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Abstract

In this paper we present new criteria on the existence of fixed points that combine some
monotonicity assumptions with the classical fixed point index theory. As an illustrative application,
we use our theoretical results to prove the existence of positive solutions for systems of nonlinear
Hammerstein integral equations. An example is also presented to show the applicability of our

results.
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1. Introduction

We start with the following fourth-order boundary value problem (BVP)

u® = Ag(t)f(u), t € (0,1),

1)
u(0) =u(1) =0=u"(0) =u"(1),
where A > 0, studied the associated Hammerstein integral equation
1
u(t) = A [ K(t,9)g(s)f(u(s)) ds @

where k is precisely the Green’s function associated to the BVP (1). Having defined the constant

1
7= max/ k(t,s)g(s)ds,
0

te[0,1]

the main result in [8], regarding the BVP (1), is the following.
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Theorem 1.1. Assume that lim fis) = +-o0 and there exists B € [0, +co] such that f is non-decreasing on
S— 00
0,B). If

s
0<A< sup ——,
sg(o%) v f(s)

(with the obvious meaning when f(s) = 0), then the BVP (1) has at least a positive solution.

In Section 3 we give an extension of Theorem 1.1 to the context of systems of Hammerstein integral

equations of the type

ur(t) =M /ﬂb ki(t,s)g1(s) f1(ua(s), ua(s), us(s)) ds,
up(t) = Aa /Hb ka(t,5)82(s) fa(u1(s), ua(s), us(s)) ds, ®)
us(t) = As /ab ka(t,5)g3(s) f3(ua(s), ua(s), us(s)) ds,

providing, under suitable assumptions on the kernels and the nonlinearities, the existence of a positive
solution.
In order to show the applicability of our results, we discuss the following system of second-order

ODEs, subject to local and nonlocal boundary conditions, that generates two different kernels,

uf () + A fr(ur(t), ua(t), us(t)) =0, t € (0,1),
uy () + Aafa(ur(t), ua(t),us(t)) =0, t € (0,1),
uy () + Asfs(ur(t), ua(t),us(t)) =0, t € (0,1), W
uh (0) =0, uy(1) + ) (1) =0,
u5(0) =0, up(1) + u5(1) =0,
u3(0) =0, uz(1) —Gus(y) =0, 7 €(0,1), 0 < <1,

computing all the constants that occur in our theory.

2. Two Fixed Point Theorems in Cones

A subset K of a real Banach space X is a cone if it is closed, K+ K C K, AK C K for all A > 0 and
KN (—K) = {6}. A cone K defines the partial ordering in X given by

x Xy ifandonlyif y —x € K.

We reserve the symbol “<" for the usual order on the real line. For x, y € X, with x <y, we define the
ordered interval

[y ={zeX:x 2z=<y}

The cone K is normal if there exists d > 0 such that for all x,y € X with 0 < x < y then ||x|| < d|y||.
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We denote the closed ball of center xy € X and radius » > 0 as
Blxg, 7] = {x € X : ||[x — xo|| < 7},
and the intersection of the cone with the open ball centered at the origin and radius r > 0 as
Ki=Kn{xe X:|x| <r}.
We recall a well known result of the fixed point theory, known as the monotone iterative method (see,

for example, [28, Theorem 7.A] or [2]).

Theorem 2.1. Let N be a real Banach space with normal order cone K. Suppose that there exist & < B such that
T: [a,8] C N — N is a completely continuous monotone non-decreasing operator with « < Ta and TB < B.
Then T has a fixed point and the iterative sequence a,+1 = Ty, with oy = «, converges to the greatest fixed

point of T in [, B, and the sequence B,+1 = TPy, with By = B, converges to the smallest fixed point of T in
[, B].

In the next Proposition we recall the main properties of the fixed point index of a completely continuous
operator relative to a cone. In the sequel the adherence and the boundary of subsets of K are

understood to be relative to K.

Proposition 2.2. Let D be an open bounded set of X with 0 € Dy and Dx # K, where Dx = D N K. Assume
that T : Dx — K is a completely continuous operator such that x # Tx for x € dDk. Then the fixed point index
ix (T, D) has the following properties:

(i) If there exists e € K\ {0} such that x # Tx + Ae for all x € 0Dk and all A > 0, then ix(T, D) = 0.
For example (i) holds if Tx A x for x € dDk.
(ii) If |Tx|| > ||x|| for x € 9Dk, then ix(T, Dx) = 0.
(iii) If Tx # Ax for all x € 0Dy and all A > 1, then ix(T,Dk) = 1.
For example (iii) holds if either Tx % x for x € dDx or || Tx|| < ||x|| for x € dDk.

(iv) Let D' be open in X such that D! C Dy. If ix(T, Dx) = 1 and ix(T, D) = 0, then T has a fixed point
in Dk \Dill< The same holds if ix (T, Dx) = 0 and ix(T, Dy) = 1.

We state our first result on the existence of non-trivial fixed points.

Theorem 2.3. Let X be a real Banach space, K a normal cone with normal constant d > 1 and nonempty interior

(i.e. solid) and T: K — K a completely continuous operator. Assume that

(1) there exist B € K, with TB < B, and R > 0 such that B[, R] C K,
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(2) the map T is non-decreasing in the set

P:{xEK:xjﬁ and

sl

<|lxl},

(3) there exists a (relative) open bounded set V C K such that ix (T, V) = 0 and either Kg C VorV C Kg.

Then the map T has at least one non-zero fixed point x1 in K, that

V\Kg, incase Kg CV,

either belongs to P or belongs to _ _
Kr\V, incaseV C Kg.

Proof. Since BB, R] C K we have that if x € K with ||x|| = R then x < B.

Suppose first that we can choose &« € K with ||| = R and Ta > a. Since &« < B and due to the
normality of the cone K we have that [a, f] C P which implies that T is non-decreasing on [«, f]. Then
we can apply the Theorem 2.1 to ensure the existence of a fixed point of T on [, ], which, in particular,
is a non-trivial fixed point.

Now suppose that such a« does not exist. Thus Tx % x for all x € K with |x|| = R, which by
Proposition 2.2, (iii) implies that ix (T, Kr) = 1. Since, by assumption, ix(T, V) = 0 we get the existence
of a non-trivial fixed point x; belonging to the set V \ Kgx (when Kx C V) or to the Kz \ V (when
V C Kg). O

Remark 2.4. We note that we can use either Proposition 2.2, (i) or Proposition 2.2, (ii) in order to check the
assumption (3) in Theorem 2.3. We also stress that P is contained in the set {x € K : & < ||x|| < d||B|}.
Therefore Theorem 2.3 is a genuine generalization of the previous fixed point theorems obtained in [4,5,8,12].
Moreover, we show in the applications that in many cases is useful to apply Theorem 2.3 with a set V different

from K.

We observe that, following some ideas introduced in [5, Theorem 2.1], it is possible to modify the
assumptions of Theorem 2.3 in order to deal with non-increasing operators. The next result describes

precisely this situation.

Theorem 2.5. Let X be a real Banach space, K a cone with nonempty interior (i.e. solid) and T: K — K a

completely continuous operator. Assume that
(1) there exist & € K, with Ta < &, and 0 < R < ||a|| such that B[a, R] C K,

(2°) the map T is non-increasing in the set

P={xeK:R< x| < |al},

(3') there exists a (relative) open bounded set V C K such that ix(T,V) = 1 and either Kr C V or V C Kg.
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Then the map T has at least one non-zero fixed point such that

V\Kg, incase Kg CV,

either belongs to P or belongs to N o
Kr\V, incaseV C Kg.

Proof. Let x € K be such that ||x|| = R. Then by (1’) we have that x < a and since x,a € P it follows
from (2) that

Tx = Ta = o > x.

Now, if for some x € dKy is the case that Tx < x then we are done. If not, Tx ﬁ x for all x € 9Ky
which by Proposition 2.2 implies that ix (T, Kr) = 0. This result together with (3’) give the existence of

a non-zero fixed point with the desired localization property. ]

3. An Application to a System of Hammerstein Integral Equations

We now apply the results of the previous Section in order to prove the existence of positive solutions

of the system of integral equations

ui(t) = Ay /ah ki (t,5)81(s) fi(ui(s), ua(s)) ds := Ty (uy, uz, uz) (),
up(t) = Az /ﬂb ka(t,5)82(s) f2(u1(s), ua(s)) ds := Ta(uy, uz, uz)(t), ®)
uz(t) = Az /ab k3(t,5)83(s) fa(ui(s), ua(s)) ds := Ta(uy, uz, u3)(t),

where we assume the following assumptions:

(H1) A; >0, fori=1,2.

(Hp) k;i: [a,b] x [a,b] — [0,+00) is continuous, for i = 1,2, 3.

(H3) gi:[a,b] — [0, +c0) is continuous, g;(s) > 0 for all s € [a,b], fori =1,2,3.

(Hs) fi:1]0,400) x [0,400) — [0, +00) is continuous, for i = 1,2, 3.

(Hs) There exist continuous functions ®; : [a,b] — [0, +o0) and constants 0 < ¢; < 1,a < a; < b; <b

such that for every i = 1,2,3,

ki(t,s) < ®;(s)for t,s € [a,b] and ¢; - P;(s) < k;(t,s) for t € [a;, b;] and s € [a,]],

and

b;
Yi+ = min / Qi(s)ki(t,s)ds > 0.

t€la;bi] Ja;
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We work in the space C[a, b] x C[a, b] endowed with the norm

(e, w2, u3) || = max{{fun oo, (112l eo, [[113]| o}

where ||p|| := max |p(t)|. Set ¢ = min{cy, c2, c3} and let us define

tela,b)

Ki:={p € Cla,b] : p(t) >0 forall t € [a,b] and n[m;] p(t) > c||plle?,
tea;,b;
and consider the cone K in C[a, b] x Cla, b] defined by
K:= {(”1/ Us, 1/[3) S K~1 X Kz X K~3},

which is a normal cone with d = 1. Under our assumptions it is routine to check that the integral
operator

T(uq, up, uz)(t) := (Ty(u1, uz, uz)(t), To(uy, uz, uz)(t), Ts(ug, uz, uz)(t)),

leaves K invariant and is completely continuous. Now we present our main result concerning the

existence of positive solutions for the system (5).
Theorem 3.1. Assume that the assumptions (Hy) — (Hs) hold and moreover:

(Hg) There exist constants By, By, Bs > 0 such that for every i = 1,2,3, fi(-,-,-) is non-decreasing on [0, By| x
[0, Bo] x [0, Ba] (that is, if (uy,up,u3), (v1,02,v3) € R with 0 < u; < v; < B; fori = 1,2,3, then
filur, uz,uz) < fi(v1,v2,03) fori =1,2,3).

(Hy) For every M > 0 there exists p = p(M) > 0 such that, for every i = 1,2,3,

inf{fl(u’pv’w) 2 (u,0,w) € [p,p/c] x[0,p/c] x [O,p/c]} > M,

inf{fz(u'pv'w) 2 (u,0,w) € [p,p/c] x[0,p/c] x [O,p/c]} > M,
inf{W : (u,v,w) € lp,p/c] x[0,p/c] x [O,p/c]} > M,

Then the system (5) has at least one positive solution in K provided that

1 — .
0< A< sup (—C)rz*,
r1€(0,By),r2€(0,B2),r3€(0,B3) -fi(rl’ T2, 73)’)/1

(6)

where

b
v = max/ gi(s)ki(t,s)ds >0, fori=1,2,3.
tefab] Ja
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Proof. Due to (6) we can fix B; € (0,B;), i =1,2,3, such that

Bi — Aivi fi(B1, B2, B3) > cpi, 1=1,2,3. ?)
1
On the other hand, for M > max , , let o = p(M) > 0 asin (H7) and fix R <
{/\171,* A2Y2,4 7\373,*} P =p(M) (Hy)
rmn{ /51, Tre ,82, Tre ,33, . Let us check that assumptions of Theorem 2.3 are satisfied
with
B(t) = (B1,B2,B3) forallte [a,b],

and

V ={(u1,uz,u3) € K: min ui(t) <p min up(t) <pand min uz(t) < p}.
te[ﬂl,bﬂ tG[az,bz] tG[ug, b3]

Claim 1: B[B,R] C Kand T < B.

. . . —C . .
Since p is constant and R < mm{ ﬁl, ,82, e ﬁ3} a direct computation shows that

1+c¢
B[B, R] C K. Now, from (7) it follows for each t € a,b] and i=1,2

TB10) = s [ Filt,5)85(5)f B B2 Bs)ds < Ay B, B2, ) < .

Moreover, since ||B; — TiBll < Bi, i = 1,2,3., and taking into account (7) we have for ¢ € [a;,b;] and
i=1,23
Bi — [Tipl(t) = Bi — Ai / (£,5)8i(s) fi(B1, B2, B3)ds

2> Bi — Mivi fi B Ba, B3) > cifi > cil|[Bi — TiB| -

As a consequence, we have T =< B, and the claim is proven.

Claim 2: T is non-decreasing on the set {x € K: x < }.

Let u = (uy,up,u3),v = (v1,v2,03) € K be such that 0 < u;(t) < v;(t) < B; for all t € [a,b] and
i =1,2,3. Since f is non-decreasing in [0, B1] % [0, B2] % [0, B3] we have for all t € [a,b] and i = 1,2,3,

To)(1) — [T)(1) = A1 [ kit )gi(5)Lfi(o(s)) — fiu(s) s > 0

Moreover, for all t € [a;,b;],r € [0,1] and i =1,2,3,

Te)(6) [Tl = s [ Kt ):(5) f(0(5)) — Fiu(s) s
> [ @) — fluls)ds
> e [k )6) f(05)) — flu(s)ds
— c([Tiel(r) — [Tou) 1)),
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therefore r?irg]([Tiv](t) — [Tul(t)) > c||Tiv — Tiu||e, i = 1,2,3, so Tu < Tv, and since P C {x € K :
te|a;,b;

x < B}, T is also non-decreasing on P.

Claim 3: Kg C V and ig(T, V) = 0.
Firstly, note that since R < p then we have Kg C K, C V. Now let e(t) = 1 for t € [a,b]. Then

(e,e,e) € K and we are going to prove that
(u1,up,uz) # T(uq,up, u3) + u(e,e,e) for (uy,uz,uz) €0V and p > 0.

If not, there exist (u1, up, u3) € dV and u > 0 such that (u1,up, uz) = T(uy, uz,uz) + pu(e, e, e). Without

loss of generality, we can assume that for all ¢ € [a1,b;] we have

p<u(t) <ple r[nir;]ul(t) =pand 0<uy(t) <p/c, 0 <uz(t) <p/c
telay,bq

Then, for t € [a1, b1], we obtain

(0 = A1 [ Ka(t9)91(5)i (1), wa(s), s 5)) s + )

by
> Al/ ki(t,5)g1(s) f1(u1(s), ua(s), us(s)) ds +p > AMpy1 +p > p+ p.

1

Thus, we obtain p = r[mrl} | u(t) > p+u > p, a contradiction. Therefore by Proposition 2.2 we have
telay,by

that ix (T, V) = 0 and the proof is finished. O
Remark 3.2. The following condition, similar to the one given in [6], implies (Hy) and it is easier to check.

(H7)* Foreveryi=1,2,3, lim fiuy, uz, u3)

U;—r+o00 Uu;

= +oo, uniformly w.r.t.u; € [0,00),] # i.

Remark 3.3. In order to deal with negative kernels k;(t,s) < 0 we can require conditions (Hz), (H3) and (Hs)
on the absolute value of the kernel such that |k;(t,s)| > 0 and conditions (Hy), (He) and (Hy) on sgn(k;) - f;.

As an illustrative example, we apply our results to the system of ODEs

uy () + A fi(ua (8), ua(t), us(t))
uy (t) + Aafalun (), uz(t), us(t))
ug (t) + Asfa(un(t), uz(t), us(t))

0, t€(0,1),
, t€(0,1), (8)

0, te (0,1),

I
o

with the BCs
u}(0) =0, uy(1) + uf (1) =0,
uh(0) =0, up(1) + uh(1) =0, 9

u3(0) =0, us(1) = Cus(n), 7, € (0,1).
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To the system (8)-(9) we associate the system of integral equations

n(t) = Ay /0 Ca(t5) (1 (), 1a(5), (5)) s,
() = Az /0 ot 5) fo 11 (5), 1 (s), us(s)) ds,
13(t) = A3 /0 kst 5) f3 (1 (5), 1 (5), s () s,

where the Green’s functions are given by

3—t, s<t,
kl(t,S)I
3—5, s>t
and )
4
——(n—s), s<n |t—s,
ka(ts) = ——=(1—s)—¢ 16 _
1-¢ . 0
, s> ,
(¢
——(—s), s<n |t—s,
ka(ts) = ——(1—s) =328 _
2-¢ . 0
, s> ,

\

(10)

(11)

(12)

(13)

The Green’s function k; was studied in [27] were it was shown that we may take (with our notation)

i(s) = (3-5), 7 = >

The choice of [a1,b1] = [0,1] gives
1

1= 3, Tx = 1.
1_3 ify <s<1,
Dy(s) = k2(0,s) = - 5
R PP VED if0<s <y "
1_5 7 — — 4
; 2, ity <s<1,
D3(s) = k3(0,s) = . "=
1-s—¢n—s) .
<s<
¢ , f0<s<y,
The choice, as [ay, ba] = [0, by], where
1-2Cy .
, if1+4+¢n <3y,

1 .
G0 if 1+¢n >3y,
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leads to
L _1-& -9 ] B if 148y <27,

2 = 1-&y s V2 = 1— 287 + &2

2(1-9)(2-9)’

We now fix, as in [27], # = 1/2,{ = 1/4. This gives b, = 4/7 and

if 1+ ¢y > 21.

L5519
127 g 2T 49 124 T 5
7,0 19
13T g/ T 49 3T 7
Furthermore take
fi(ur, u2) = (2 +sin(u2))ui, f2(uy,uz) = (2 + sin(uq))us. (14)

In the case of the nonlinearities (14), we can choose By = B, = B3z = 71/3. We observe that condition

(H7)* holds, we note that ¢ = min{cy,cp, c3} = 1/3 and that

ri .
sup ————— = +oo, for every i.
HE(0,7/3)12€(0,7/3) r3€ (0,/3) 3 i(r1, 72, 13) 7}

As a consequence, by means of Theorem 3.1, we obtain a nonzero solution of the system (8)-(9) for

every Ay, Az, Az € (0,00).

References

[1] R. P. Agarwal, D. O'Regan and P. ]. Y. Wong, Constant-sign solutions of systems of integral equations,
Springer, Cham, (2013).

[2] H. Amann, On the number of solutions of nonlinear equations in ordered Banach spaces, ]. Functional

Analysis, 11(1972), 346-384.

[3] H. Amann, Fixed point equations and nonlinear eigenvalue problems in ordered Banach spaces, SIAM.

Rev., 18(1976), 620-709.

[4] A.Cabada and]. A. Cid, Existence of a non-zero fixed point for non-decreasing operators via Krasnoselskii’s

fixed point theorem, Nonlinear Anal., 71(2009), 2114-2118.

[5] A. Cabada, J. A. Cid and G. Infante, New criteria for the existence of non-trivial fixed points in cones,

Fixed Point Theory and Appl., 125(2013).

[6] X. Cheng and Z. Zhang, Existence of positive solutions to systems of nonlinear integral or differential

equations, Topol. Methods Nonlinear Anal., 34(2009), 267-277.

[7] X. Cheng and C. Zhong, Existence of positive solutions for a second-order ordinary differential system, J.
Math. Anal Appl., 312(2005), 14-23.



Fixed Point Theorem and Applications to Systems of Hammerstein... / Deepchand Gupta, Ajay Kumar Singh 33

[8] J. A. Cid, D. Franco and F. Minhés, Positive fixed points and fourth-order equations, Bull. Lond. Math.
Soc., 41(2009), 72-78.

[9] D. R. Dunninger and H. Wang, Existence and multiplicity of positive solutions for elliptic systems,
Nonlinear Anal., 29(1997), 1051-1060.

[10] D. R. Dunninger and H. Wang, Multiplicity of positive radial solutions for an elliptic system on an
annulus, Nonlinear Anal., 42(2000), 803-811.

[11] D. Franco, G. Infante and D. O’Regan, Nontrivial solutions in abstract cones for Hammerstein integral

systems, Dyn. Contin. Discrete Impuls. Syst. Ser. A Math. Anal., 14(2007), 837-850.

[12] D. Franco, G. Infante and J. Peran, A new criterion for the existence of multiple solutions in cones, Proc.

Roy. Soc. Edinburgh Sect. A, 142(2012), 1043-1050.

[13] C. S. Goodrich, Nonlocal systems of BVDPs with asymptotically superlinear boundary conditions,
Comment. Math. Univ. Carolin., 53(2012), 79-97.

[14] C. S. Goodrich, Nonlocal systems of BVPs with asymptotically sublinear boundary conditions, Appl.
Anal. Discrete Math., 6(2012), 174-193.

[15] D. Guo and V. Lakshmikantham, Nonlinear problems in abstract cones, Academic Press, Boston,

(1988).

[16] J. Henderson and R. Luca, Existence and multiplicity for positive solutions of a system of higher-order
multi-point boundary value problems, NoDEA Nonlinear Differential Equations Appl., 20(2013), 1035-
1054.

[17] ]J. Henderson and R. Luca, Positive solutions for systems of second-order integral boundary value

problems, Electron. J. Qual. Theory Differ. Equ., 70(2013).

[18] G. Infante and P. Pietramala, Existence and multiplicity of non-negative solutions for systems of

perturbed Hammerstein integral equations, Nonlinear Anal., 71(2009), 1301-1310.

[19] G. L. Karakostas, Existence of solutions for an n-dimensional operator equation and applications to BVPs,

Electron. ]. Differential Equations, 71(2014).

[20] K. Q. Lan, Multiple positive solutions of semilinear differential equations with singularities, J. London

Math. Soc., 63(2001), 690-704.

[21] K. Q. Lan and W. Lin, Multiple positive solutions of systems of Hammerstein integral equations with
applications to fractional differential equations, J. Lond. Math. Soc., 83(2011), 449-469.

[22] K. Q. Lan and W. Lin, Positive solutions of systems of singular Hammerstein integral equations with

applications to semilinear elliptic equations in annuli, Nonlinear Anal., 74(2011), 7184-7197.



Fixed Point Theorem and Applications to Systems of Hammerstein... / Deepchand Gupta, Ajay Kumar Singh 34

[23] H. Persson, A fixed point theorem for monotone functions, Appl. Math. Lett., 19(2006), 1207-1209.

[24] Z. Yang, Positive solutions for a system of nonlinear Hammerstein integral equations and applications,

Appl. Math. and Comput., 218(2012), 11138-11150.

[25] Z. Yang and Z. Zhang, Positive solutions for a system of nonlinear singular Hammerstein integral

equations via nonnegative matrices and applications, Positivity, 16(2012), 783-800.

[26] ]J. R. L. Webb, Remarks on positive solutions of three point boundary value problems, Dynamical systems

and differential equations (Wilmington, NC, 2002), Discrete Contin. Dyn. Syst., (2003), 905-915.

[27] ]. R. L. Webb, A class of positive linear operators and applications to nonlinear boundary value problems,

Topol. Methods Nonlinear Anal., 39(2012), 221-242.

[28] E. Zeidler, Nonlinear functional analysis and its applications. 1. Fixed-point theorems, Springer-Verlag,

New York, (1986).



