra
mean labeling. Sandhya [6] proved that the triple triangular snake, alternate triple triangular snake,
triple quadrilateral snake, and alternate triple quadrilateral snake graphs are Heronian mean graphs.
Sangeetha [7] introduced relaxed mean labeling. In this paper, we establish the existence of mean
labeling for the tortoise graph, PC, graph, k-triangular snake graph, and alternate k-triangular snake

graph.
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2. Preliminaries

Definition 2.1 ([8]). A graph G is called a mean graph if there exists an injective mapping f : V(G) —
{0,1,2,3,...,q} such that for every edge e = uv € E(G), the edge e is labeled with [W-‘ . Then the
resulting edge labels are distinct and belong to the set {1,2,3,...,q}.

Definition 2.2 ([1]). A tortoise graph T,, (n > 5and n = 1,3 (mod 4)) is obtained from a path P, by attaching

=

an edge between v; and v,_;q for 1 <i < {—J

N

Definition 2.3 ([1]). A graph PC, (n > 5) is obtained from C, = v102,0203,...,0,01 by adding chords
n—1
2

Definition 2.4. Let P, be a path with the vertex set V(P,) = {uq,uz,...,u,} and the edge set E(P,) =

between v; and vy,_; o for 2 < i <1, where |l = g if nis even and | = if n is odd.

{ujuiy1 | 1 <i < n—1}. The k-triangular snake graph is denoted by Ty.(n), where k € IN, and it is obtained
from Py by introducing (n — 1)k new vertices vj; (1 < j < kand1 <i < n — 1) corresponding to each edge

uiujy1, where 1 <i < n —1. Each vertex vj; (1<j<kandl1<i<n—1)is joined to both u; and u;_.

Definition 2.5. Let P, be a path. The alternate k-triangular snake graph, denoted by ATy (n), where k € IN, is
obtained from P, by attaching k triangles to every alternate edge of the path P,. For each alternate edge of P,, k
new vertices vy, V24, . .., Uk, are introduced, and each of these vertices is joined to the end vertices of that edge.

In this way, k triangles are formed on each alternate edge of the path, while the other edges remain unchanged.

3. Main Results

Theorem 3.1. A tortoise graph T,, (n > 5and n = 1,3 (mod 4)) is a mean graph.

—1
Proof. Let V(T,) = {v; ; 1 < i < n} and E(T,) = {ei; 1<i< 3(”2)} where
-1
e =0vip; 1 <i<n—lande, 14; =vv; j=n—i+land1l <i < n . Then T, has p = n
-1
vertices and g = 3(712) edges.

Define f : V(T,) — {0,1,2,...,q} as follows:

1 —1
f(v;) = 3”;‘ —3i, for1<i< nT;

3 1 1
f(vi) =3i— n2+ -1, forn+

Accordingly, the edge labeling f* induced by f is described as follows:

<i<n.

3(n—1 -1
f*(ei)z(nz)—?)i—l—l, for1§i§n2 ;
1 1
f*(ei)=3i+2—3(nz+), forn;L <i<n-1;
f*(ei)=M—3i+3n, forngigw'

2
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It can be verified that f is a mean labeling on T, (# > 5and n = 1,3 (mod 4)). Hence, T, (n >

5and n =1,3 (mod 4)) is a mean graph. O

Example 3.2. Mean labeling of the graph To is shown in Figure 1.

11 m 12

Vi V2 V3 Va Vs Ve V7 Vg Vo

Figure 1: Mean Labeling of Ty

Theorem 3.3. A graph PC,, (n > 5) is a mean graph.

Proof. Case 1. n is even.

Let V(PC,) = {v1,v2,...,v,} and E(PCy,) = {e1,e,...,en} U {ei,e/z,. sl }, where ¢; = v;v;,1; 1 <
2

. . . ) n—2
zgn—l,en:vnvl,andegzviﬂvj;]:n—z+1and1§z§

. Then PC, has p = n vertices

and g = 3n2—

Subcase 1. n =2 (mod 4).
Define f : V(PC,) — {0,1,2,...,4} as follows:

edges for even n.

f(o1) =0;
f(v)) =3i—4, for2<i< THZ_Z;
3n—3i+3, ifiiseven
f(v) = ,forn+4§i§n.

3n—3i+4, ifiisodd
Subcase 2. n =0 (mod 4).
Define f : V(PC,) — {0,1,2,...,q} as follows:

f(o1) =0;

f(v)) =3i—4, for2<i< nt2

4

3n—3i+3, ifiisodd 4
f(v) = ,for%gign—l;
3n—3i+4, ifiiseven

f(v,) =3.

Accordingly, the edge labeling f* induced by f for both the subcases is commonly described as follows:

f*(ej)) =3i—2, forl1<i<

4

+2

=
NS

f*(ej) =3n—3i+2, for

<i<m
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n—2

f*(e}) =3i, for1<i<

Case 2. n is odd.

Let V(PC,) = {v1,v2,...,v,} and E(PCy,) = {e1,€2,...,en} U {eg,eé,...,e’nj}, where ¢; = v;0;,,1; 1 <
2

) . . . -3 .

i<n-1,e, = v,v1, and e§ =0i10; j=n—i+land1 <i < nT Then PC, has p = n vertices

and g = 31

5 edges for odd n.

Subcase 1. n =1 (mod 4).
Define f : V(PC,) — {0,1,2,...,q} as follows:

f(v1) =0;
f(v)) =3i—4, for2<i< n—zi—l;
f(v))=¢q, fori= n—2|-3;

3n—3i+3, ifiisodd
f(v) = ,fo1rn—|_5
3n—3i+4, ifiiseven

<i<mn.

Subcase 2. n =3 (mod 4).
Define f : V(PC,) — {0,1,2,...,4} as follows:

f(o1) =0;
f(v;)) =3i—4, for2§i§n+1;
3
f(vi) =4, fori:n;_;
3n—3i+3, ifiiseven 5
f(v) = ,forn+ <i<n-1;

3n—3i+4, ifiisodd
f(vn) =3.
Accordingly, the edge labeling f* induced by f for both the subcases is commonly described as follows:

n—1

7

fr(ej)) =3i—2, for1<i<

Fole) =3(i—1), fori= ”;Ll;

F(e) =3n—3i+2, for ">
n—23

<i<m

7

f(el) =3i, for1<i<

From both the cases and their subcases, it can be verified that f is a mean labeling on PC,,. Hence, PC,

(n > 5) is a mean graph. O

Example 3.4. Mean labeling of the graph PCyy is shown in Figure 2.
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v 8 1

11 12
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14 15
Ve A

Figure 2: Mean Labeling of PCy;

Theorem 3.5. A k-triangular snake graph Ty (n), where k € IN is a mean graph.

Proof. Let V(Ti(n)) = {u;1 < i <npU{vj;1 <j<kandl <i<n-—1}and E(Tx(n)) = {& =

uinir;1 <1 < n—l}U{ejli = U]',Z'ui;l <j<kand1<i< n—l}U{e;-’i = vj,iuiﬂ;l <j<kand1l <

i <n—1}. Then Tx(n) has p = n + k(n — 1) vertices and g = (n —1)(2k + 1) edges, where k € IN .

Define f : V(Tx(n)) — {0,1,2,...,q} as follows:

flu) = 2k+1)(i—-1), for1<i<mn;
f(vji) = f(u) +2j, forl<i<n-land1<;j<k

Accordingly, the edge labeling f* induced by f is described as follows:

fr(ej)) = (2k+1)i—k, for1<i<n-—1;
frlei)=(2k+1)i—(2k+1)+j, forl<j<kand1<i<n-—1;

f*(e},i):(2k+1)i—k+]', forl<j<kand1<i<n-—1.

It can be verified that f is a mean labeling on Ti(n), where k € IN. Hence, Ti(n), where k € N is a

mean graph.

Example 3.6. Mean labeling of the graph Ts(4) is shown in Figure 3.

Figure 3: Mean Labeling of T5(4)

O]
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Theorem 3.7. An alternate k-triangular snake graph ATy (n), where k € N is a mean graph.

Proof. Case 1. The k-triangle starts from the 1% vertex of the path P,.

Subcase 1. 1 is even.

Let V(ATy(n)) = {u;1 <i < n}U {vj,i;l <j<kand1<i< g} and E(ATy(n)) = {e; = uuis1;1 <
i<n-1}U {ej,i =oju;l <j<kandl <i < n}. Then ATy(n) has p = n+k (g) vertices and
g = (n—1)+ kn edges, where k € N .

Define f : V(AT(n)) — {0,1,2,...,4} as follows:

(k+1)(i—1), ifiisodd
fu;) = ,for 0 <i<u;

(k+1)i—1, ifiiseven

f(vji) = f(uzi—1) +2j, forl1<j<kand1<i<

NS

Accordingly, the edge labeling f* induced by f is described as follows:

fr(ej) =(k+1)i, for1<i<n-—1;
flei)=j+({—-1)(k+1), forl<j<kandl<i<n.

Subcase 2. n is odd.
Let V(ATi(n)) = {uz1l < i < n}U {vj,i;lgjgkanm <i< ”gl} and E(ATi(n)) = {e =

-1
uitip;1 <i <n—1}U{ej; = vju;1 <j<kand1<i<n—1}. Then ATi(n) hasp =n+k <n2 )

vertices and g = (n — 1) 4+ k(n — 1) edges, where k € IN.
Define f : V(AT(n)) — {0,1,2,...,4} as follows:

(k+1)(i—1), ifiisodd
fu;) = ,for0<i<um;

(k+1)i—1, if i is even

n—1

f(vj) = fluzi—1) +2j, forl<j<kand1<i<

Accordingly, the edge labeling f* induced by f is described as follows:

f (ej)) =(k+1)i, for1<i<n-—1;

frlei)=j+({—1)(k+1), forl1<j<kandl1<i<n-1

Case 2. The k-triangle starts from the 27 vertex of the path P,.
Subcase 1. 1 is even.
-2
Let V(ATi(n)) = {uz1 < i < n}U {v]',i;l <j<kand1<i< nz} and E(ATi(n)) = {e; =

Miui+1;1 S i S n—l}U{e]-,i = v]-,iuz-ﬂ;l S ] S kand 1 S i S 1’1—2}. Then ATk(Tl) has p =
-2
n+k <712) vertices and g = (n — 1) 4+ k(n — 2) edges, where k € IN.
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Define f : V(ATi(n)) — {0,1,2,...,4q} as follows:

(k+1)(i—1), if i is odd
fu;) = Sfor0<i <

(k+1)i—2k—1, ifiiseven

f(vi) = f(uzi) +2j, for1<j<kand1<i< nT—Z
Accordingly, the edge labeling f* induced by f is described as follows:

f (ej) =(k+1)i—k forl<i<n-—1;

frlei)=(G+1)+(i—2)(k+1), forl<j<kand2<i<n-—1

Subcase 2. 1 is odd.

Let V(ATy(n)) = {uzl < i < n}U {vj,z-,-1 <j<kandl<i< ”51} and E(ATy(n)) = {e; =
uiip;1 < i < n—1yU{e; = vjuip;1 < j < kand1 < i < n—1}. Then ATi(n) has p =
n+k <n;1> vertices and g = (n — 1) + k(n — 1) edges, where k € IN.

Define f : V(AT(n)) — {0,1,2,...,4} as follows:

(k+1)(i—1), if i is odd
fui) = ,for0<i<m;

(k+1)i—2k—1, ifiiseven

f(vji) = flu) +2j, forl1<j<kand1<i< n—1

Accordingly, the edge labeling f* induced by f is described as follows:

ffe)) =(k+1)i—k, for1<i<n-—1;

filei)=0G+1)+({—-2)(k+1), for1<j<kand2<i<n.

From both the cases and their subcases, it can be verified that f is a mean labeling on ATy (1), where

k € IN. Hence, ATy(n), where k € IN is a mean graph. O

Example 3.8. Mean labeling of the graph AT4(6)) for both cases is shown in Figure 4 and Figure 5.

6 16 26
u 0 9 10 19 20 29
! u u Ug
V 2 3u4 u5
Va1 V4,2 Va3

Figure 4: Mean Labeling of AT, (6) (case 1)
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7 17
0 1 10 11 20 21
uq @
uz uz Uy us ug
\Z%1 Va2

Figure 5: Mean Labeling of ATy(6) (case 2)

Example 3.9. Mean labeling of the graph AT4(7)) for both cases is shown in Figure 6 and Figure 7.

6 16 26
ul0 9 10, 19 20 29 300u
7
Va1 Va2 Va3

Figure 6: Mean Labeling of ATy(7) (case 1)

Figure 7: Mean Labeling of ATy(7) (case 2)
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