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Abstract

In this paper, we demonstrate the strict monotonicity concerning the parameter ho of the
Mittag-Leffler functions Ejo(—t"0) and th"’lEholho(—tho). Furthermore, the results obtained are

applicable to a broader class of subdiffusion equations than those previously examined.
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1. Introduction

Let () be an arbitrary N - dimensional domain with a sufficiently smooth boundary 0(). Consider the

following Initial-boundary value problem:

Dfu(x,t) —Au(x,t)=0, x€Q, 0<t<T,
u(x,t)|aq =0, D

u(x,0) = ¢(x), x€Q,

where @(x) is a continuous function, A is the Laplace operator, p € (0,1) and DY is the fractional

Caputo derivative defined as (see, for example, [14], p. 91):

t
1 d
D u(x,t) = j/ )dg £>0, xeQ.
0

When modeling various processes, the order of the fractional derivative p is often unknown. One of
the effective methods for finding the unknown order of the derivative is, by setting some additional
conditions for a solution u(x, t) of problem (1), to solve analytically the corresponding inverse problem.

A very interesting paper [16] by G. Li, Z. Wang, X. Jia, Y. Zhang was recently published, in which the
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order of the fractional derivative p in the equation
Dfu(x,t) — cAu(x,t) =0

where QO € R%,d = 1,2,3 and c is a sufficiently small positive number.The solution of the initial-
boundary value problem at only one point of space-time (xo,tp). Note that the proof relies on the
condition d < 3. However, the paper contains an interesting auxiliary result (see Theorem 1): the
authors proved that the function g(p) = E,(—ct?) has a negative derivative, g'(p) < 0, if ¢ is large

enough and c is small enough. In particular:

1) we have proved that the Mittag-Leffler functions E,(—#) and #*~'E, ,(—t’) increase monotonically

in parameter p for sufficiently small t. This is the main result of this work;
2) the requirement of a sufficiently small coefficient ¢ was removed from the considered equation;

3) the restriction on the dimension of the domain () C R%,d = 1,2,3 was removed. Of course, the
transition to the domain Q C RN, with N > 1, does not cause any particular difficulty, but we

would like to draw the attention of readers to one fundamental work by V.A. Ilyin [12];

4) it is shown that the conditions of Theorem 2 of [16] is not complete and an updated version of this

theorem with a proof is presented.

5) other applications of the monotonicity in parameter of Mittag-Leffler functions are given.

2. Preliminaries

Let Q) be a bounded N-dimentional domain with a sufficiently smooth boundary 0Q and {v(x)}
denote the complete system of orthonormal in L,(Q)) eigenfunctions and {A;} the set of positive

eigenvalues of the spectral problem:

—Aov(x) = Av(x), xe€Q,

0(x)], = 0.
Let us present some assertions about eigenfunctions v;(x) and eigenvalues A proved by V.A Ilyin [12].
Lemma 2.1. The series kogo:l Ap ([%]H)v%(x) converges uniformly in a closed domain Q).

Lemma 2.2. Let the function g(x) satisfy the conditions

(D). g(x) € CP(Q), 28 € 1,(Q), p+1=pitpat...pup>1,

p
XL 9xp"

(2). g(x)|an = Ag(x)|aq = - - = Allg(x) o = 0.

Then the number series Y g]%/\,’[frl converges, where g = (g, vk ).

k=1
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For 0 < p <1, let E, ,(z) denote the Mittag-Leffler function defined as:

00 k

Z
Eu(2) =Y, -, mzeC
)= Ltk gy

If 4 = 1, then the Mittag-Leffler function is called the one-parameter or classical Mittag-Leffler function

and is denoted by E,(z) = E,1(z). Recall the following estimate of the Mittag-Leffler functions [13].
Lemma 2.3. For any t > 0 one has

C
|Eprll(_t)| S 1 t’ H € C/

where constant C does not depend on t.

3. Monotonicity of the Mittag-Leffler Function E,(—1*)

Let us first introduce some important concepts to prove the strict monotonicity of the Mittag-Leffler

function E,(—1*).

Lemma 3.1. Let p € (0,1). Then the following equality holds:

T'(on)
wtseo T(pn +p)

Proof. Using the Stirling approximation of the gamma function we have:

L(pn)
I'(on +p) m(

on
LI R (7 7 A

0
n+p>P”+P - <9n+p pn+p)f\  pn

n

3

-
1 1
NeP[<1+1/n>] (o + p)? 1+E (n — o).

n
According to hm (1+1/n> = e 1, we get:

O]

Next we calculate the derivative of the Mittag-Leffler function E,(—t"). Let ®(p) be the logarithmic

derivative of the gamma function I'(p). Then I (p) = I'(p)®(p) and therefore, we have:

d d & e > P(pn +1)

= — —1)" n pn
apte =) dpn;o( Y T(on+1) n:1 "t (pn+1

=Y (-1)"yu, 2)

n=1
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where

1 = (1 1
pn+l+;<s_s+pn+l>'
Int —P(pn+1)

T(pn+1) 7

P(on+1) = —y—

Yn = ntf"

and vy =~ 0.57722 is the Euler-Mascherano constant.

Lemma 3.2. Let p € (0,1). Then the following two statements hold:

. P(pn+p+1) _
1) 7}5130 @(pn+1) =1

2) ®(pn+1) > —p%for alln > 1.

Proof. Proof of Part 1)

®3)

Consider the function f(z) = z(Inz — ®(z)). Function f(z) is strictly decreasing and strictly convex on

(0,00) (see, [1]) and the following relationships are fulfilled:

limf(z) =1 and lim f(z) = %

z—0 Z—00

From (4) and the monotonicity of f(z) we get:

<f(z) <1, z€(0,00).

N =

Using estimate (5) and definition of function f(z) we obtain
1 1
Inz—-<P(z) <Ilnz— —.
nz-——< (z) <Inz s

Apply estimate (6) to have:

1
— < < -
In(on+1) Py < ®(pn+1) <In(pn+1) 3on 1)
Therefore,
ln(pn—l—p—kl)—m < Olontp+1) _ In(on+p+1) —m
In(on+1) =y~ Plen+1) = W(n+1)— kg
Firstly we will show that
lim e te*D)

n—eo In(pn+1)

Using Lopital’s theorem we get

P
In(on+p+1) lim PP iy Pt

lim _—
n—oo ON + 0 + 1

n—eo  In (pn +1) n—o0

pn+1

(4)

)

(6)

7)

(8)
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Apply Squeeze theorem and (8) to obtain

P(on+p+1)

=1
e D(pn+ 1)

This complete the proof of part 1.

The proof of part 2 of the lemma obviously follows from:

1 1
> — — > 1.
P(pn+1) > In(pn+1) pn+1> o1 n>1

Lemma 3.2 is completely proved. O

Lemma 3.3. Let pg € (0,1) and t; > 0. Then series (2) is uniformly convergent with respect to t € [t1, T| and

p € [po,1].

Proof. Since t € [t1, T] and p € [po, 1] we get

Y |-
n=1

Int—P(pn+1) |lnt P(pn +1)]
1)"ntf" nT" .
) (pn+1 ‘ Z I'(pon +1)

Using inequality (7), we have

> nT"
— | max |Int{+In(n+1)+ ) Zn,
L. oy (2 i+ nd L

where

z —nTn<max |Int| 4+ In n+1)—|—1>
" T(pon +1) \seft, 1) 2)°

Let us consider the following proportion

n n+1
F&JJBM(maX |Int|4+1In(n+2)+ %)

Zn+1 o te{t, T
Zn Tn 1
m <tem{ta>;}‘lnt| +In(n+1) 2)
Int| +In 2)+ 1
_ (n+1)T”+1r(p0n+1)tgn{t?>;}l nt|+1In(n+2)+1
nT"T (pon + po + 1) Jmax [Int]+1In(n+1) + T

te{t, T}
By the equality I'(on + 1) = pnI'(pn), we have

max |Int|+In(n+2)+1
Zpntl T T(pon) te{t, T}| | ( )+

Zn T'(pon + po) rr{1ax}|1nt|+ln(n+1) +1
t,T

Apply Lemma 3.1, to get

. Zp+1
lim 2% — 0.
n—o0  Z,
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Thus, by D’Alembert’s Ratio Test, we conclude that the series ) z, is convergent. Therefore, by the
n=1
Weierstrass M-Test, we deduce that the series (2) is uniformly convergent. This complete the proof of

lemma. O

Lemma 3.4. Let 0 < p < 1. Then for t € <0, min (1, 17>] the inequalities Y11 > Yy, n > 1, hold.
2

1
20 e

Proof. Let us consider the following proportion

Ynil _ (n+1)T(pn+1)In(t) — P(on+p +1)
Yn nC(on+p+1) In(t)—D(pn+1)

According to equality I'(on + 1) = pnI'(pn) we have

Yot _p Tlon) In(t) — ®(on+p+1)

Yn [(on+p) In(t) —P(pn+1)
B I'(pn) P(pn+1)—P(pn+p+1)
=Pty (O  Rg el st ©)

Now we will show that

‘d)(pn+1)—d>(pn+p+l)

In(t) — d(pn + 1) ’<L

Based on estimate (7), we examine four cases to prove the estimate above.

Case 1: We use the following estimates

1

P(pn+1) <In(pn+1) — Aon+ 1)’

> e —
and ®(on+p+1) >In(on+p+1) on+po+1

From these estimates we get:

CD(pn—I—l)—cI)(pn—i—p—kl)‘ - 1n(P”+1)—m—ln(P”+P+1)+ﬁ
Int —®(pn+1) N Int—In(pn+1)+ pn1+1

on+1 on+1—p
In < ) + 3

pn+p+1 pn+1)(pn+p+1)
Int—In(pn+1)+1

on+1
In (pn+p+1 )

IN

pn+l—p
2(pn+1)(pn+p+1)

<

“|Int—In(pn+1)+1 Int—In(pn+1)+1
pon+1

< 1 )W‘

“ |Int—In(pn+1)| -1  |Int—In(pn+1)| -1

1 1

< + 2

“ |Int] -1 |Int| -1
3

_ 2
Int|—1°

Ifint < —% then we have
P(on+1)—P(pn+p+1)
Int —®(pn+1)
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Case 2: We use the following estimates

1

1
o1 4 Slentpt1) <lnfontp+1) -

From these estimates we get:

D(pn+1) — D(on +p +1) ‘ | lon 1) — G —Inon 40+ 1) + s
Int — P(pn+1) lnt—ln(pn+1)+m
on+1 pn+2p+1
< In (pn+p+1> ~ 2(pnf1)(pntp+1)
- Int—In(on+1)+1
on+1 on+2p+1
< In <pn+p+1> 3(on+1) (o<1
“|Int—In(pn+1)+1 Int—In(pn+1)+1
on+3
1 I )2(pn+1)(pn+p+1)‘
“ |Int—In(pn+1)]—1 |Int—In(pn+1)|—1
< 1,
~ |Int] -1 |Int| -1
5
_ 2
|Int| -1
IfInt < —Z then we have
P(pn+1) —P(pn+p+1) 1
Int —®(pn+1) '
Case 3: We use the following estimates
1 1

D(pn+1) <In(pn+1) — and @(pn+p+1) <In(on+p+1)-

2(pn+1)’ 2(n+p+1)

From these estimates we get:

@(pn+1)—®(pn+p+1)’ < ln(P”‘Fl)—m_ln(P”*‘PJrl)ﬂLm
Int — P(pn+1) - Int—In(pn+1)+

1
pn+1

on+1 4

< In (pn+p+1) " 2(pn+1)(on+p+1)
- Int—In(pn+1)+1

pn+1 0
| (a57) 2pn 1) (prp+1)
“|Inft—In(pn+1)+1 Int—In(pn+1)+1

1

1 ’2(pn+l)(pn+p+l) ‘
<
“ |Int—In(pn+1)|—1 |Int—In(pn+1)|—1

1 >

<
S Tine =1 Int| =1
3

_ 2
|Int| —1
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Ifint < —% then we have
P(on+1)—P(pn+p+1)
Int —®(pn+1)

Case 4: We use the following estimates

1
P(pn+1) zln(pn+1)—p— and ®(on+p+1) >In(on+p+1) -

n+1’ on+p+1

From these estimates we get:

<I>(p1’l+1)—<b(pn+p+1)' _ 1n(pn+1)—m%—ln(pn+p+1)+ﬁ

Int —®(pn+1) Int —1In(pn +1) + 5y

In on+1 _ 0
pr+p+1 (on+1)(pn-+p+1)

Int—In(pn+1)+1

pn+1
In <pn+p+1 )

Int—In(pn+1)+1

IN

[
(on+1)(pn+p+1)
Int—In(on+1)+1

IN

1
1 ‘ (on+1)(pn+p+1) ’
“ |Int—In(pn+1)| -1  |Int—In(pn+1)| -1
1 1
<
STt =1 [inf| =1
2
| Int|-1"

If Int < —3 then we have

‘@(pn+1)—<1>(pn+p+1)

Int—®(pn+1) ’<1'

Since I'(pn) < T'(pn + p) and the equality (9) we have the following inequality

Yntl _ gp (1 <I>(pn+1)—<1>(pn+p+1)>
e T —o(n+ 1) :

Based on the four cases considered, we select t from the interval <O, min <11,

x
NN"—‘

2°
according to assertion 2 of Lemma 3.2, the sequence y,, defined by the equality (3), is negative for all

)] For such ¢,

n > 1. Therefore, we get the inequality y,11 > ya.

This complete the proof of Lemma. O

‘Q‘,_.‘H

0

Theorem 3.5. Let pg € (0,1). Then, for any t € <O, min < , 17> ] , the Mittag-Leffler function E,(—t°) is
e2

2
monotonically increasing in p € [po, 1].

Proof. From Lemma 3.3 the series (2) converges absolutely. Let us divide this series into groups as

follows

d

E(—t) = i (1) = — (2 — v2) — (¥3— ya) — - .

Then by Lemma 3.4 it follows that %EP(—W ) > 0 for all t and p from the conditions of the lemma.
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Theorem 3.5 is proved. O

Theorem 3.6. Let pg € (0,1). Then, for any t € (O,min (11';63>} the function tP—1E, ,(—tF) is

2P0
monotonically decreasing in p € [po, 1].

The theorem is proved in the same way as Theorem 3.5.
Using Theorems 3.5 and 3.6, we can update the results presented in several previous works. In
particular, in [2,5], the inverse problem of determining the order of the fractional derivative is solved

under the over-determination condition

||, t0) [, 2y = o (10)

where t is a sufficiently large number. Our results show that under the over-determination condition
(10), the time instant ¢y can also be chosen sufficiently small, which is quite useful for real-life

applications.
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