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Abstract

This paper advances a line of research in fixed point theory initiated by M. Bessenyei and Z. Péles,
building on their introduction of the triangle function concept in [15]. By applying this concept, the
study revises several well-known fixed point theorems in metric spaces, extending their applicability
to semimetric spaces with triangle functions. The paper focuses on general theorems involving
weak, partial, Bianchini and Chatterjea-Bianchini contractions, deriving corollaries relevant to metric
spaces, b-metric spaces, ultrametric spaces, and distance spaces with power triangle functions.

Notably, several new and interesting findings emerge in the context of weak and partial contractions.
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1. Introduction

Let X be a nonempty set. A mapping d: X x X — R", where Rt = [0, c0), is defined as a metric if it

satisfies the following axioms for all x,y,z € X:
(i) (d(x,y) =0) < (x = y) (non-negativity condition),
(ii) d(x,y) = d(y, x) (symmetric condition),
(i) d(x,y) <d(x,z) +d(z,y) (triangle inequality).

The combination of a set X with a distance-measuring function d is termed a metric space. If d satisfies
the first two axioms, namely (i) and (ii), it earns the label semimetric. Consequently, when d qualifies
as a semimetric on X, the pair (X, d) is referred to as a semimetric space.

The concept of b—metric spaces, originally introduced by Bakhtin [6] under the name of quasi-metric

spaces. Czerwik later expanded on this concept by applying it to generalizations of Banach’s fixed
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point theorem [7,8]. In a b—metric space, the traditional triangle inequality is modified to include a

constant K > 1, ensuring that for all x,y,z € X, the inequality
d(x,y) < Kld(x,z) +d(z,y)]

holds. Fagin and Stockmeyer [9] delved deeper into the relaxed form of the triangle inequality, terming
it nonlinear elastic matching (NEM). They highlighted its diverse applications, including trademark
shape analysis [10] and the measurement of ice floes [11]. For further details one may see [12,13].

An ultrametric is a special type of metric that satisfies the strong triangle inequality:

d(x,y) < max{d(x,z),d(z,y)}.

When this condition is met, the pair (X,d) is known as an ultrametric space. It is worth noting
that Hausdorff formulated the ultrametric inequality in 1934, and Krasner introduced the concept
of ultrametric spaces in 1944 [14].

In 2017, Bessenyei and Pales [15] extended the Matkowski fixed point theorem [16] by introducing a
definition of a triangle function ®: Ei — R for a semimetric d.

In this paper, we adopt this definition in a slightly different form, restricting the domain and the range

of ® by R% and R, respectively.

Definition 1.1. Consider a semimetric space (X,d). We say that &: R x RT™ — R is a triangle function
for d if ® is symmetric and non-decreasing in both of its arguments, satisfies ®(0,0) = 0 and, forall x,y,z € X,
the generalized triangle inequality

d(x,y) < ®(d(x,z),d(z,y)) 1
holds.

Clearly, metric spaces, ultrametric spaces, and b-metric spaces are all examples of semimetric spaces,
each with a specific triangle function: ®(u,v) = u + v for metric spaces, ®(u,v) = max{u,v} for
ultrametric spaces, and ®(u,v) = K(u + v), K > 1 for b-metric spaces.

In [15], the study focused on regular semimetric spaces with basic triangle functions that are continuous
at the origin. These spaces were shown to be Hausdorff, with unique limits for convergent sequences,
and to satisfy the Cauchy property. For further developments on semimetric spaces with generalized
triangle inequalities, see [17-21].

In [22] generalizations of Banach, Kannan, Chatterjea, Cirié-Reich-Rus fixed point theorems, as well as
of the fixed point theorem for mappings contracting perimeters of triangles were proved via
considering corresponding mappings in semimetric spaces with triangle functions.

In this paper, we extend the study of fixed point theorems by modifying assumptions to broaden

their applicability within semimetric spaces using triangle functions. Our findings offer new insights,
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applicable not only to metric spaces but also to broader contexts, such as b-metric spaces, ultrametric

spaces, and distance spaces with power triangle functions.

2. Main Results

The following lemma and theorem establish necessary conditions imposed on triangle function

ensuring that the semimetric is continuous.

Lemma 2.1. Let (ay,) and (b,) be sequences such that a,, b, > 0, a,, b, — 0as n — oo, and let (c,) be any

sequence with ¢, = 0. Suppose the following conditions hold for the triangle function ®:

l < ®(bn/®(an/ Cn))/ (2)
Cn < qD(an/ q)(l/ bn))/ (3)

where | > 0 is a positive real number, and
| D (X0, Yn) —Yn| = 0asn — oo, 4)

for every sequence (x,) such that x, — 0 as n — oo and every arbitrary sequence (y,) with x,,y, > 0. Then

¢, — lasn — oo,

Proof. Lets, = ®(b,, ®(au,c,)) and t, = ®(a,, ©(I,b,)). By condition (4), we have

|Sn - Cn| == |q)(bn/ q)(anzcn)) - q)(an/ Cn) + q)(an/ Cn) - Cn|

)
< |®(bn, @(an, Cn)) - q)(an, Cn)| + ’@(an, Cn) - Cn| % 0
and
|tn — l| - |q)<an,®(l,bn)) — @(l,bn) + q)(l, bn) — l|
< | P(ay, ©(1,b,)) — (1, b,)| + |P(1,b,) — 1| — 0as n — co.
Suppose c¢; - I. Then by (5) s, - . Since s,, > [ for every n and s, - [, it follows from (5) that
limsups, = limsupc, > I.
n—oo n—00
Given that t, — [, condition (3) implies that limsup, . ¢, <[, leading to a contradiction. O

Theorem 2.2. Let (X, d) be a semimetric space with the triangle function ® satisfying condition (4). Then the

semimetric d is continuous.

Proof. Let x,y € X and let (x,) and (y,) be sequences in X such that x, - x and y, = y as n — 0.

Define a, = d(x,,x), by = d(yn,y), ¢n = d(xn,yn), and | = d(x,y). Clearly, conditions (2) and (3) are
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satisfied. By applying Lemma 2.1, we obtain d(x,, y,) — d(x,y), which is the desired result. O

Example 2.3. Let ®(u,v) = (u+ vq)%, where q > 0. Consider any sequence (x,) such that x, — 0 as

n — oo and an arbitrary sequence (y,) with x,,y, > 0. We have

lim (xZ—kyZ)% —yn| =0.

n— 00

Thus, by Theorem 2.2, the semimetric d is continuous when ®(u,v) = (u? 4 07 )%, g > 0.

1
Remark 2.4. Let (X,d) be a semimetric space with the power triangle function ®(u,v) = (u1 + v7)4, where

g >0.1Ifq > 1, then (X, d) is a metric space. Indeed, by (1), it is sufficient to note that for such g, the inequality

1

(ul +v1)1 < u+ v holds, as shown, e.g., in Section 2.12 of [23]. If 0 < q < 1, then (X, d) is not necessarily a

metric space. For instance, let X = {x,y,z} with d(x,y) = d(x,z) = 1 and d(y,z) = 3. In this case, (X, d)

is clearly not a metric space. A simple verification of the triangle inequalities for q = % can demonstrate this.

Distance spaces with power triangle functions were considered in [24].

The following lemma, which we need below, was proved in [22]. For the convenience of the reader, we

give it with the proof.
Lemma 2.5. Let (X, d) be a semimetric space with the triangle function ® satisfying the following conditions:

1) The equality
®(ku, ko) = k®(u,v) (6)

holds for all k,u,v € RY.

2) Forevery 0 < a < 1 there exists C(«) > 0 such that for every p € INT the inequality
O(1,®(a, ®(a?,..., P(aP 1, aP)))) < C(a) 7)

holds.

Let (x,), n=0,1,..., be a sequence in X having the property that there exists « € [0,1) such that
d(xn, Xpt1) < ad(x,-1,Xp) (8)

forall n > 1. Then (x,) is a Cauchy sequence.

Proof. By (8) we have
d(x1,x2) < ad(xp,x1), d(x2,x3) < ad(x1,x2), d(x3,x4) < ad(x2,x3), -...

Hence, we obtain

d(xp, Xpp1) < ad(xo, x1). )
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Applying consecutively the generalized triangle inequality (1) to the points x,, X411, Xn42, -+, Xn+p,

where p € N, p > 2, we obtain

d(xnz xn-l—p) < q)(d(xnr xn+1)/ d(anrlr xn—l—p))
<P

(d(xnz xn+1)/ Q(d(xn+1/ xn+2)/ d(xn+2/ xn+p)))

N

D (d(xn, Xpr1), Pld (X041, Xn42), -, PA(Xn4p—2, Xntp-1), d(Xntp-1, Xntp))))
(by the monotonicity of ® and by inequalities (9) we have)

< D(ad(xp,x1), P(a" T d(xg, x1), - -, P(a"TP2d(x0, x1), &P Ld(x0,%1)))) <
(applying several times equality (6), we obtain)
<a"®(1,d(a,- -, P(aP2,aP71)))d(x0, x1).

By condition (7) we obtain

d(xn, Xnyp) < a"C(a)d(xo,x1).

Since 0 < a < 1, we have d(x,, X,1) — 0 asn — oo for every p > 2. If p = 1, then the relation

d(xn, xy41) — 0 follows from (9). Thus, (x,) is a Cauchy sequence, which completes the proof. O

Remark 2.6 ([22]). Let (X,d) be a complete semimetric space. Then the sequence (x,) has a limit x*. If
additionally the semimetric d is continuous, then we get d(xn, Xnip) — d(Xn,x*) as p — oo. Also, letting
p — oo, we get

d(xn, x7) < a"C(a)d(x0, x1). (10)
2.1 Partial contractions in semimetric spaces

In [25], the concept of partial contractivity was introduced in the context of a b-metric space. Let X be
a b—metric space. A self-map T : X — X is a partial contractivity on a b—metric space (X, d) if there

exist o, p € R with 0 < a < 1 and B > 0 such that for any x,y € X,
d(Tx, Ty) < ad(x,y) + Bmax{d(x, Tx),d(y, Tx)}. (11)
Due to the symmetric property in a metric space, T also satisfies the following dual condition:

d(Tx, Ty) < ad(x,y) + pmax{d(y, Ty),d(x, Ty)}. (12)
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If (X,d) is a metric space and T : X — X satisfies either a Banach contraction, Kannan contraction,
Chatterjea contraction, Zamfirescu contraction, Hardy-Rogers contraction, or Cirié-Reich-Rus

contraction, then T is a partial contraction [25].

Remark 2.7. It is pertinent to mention here that fixed point theorems in a metric space (X,d), satisfying a

combination of conditions (11) and (12) were initiated by Proinov in [26].
We begin with the following fixed point theorem:

Theorem 2.8. Let (X, d) be a complete semimetric space with the triangle function ® continuous at (0,0) and
satisfying conditions (6) and (7). Let T: X — X satisfy (11) with 0 < a + B < 1. Then T has a unique fixed

point.

Proof. Let xo € X. Define x,, = Tx,_1, i.e, x, = T"xg for n = 1,2,.... Then, in view of (11), it follows

straightforwardly that

d(xp, Xp41) = A(Txp—1, Txy) < ad(x-1,xn) + pmax{d(x,—1, Txy—1),d(xn, Txp_1)}
= ad(xy—1,xn) + pmax{d(x,—1,xn),d(xn, xn)}
= (a + :B)d(xnflr xn)'

Hence,

d(xp, Xp41) < 0d(xp—1,%n),

where 6 = a4+ B, 0 < 6 < 1. By Lemma 2.5, (x,) is a Cauchy sequence and by the completeness of
(X,d), this sequence has a limit x* € X. Let us prove that Tx* = x*. Using the generalized triangle

inequality (1), the continuity of ® and (11), we have

d(x*, Tx*) < ® (d(x*, T"xp),d(T"xp, Tx™))
=

(e, T"x0), ad (T" 0, x*) 4+ Bmax{d(T"xo, T"x0), d(T"x0, T"x0)} ) — 0.

This implies that x* is a fixed point. Suppose that there exist two distinct fixed points x and y. Then

Tx = x and Ty = y, which contradicts (11) since & < 1. O

In [22], it was proved that the triangle functions ®(u,v) = u + v, ®(u,v) = max{u,v}, ®(u,v) =
(u? + 0‘7)%, g > 0, satisfy condition (6) and condition (7) with C(«) being 1/(1 —«), 1 and 1/(1 — Dﬂ)%,

respectively. Clearly, all these triangle functions are continuous at (0,0). Hence, we have the following.

Corollary 2.9. Theorem 2.8 holds for semimetric spaces with all triangle functions mentioned above. Moreover,

the following estimations hold:

n

1-9

d(xy, x*) < d(xo,x1) if ®(u,v) =u+o,
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d(xn, x*) < 6"d(xo,x1) if ®(u,v) = max{u,v},
571

———d(x0,x1) if ®(u,v) = (u + zﬂ)%,q >0,
(1 o1y

d(x,, x*) <

where 6 = o + .

Proof. To apply (10), we need to establish the continuity of d for every triangle function. The continuity
of d is well-known for the cases where ®(u,v) = u + v and ®(u,v) = max{u,v}. The continuity of d

when ®(u,v) = (u + Zﬂ)%, with g > 0, follows from Theorem 2.2 (see also Example 2.3). O
Corollary 2.10. Theorem 2.8 holds for b-metric spaces with the coefficient K if 6K < 1, where § = x + B.

Proof. Tt is clear that ®(u,v) = K(u + v) satisfies condition (6) and it is continuous at (0,0). One can
see from the proof that Lemma 2.5 holds even in a weaker form: it is sufficient that condition (7) is
satisfied with a from inequality (8) but not necessarily for all 0 < & < 1. In this connection, consider

expression (7) (with a = ) for the function &:
K+ K25+ K362+ .-+ KPOPL L KPSP < K+ K25 + K302 + - - + KPSP~L 4 KPTL4P, (13)

It is clear that this sum consists of p + 1 terms of geometric progression with the common ratio 6K and
the start value K. According to the formula for the sum of infinite geometric series sum (13) is less

than K/ (1 — 6K) = C(d) for every finite p € N, which establishes inequality (7). O

Remark 2.11. Note that in the case ®(u,v) = K(u + v) estimation (10) cannot be established since in general

case d is not continuous in b-metric spaces with K > 1, see [27].

Remark 2.12. It is interesting to note that despite the fact that conditions (11) and (12) are equivalent replacing
condition (11) by condition (12) in Theorem 2.8 requires an additional condition ®(0,v) < 1 forall 0 < v < 1.

Indeed, let xg € X. Define x,, = Tx,_1, i.e, x, = T"x¢ forn =1,2,.... Similarly, in view of (12), we get

A(xp, Xp41) = A(Txp—1, Txy) < ad(xy—1,%n) + Pd(xn, Txy)

= ad(xy—1,%n) + Bd(xn, Xny1)-

Hence, d(x,, Xy41) < 6d(xy—1,xy), where § = ﬁ, 0 < 6 < 1. Also, by the generalized triangle inequality (1),

the monotonicity of ® and (12), we get

d(x*, Tx*) < ®(d(x*, T"xp),d(T"xo, Tx"))
<o

(d(x*, T"xq), ad(T" xg, x*) + pd(x*, Tx*)).

Letting n — oo, by the continuity of ®, we obtain d(x*,Tx*) < ®(0,pd(x*, Tx*)). Using (6), we have
d(x*, Tx*) <d(x*, Tx*)®(0, 8). By (0,8) < 1, we get d(x*, Tx*) =0, i.e. x* = Tx*.



Fixed Point Theorems for Generalized Contraction in Semi-Metric Spaces... / Sudhir Prajapati, Giriraj Kishore Sahu 42

2.2 Weak contractions in semimetric spaces

In 2004, the concept of a weak contraction [28] was introduced by Berinde within the framework of a
metric space. Let (X, d) be a metric space. A self-map T: X — X is a weak contraction on X if there

exist o, € R with 0 < a <1 and § > 0 such that for any x,y € X,
d(Tx, Ty) < ad(x,y) + é max{d(x, Tx),d(y, Tx)}. (14)
Because of the symmetry property in a metric space, T also satisfies the following dual condition:
d(Tx, Ty) < ad(x,y) + é max{d(y, Ty),d(x, Ty) }. (15)

If (X, d) is a metric space and T: X — X is either a Banach contraction, Kannan contraction, Chatterjea
contraction or Zamfirescu contraction, then T is a weak contraction [28]. We now proceed to prove the

following result:

Theorem 2.13. Let (X, d) be a complete semimetric space with the triangle function ® continuous at (0,0) and
satisfying conditions (6) and (7). Let T: X — X satisfy (15). Then T has a fixed point. If 6 = 0, then the fixed

point is unique.

Proof. Let xo € X. Define x,, = Tx,_1,1.e, x, = T"xg for n = 1,2,.... Then, in view of (15), it follows

d(xp, Xp41) = d(Txp—1, Txy) < ad(xy-1,2,) + d max{d(x,—1, Txy—1),d(xn, Txp-1)}
ad(xy—1,%,) + d max{d(x,_1,x,),d(xn, xn)}

= ([X + (S)d(xn—ll xi’l)‘

Hence,

d(xn/ xn+1) < D‘d(xn—lr xn)/

where 0 < & < 1. By Lemma 2.5, (x,) is a Cauchy sequence and by the completeness of (X, d), this
sequence has a limit x* € X. Let us prove that Tx* = x*. By the generalized triangle inequality (1), the

continuity of @ and (15), we have

d(x*, Tx*) < ®(d(x*, T"xp),d(T"xo, Tx™))

=® (d(x*, T"x0), ad (T Lxg, x*) + 5d(x*, T”xo)> —0,
as n — oo, which means that x* is a fixed point. Let = 0. Suppose that there exist two distinct fixed
points x and y. Then Tx = x and Ty = y, which contradicts (15), since a < 1. O

Corollary 2.14. Theorem 2.13 holds for semimetric spaces with the following triangle functions: ®(u,v) =

u+v; ®(u,v) = max{u, v}, ®(u,v) = (u7+ vq)%, g > 0, and with the corresponding estimations from above
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for d(x,, x*), see Corollary 2.9.
Corollary 2.15. Theorem 2.13 holds for b-metric spaces with the coefficient K if aK < 1.
Proof. See the proof of Corollary 2.10. ]

Remark 2.16. It is noteworthy that although conditions (15) and (14) are equivalent, substituting condition (15)
with condition (14) in Theorem 2.13 under the constraint a 4+ 26 < 1 necessitates additional requirements: (i)
D(a,b) <a+bforalla,b > 0;(ii)  is continuous at the domain of definition.

Indeed, let xy € X. Define x,, = Tx,_1,1.e, x, = T"xo for n =1,2,.... Similarly, in view of (14), we get

d(xp, xp+1) = d(Txy—1, Txn) < ad(xy-1, %) + 6d(xy-1, Txy)

= ad(xy-1,%n) + 0d(xp—1, Xn+1)-
Hence, by the generalized triangle inequality (1) and condition (i) we get

d(xn, xp11) < ad(xXy-1, %) + 0P (d(x4-1,Xn),d(Xn, Xn11))

< “d(xnflz xn) + 5(d(xn71z xn) + d(xn/ xn+1))-

Consequently,

A(xn, Xpt1) < yd(Xp—1,Xn),

where v = %2, 0 < v < 1. By Lemma 2.5, (x,) is a Cauchy sequence and by the completeness of (X, d),
this sequence has a limit x* € X. Let us prove that Tx* = x*. By the generalized triangle inequality (1), the

monotonicity of ® and (14), we get

d(x*, Tx*) < ®(d(x*, T"xp),d(T"xo, Tx™))

= ®(d(x*, T"xp), ad(T" Lxo, x*) + 6(d(T" 1xp, Tx*))).
Letting n — oo, by the continuity of ®, we obtain
d(x*, Tx*) < ®(0,d(x*, Tx")).

By condition (i), we get
d(x*, Tx*) < dd(x*, Tx").

Hence, since § < % we obtain the equality d(x*, Tx*) = 0.
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2.3 Bianchini’s contractions in semimetric spaces

In 1972, Bianchini [29] proved the following result, which extends the Kannan fixed point theorem [2].

Let T: X — X be a mapping on a complete metric space (X, d) such that
d(Tx, Ty) < pmax{d(x, Tx),d(y, Ty)}, (16)

where 0 < g < 1and x,y € X. Then T has a unique fixed point.

Theorem 2.17. Let (X,d) be a complete semimetric space with the continuous triangle function ®, satisfying

conditions (6) and (7) and additionally to the condition:
(i) ®(0,v) <1 forall 0<v <1
Let T: X — X satisfy inequality (16) with 0 < B < 1. Then T has a unique fixed point.

Proof. Let xo € X. Define x,, = Tx,_1, i.e.,, x, = T"xp for n = 1,2, .. .. It follows straightforwardly that

d(xn, Xp1) = d(Txp—1, Txy)

< Bmax{d(x,_1, Tx,_1),d(xn, Txy)} = pmax{d(x,_1,xn),d(xn, Xn4+1) }-

We now consider two cases:

Case 1: max{d(x,_1,x,),d(xn, xp+1)} = d(x,-1, x,). Then we have
d(xu, Xny1) < Bd(xn—1,Xu). (17)

Case 2: max{d(x,_1,%x), d(xXn, Xn11)} = d(xn, X4+1). Then we get

d(xn/ xn+1) < ﬁd(-xl’l/ xn+1) < d(xn/ xn—i—l)/

which is a contradiction.

Hence, inequality (17) holds for 0 < B < 1. By Lemma 2.5, (x,) is a Cauchy sequence and by the
completeness of (X, d), this sequence has a limit x* € X.

Let us prove that Tx* = x*. By the generalized triangle inequality (1), the monotonicity of ® and (16),

we get

d(x*, Tx*) < ®(d(x*, T"xp),d(T"xp, Tx"))

= ®(d(x*, T"xp), pmax{d(T" ' xo, T"xp),d(x*, Tx*)}).
Letting n — oo, by the continuity of ®, we obtain

d(x*, Tx*) < ®(0, Bd(x*, Tx™)).
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Using (6), we have
d(x*, Tx*) < d(x*, Tx*)P(0, B).

By condition (i), we get d(x*, Tx*) = 0. Suppose that there exist two distinct fixed points x and y. Then
Tx = x and Ty = y, which contradicts to (16). O

Corollary 2.18. Theorem 2.17 holds for semimetric spaces with the following triangle functions: ®(u,v) =
u+v; ®(u,v) = max{u, v}, ®(u,v) = (u7 + v")%, q > 0, and with the corresponding estimations from above

for d(x,, x*), see Corollary 2.9.

Remark 2.19. Note that the triangle function ®(u,v) = K(u + v) does not satisfy condition (i) of Theorem 2.17

in the case K > 1.

2.4 Chatterjea-Bianchini contractions in semimetric spaces

In [3] Chatterjea proved the following result. Let T: X — X be a mapping on a complete metric space
(X, d) such that
d(Tx, Ty) < pd(x, Ty) +d(y, Tx)), (18)

where 0 < B < 1 and x,y € X. Then T has a unique fixed point. If we substitute condition (18) with
the following
d(Tx, Ty) < pmax{d(x, Ty),d(y, Tx)},0 < B <1, (19)

we refer to it as Chatterjea-Bianchini contraction, since this condition has features of both Chatterjea
and Bianchini contractions. Note that condition (19) appeared earlier in the well-known survey paper
of Rhoades [4] under number (12).

To prove the following theorem, we require the notion of an inverse function for a non-increasing
function. This is necessary because the theorem aims to encompass the class of ultrametric spaces,
and the function ¥(u) = max{1,u} is not strictly increasing. By [30, p. 34] for every non-decreasing
function ¥: [0,00] — [0, o] the inverse function ¥~ !: [0, 0] — [0, c0] can be well defined by setting

Y (1) = inf £
¥(t)>T
Here, inf is equal to o if the set of + € [0, 0] such that ¥(¢) > T is empty. Note that the function ¥~}

is non-decreasing too. It is evident immediately by the definition that
Y1(¥(t)) <t forall t € [0,c0]. (20)

The proof of the following theorem is similar to the fixed point theorem for Chatterjea contraction
mappings [3] in semimetric spaces with triangle functions [22]. For completeness, we provide the

proof of this theorem.
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Theorem 2.20. Let (X,d) be a complete semimetric space with the continuous triangle function ® such that
the semimetric d is continuous. Let T: X — X satisfy inequality (19) with some B > 0. Let ® also satisfy
conditions (6) and (7) and additionally the following conditions hold:

(i) ©(0,8) <1,
(i) Y~1(1/B) > 1if B > 0, where ¥ (u) = ®(u,1).
Then T has a fixed point. If 0 < B < 1, then the fixed point is unique.

Proof. Let B = 0. Then (19) is equivalent to d(Tx, Ty) = 0 forall x,y € X. Let xo € X and x* = Tx, then
d(Txo, T(Txp)) = 0 and d(x*, Tx*)=0. Hence, x* is a fixed point. Suppose there exists another fixed
point x** # x*, x** = Tx**. Then, by the equality d(Tx, Ty) = 0, we have d(Tx*, Tx**) = d(x*,x**) =0,
which leads to a contradiction.

Let B > 0 and xp € X be given. Define x, = Tx,_1,ie, x, = T"xg forn = 1,2,.... If x; = x;4; for

some i, then it is clear that x; is a fixed point. Suppose that x; # x;;1 for all i. It is evident that

d(xp, xp41) = d(Txp—1, Txy) < pmax{d(x,—1, Txy),d(xn, Txy-1)}
= ,Bmax{d(xn—lz xn+1)/ d(xn/ xn)}
= ﬂBmaX{d(‘xi’l—ll Xn—i—l)/ O}

= ,Bd(xn—lr xn+1)-

Hence, by the generalized triangle inequality (1) and condition (6), we obtain

d(xn, Xp41) < PO(d(x0—1, Xn),d(Xn, Xnt1))

and

1 <® <d(xn1, x"),l) _y (d(xnl, xn)) , 1)

B~ \d(xu, xut1) d(xn, Xn41)
where ¥(u) = ®(u,1), u € [0,00). It is clear that ¥(u) is non-decreasing on [0,c0). Consequently,
Y~1(u) is also non-decreasing on [0, ).

Hence, it follows from (20) and (21) that

and
1

A, xp1) < (¥ (1/B)) dlxaor, xu).

Consequently,

d(xnl x?’l—l—l) < “d<xn—1r xn)/
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where o = (‘I’*l (1//3)) . Since by condition (i) ¥71(1/8) > 1, we get 0 < a < 1. By Lemma 2.5,
(xy) is a Cauchy sequence and by the completeness of (X, d), this sequence has a limit x* € X. Let us

prove that Tx* = x*. By the generalized triangle inequality (1), the monotonicity of ® and (19), we get

d(x*, Tx") (d(x*, T"xq),d(T"xo, Tx™))

<o

< ®(d(x*, T"xg), Bmax(d(T" txg, Tx*),d(x*, T"x0))).
Letting n — oo, by the continuity of ® and d we obtain

d(x*, Tx*) < ®(0, Bd(x*, Tx™)).

Using (6), we have
d(x*, Tx*) <d(x*, Tx*)P(0, B).

By condition (i), we get d(x*, Tx*) = 0.
Suppose that there exist two distinct fixed points x and y. Then Tx = x and Ty = y, which contradicts
to (19) in the case 0 < B < 1. O

Corollary 2.21. Theorem 2.20 holds in ultrametric spaces with the coefficient 0 < < 1.

Proof. According to the assumption ®(u,v) = max{u, v}, ¥(u) = max{u, 1} and

0, ue|01],
Y l(u) = 0.1]
u, u€ (1,00).
Clearly, condition (i) holds for all 0 < < 1 and condition (ii) holds for all 0 < g < 1. O

Corollary 2.22. Theorem 2.20 holds for semimetric spaces with the following triangle functions ®(u,v) =
(u? + 0‘7)%, q > 0, and with the coefficient 0 < B < 2711 in (19).

Proof. By Example 2.3 the semimetric d is continuous. Further, we have ¥ (u) = (17 + 1)% and ¥~ 1(u) =
(u? — 1)% Clearly, condition (i) holds for all 0 < 8 < 1 but condition (ii) holds if 0 < g < 271/4, O

3. Conclusion

This paper extends several known general fixed point theorems related to weak and partial contractions
by modifying assumptions. Using Lemma 2.5, the study deepens the understanding of fixed point
theorems and broadens their applicability beyond metric spaces. The findings suggest potential future
research directions, including applying the approach to other contractive mappings under diverse
conditions and categorizing various contractive definitions that can be proved using this technique. The

significance of these generalized theorems extends across multiple disciplines, including optimization,
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mathematical modeling, and computer science. They may serve to establish stability conditions,

demonstrate the existence of optimal solutions, and improve algorithm design.
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