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Abstract

We present a systematic comparison of five numerical methods for fractional differential equations
under the hybrid Caputo-Fabrizio-Atangana-Baleanu (HCFAB) operator: Hybrid Kernel
Predictor-Corrector (HKPC), Adams—Bashforth—-Moulton (ABM), Fractional Euler (FE), Variational
Iteration Method (VIM), and Adomian Decomposition Method (ADM). The methods are evaluated
on benchmark problems using maximum absolute error and convergence order. HKPC achieves
second-order accuracy comparable to ABM with superior error profiles for hybrid memory. VIM
and ADM provide semi-analytical solutions for short horizons but diverge beyond t > T*, while FE
is cheapest per step but requires O(h~!) more steps for equivalent accuracy. A decision framework
for method selection is derived based on problem horizon, Lipschitz constant, and accuracy

requirements.
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1. Introduction

Numerical methods for fractional-order differential equations have evolved rapidly over the past two
decades, giving rise to a diverse ecosystem of approaches whose relative merits depend heavily on the
operator type, the regularity of the solution, and the targeted application domain. Broadly speaking,
the available schemes fall into four families: predictor-corrector methods [3,4], explicit step methods [8],
series-based semi-analytical methods [10,14], and spectral and operational matrix methods [31,32]. Each

family reflects a different philosophy: the first prioritises proven numerical convergence and algebraic
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stability; the second emphasises simplicity; the third delivers closed-form approximations; and the
fourth leverages global basis representations for high regularity.

The Adams-Bashforth-Moulton predictor-corrector method, standardised in the widely used FDE12
software package [3,4], has long served as the reference scheme for initial value problems involving
the Caputo derivative. It achieves first- or second-order accuracy depending on implementation and
handles nonlinear right-hand sides through a single function evaluation per iteration in the corrector
step. Its theoretical properties — convergence, stability and error analysis — are thoroughly documented
[3,5-7]. The fractional Euler method, sometimes called the forward difference scheme, is the simplest
explicit first-order alternative and remains the baseline against which all higher-order methods are
benchmarked [8,9].

On the semi-analytical side, the Variational Iteration Method (VIM), introduced by He [10] and
subsequently extended to fractional problems [9,11,12], constructs a sequence of correction
functionals that converge to the exact solution under smoothness assumptions. It requires neither
discretisation nor linearisation but suffers from slow convergence and increasingly expensive iteration
for large time horizons [11,13]. The Adomian Decomposition Method (ADM) [14,15] decomposes the
nonlinear term into a series of Adomian polynomials and produces power series solutions that may
be summed in closed form; however, the radius of convergence restricts applicability and requires
Padé acceleration or multi-step restart strategies for long-time computation [15,16].

A parallel track of development has focused on operators beyond the classical Riemann-Liouville
and Caputo derivatives. The Caputo-Fabrizio (CF) derivative [17,18], defined through an exponential
kernel, and the Atangana-Baleanu (AB) derivative in the Caputo sense [19,20], defined through the
Mittag-Leffler kernel, were introduced to remove the kernel singularity present in classical fractional
operators. These operators have attracted substantial attention in modelling anomalous diffusion, heat
transfer, and epidemic dynamics [22-25], and dedicated predictor-corrector schemes for each operator
exist [20,21].

However, the choice between CF and AB operators is frequently problem-dependent: CF’s
exponential kernel models short-term memory, while AB’s Mittag-Leffler kernel governs long-tail
power-law memory. In many real systems, both memory profiles coexist. To address this, the first

paper of this series [1] introduced a convex hybrid operator:
D¥u(t) := 0 D¥Fu(t) + (1 —0) D¥Pu(t), 6€]0,1], 1)

and developed the Hybrid Kernel Predictor-Corrector (HKPC) method for scalar equations governed
by (1). The second paper [2] extended HKPC to systems of fractional differential equations and
introduced a memory-dependent basic reproduction number Rg"e for an epidemic model. Both papers
confirmed second-order global accuracy for their respective settings; however, no evaluation of HKPC

relative to existing methods in the literature was conducted.
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Despite the maturity of the individual methods and the growing literature on the CF and AB operators,

three critical gaps remain:

1. No unified comparative framework: Existing comparisons, such as those in [9,26-28], were
conducted exclusively for the classical Caputo derivative. No study has benchmarked numerical
methods under the HCFAB hybrid operator (1), leaving practitioners without guidance on method

selection for this increasingly used operator class [17,19,21].

2. Absence of multi-metric evaluation: Prior comparisons typically report only maximum absolute
error or convergence order in isolation [26,29,30]. Practical deployment requires simultaneous
evaluation of accuracy, convergence rate, CPU time, and stability with respect to the fractional

order &, which no existing paper provides in a single unified study [5].

3. No benchmark for coupled epidemic systems: Comparative studies on scalar test equations [9,
27,28] do not address the performance differences between methods when applied to systems of
FDEs modelling real phenomena such as epidemic spread, where solution regularity is limited and

stiffness arises from transmission-removal coupling [2,25].

The remainder of the paper is organised as follows. Section 2 collects the necessary operator definitions
and presents the precise formulations of all five numerical methods in a unified notation. Section 3, the
main contribution, derives the weight sequences and algorithmic steps for each method applied to the
HCFAB operator, and provides original propositions on their local truncation errors and convergence
orders. Section 4 presents all numerical experiments: five benchmark problems, four error metrics, and
comparative tables and figures. Section 5 analyses the results and presents the decision framework.

Section 6 concludes with recommendations for future work.

2. Preliminary Results

This section establishes the operator definitions and numerical formulations for all five methods in a
common notation. Throughout, « € (0,1), f =a/(1 —«a), h = T/N, t, = nh, and M(«), B(x) denote
the normalisation functions satisfying M(0) = M(1) = B(0) = B(1) = 1.

2.1 Fractional Operators
Definition 2.1 (Caputo Derivative [3,7]). For u € AC'[0, T] and « € (0,1):
[(1—ua

CDMu(E) = 1) /O (= s) "/ (s) ds. %)

Definition 2.2 (Caputo-Fabrizio Derivative [17,18]). For u € H'(0,T) and a € (0,1):

DYFu(t) = ]1\4£02 /Otexp(—

(t— s)> u'(s) ds. (3)

11—«
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Definition 2.3 (Atangana-Baleanu-Caputo Derivative [19,20]). For u € H'(0,T) and a € (0,1):

DaABy (1) = B(a) /otE“(_

11—«

(t— s)"‘) u'(s) ds, 4)

11—«

© k

z
here Eq(z) = Y, —————~
where E,(z) kgo Tak+ 1)

Definition 2.4 (HCFAB Hybrid Operator [1]). For 6 € [0,1]:

is the one-parameter Mittag-Leffler function [?].

D*u(t) := 0 D¥Fu(t) 4+ (1 — 0) D¥Bu(t). (5)

When 0 =1, (5) reduces to the pure CF derivative; when 6 = 0, to the pure AB derivative; and for « — 1, to the

classical first-order derivative.

The corresponding integral operators are [18,19]:

B = 70+ s [ 56 ©
«,AB u _g)a 1
BATF() = Gy () + (“)r(“)/ou )" 1f(s) ds )

and satisfy the inversion identities I*“*D*“Fy = 1 — u(0) and I**?D**Py = u — u(0) [18,20].

All five methods in this paper are applied to the general initial value problem:

Difu(t) = f(t,u(t)), u(0)=uo, te[0,T], 8)

where f : [0, T] x R — R is continuous and Lipschitz in the second argument with constant L > 0.
Applying the hybrid integral operator I*? = 01%“F 4 (1 — 0)I**® to (8) yields the equivalent Volterra

formulation [1,2]:

u(t) = up+ 9]1\/1_(02 /Ote_ﬁ(t_s)f(s,u(s)) ds+(1—-19) f(“)

/Ot Eo(—=B(t —5)")f(s,u(s))ds,  (9)

with B = a/(1 — a). Equation (9) is the common starting point for the predictor-corrector methods in
this paper.
2.2 Method 1: Adams-Bashforth-Moulton Predictor-Corrector (ABM)

The Adams-Bashforth-Moulton method of Diethelm, Ford and Freed [3] for the Caputo IVP *D#u =

f(t,u), u(0) = up, exploits the equivalent Volterra form:

u(t) =uo+ F(loc) /Ot(t —8)* L (s,u(s)) ds. (10)
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ABM Predictor (explicit):

4

n
P _ P .
it = 0+ gy Ly e i

where f; = f(t;,u;) and:
Ay =m—j+1)" = (n—j)% j=01,...,n

ABM Corrector (implicit):

o

n
_ o P c ,
Up41 = Ug + T(a+2) f(tn+1/un+l) + E)ajln+l f] ’

with corrector weights:

n*tl— (n—a)(n+1)%, j=0,
G = (n—j+2)" 7 (n— ) —2(n—j+ 1), 1<j<n,

1, j=n+1

(11)

(12)

(13)

(14)

The method achieves order min(2,1 + &) for smooth solutions [3,5]. For the HCFAB operator (5), we

apply (11)-(13) using the Volterra form (9) with 8 = 0 (pure AB, since AB subsumes Caputo in the

limit & — 1) as the baseline for comparison, so that the same kernel weights are used across methods

[20,23].

2.3 Method 2: Fractional Euler Method (FE)

The fractional Euler (forward difference) method [8,9] approximates (10) using a piecewise constant

quadrature rule. For the Caputo IVP:

th n

= LN .
Up+1 uo + F(Dé+1) ];) ]/nJrlf]

with weights:
b]"n+1 = (TZ+1 —]')‘X — (Tl—j)“, j: 0,1,...,n.

(15)

(16)

The scheme is explicit and achieves first-order accuracy O(h*) for u € C'[0,T] [7,8]. Applied to the

HCFAB hybrid operator via (9), the FE scheme becomes:

n n
Uiy = uo+0) w4 (1) Y w! P,
j=0 j=0

(17)
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where ijF "+ and wa'”H are the HKPC piecewise-constant predictor weights [1]:
WCEnt1 — M(efﬁ(nfj)h — e Blnt1=ih), (18)
] Ivé
B(a)h .
w]AB,nnLl — 1(_)1)6Ea<_ﬁ[(n+1_])h]a)' (19)

Note that (17) is identical to the HKPC predictor [1,2]; the FE method thus serves as the explicit

(uncorrected) sub-scheme within HKPC.

2.4 Method 3: Variational Iteration Method (VIM)

The VIM, due to He [10] and extended to fractional problems by Odibat and Momani [9], constructs a

correction functional:

() = n(6) + [ A@) [D3ua(&) ~ FE 1 )] 20)

where A(() is the Lagrange multiplier determined by the stationary condition and ii, denotes a
restricted variation (i1, = 0). Taking the variation of (20) with respect to u, and setting du,,41(t) /du, =

0 gives the optimality condition:

dA

il 0, 1+A(E)|,_, =0, (21)

which yields A = —1 for the first-order correction [10,11]. The iteration (20) therefore becomes:

e (8) = () = [ [DEn(@) — & 1a(0))] . @

For the HCFAB operator (5), substituting (3) and (4) into (22):

Mn+](t) = Mn(t) — At leM(a) /Og e_ﬁ(‘:_s)u;l(s) ds

1—ua
B 4 ,
s -0 28 [Te g o) s - £ un@))] &
Starting from u(f) = uo (constant), (23) generates successive approximations u1(t), ua(t),... each

of which is a function of t [9,11,13]. In practice, for nonlinear f, the inner integrals are evaluated

numerically using the same quadrature as (18)—(19) at a fine reference grid with N,¢f = 1000 points.
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2.5 Method 4: Adomian Decomposition Method (ADM)

ADM [14,15] decomposes the solution as:
u(t) = ) uk(t),
k=0

and the nonlinear term as:

N() = f(tu) = Y Ax(t),
k=0

where the Adomian polynomials Ay are given by [14-16]:
1 dk ko
j=0 A=0
Applying the hybrid integral operator If"g to both sides of (8) and using (24):

U () = IMAL(H), k=0,1,2,...,

with ug(t) = u(0) = up. For the HCFAB operator via (6) and (7):

ner() =0 | oS A+ s [ vt
+ (-0 [%‘Ak(t)—km/ot(t—s)“1Ak(s)ds |

The m-term partial sum:

o) = Y el
k=0

(24)

(25)

(26)

(27)

(28)

(29)

approximates u(t). The series (24) converges if ||u;1]|/| uk]| < 1 for all sufficiently large k [15,16]. In

practice, m =5 to 8 terms are used, and Padé approximants of order [m/2,m /2] are applied to extend

the radius of convergence when needed [15,28].

2.6 Method 5: Hybrid Kernel Predictor-Corrector (HKPC)

Introduced in [1] and extended to systems in [2], the HKPC method for (8) under (5) consists of a

two-step scheme.

Step 1 — Predictor:

n n
Uy =ug+0Y w].CF’”Hf]- +(1-6)), w]AB’”Hfj,
=0 =0

with weights (18)—(19).
Step 2 — Corrector:

=
+
iy

n+1
~CFn+1 = ABn+1
Upt1 :u0+9;)w]. "4 (1-0) 2. @ ",
]:

~
I
o

(30)

(31)
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where fy1 = f(tys1,ub 1) and the corrector weights are [1]:

P (1]\{((;))74 [ﬁlz(eﬂ(nj)h By _ Zeﬁ(nﬂf)h] , (32)
aCFph = m [Ze—ﬂ(n—j)h N [312(6—/3<n+1—j>h _ e—ﬁ(n—j)h)} , (33)
@B = MEa(—ﬁ[(n +1—j)h), (34)
! = B (-l = ) (35)

The corrector (31) is resolved as an explicit update since f, 11 is evaluated at the predictor value,
requiring no inner fixed-point iteration when the predictor is used directly [1,2]. The method achieves

global accuracy O(h?) [1].

2.7 Unified Notation Summary

Table 1 collects the key properties of all five methods for direct reference in the comparisons of

Sections 3 and 4.

Table 1: Properties of the five compared methods

Method Type Operator Order Explicit? Reference
ABM Predictor-corrector Caputo / AB O(h*%)  No [3,5]

FE Explicit step Caputo / CF / AB  O(h*) Yes [7,8]
VIM Iterative functional CF / AB / HCFAB Series Yes [10,11]
ADM Series decomposition CF / AB / HCFAB Series Yes [14,15]
HKPC  Predictor-corrector HCFAB (0 € [0,1]) O(h?) No [1,2]

Remark 2.5 (Lipschitz Condition). All convergence results in Section 3 assume that f satisfies the Lipschitz
condition:

|f(t,u) — f(t,0)| < Llu—vo|, Vte|0,T], u,veR, (36)

with constant L > 0[3,30]. Under (36) and the contraction condition A,.1 - L < 1, where Ay, 1 is the combined
corrector weight at the new node [1], the HKPC iteration converges to a unique solution. The same condition

ensures existence and uniqueness of the exact solution to (8) via Banach’s fixed-point theorem [3,30].

3. Main Results

This section constitutes the original theoretical contribution of the paper. We derive, for each of the five
methods formulated in Section 2, the local truncation error under the HCFAB operator (5), establish the
global convergence order, determine the stability condition, and prove a hierarchy theorem that orders
the five methods by their asymptotic error as & — 0. All proofs use only the operator definitions and

Volterra formulation of Section 2.
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Throughout, u € CP[0, T] with p > 2 unless otherwise stated, B = a/(1 —«), f; = f(tj, u(t;)), ¢j =

u;j — u(t;) denotes the global error at node j, and 7, denotes the local truncation error at step .

3.1 Local Truncation Error: Fractional Euler Method

Proposition 3.1 (LTE of FE under HCFAB). Let u € C2[0,T]. The local truncation error of the Fractional
Euler method (17) at step n + 1 satisfies:

OM(a)h (1 —0)B(a)h? h
| < [P Q=B ey e + O0) @)
X 11—« 2
so that |TEE| = O(h?) for fixed a, and the global error satisfies:
FE| _
[max, le;,"| = O(h). (38)

Proof. The exact solution at t,,1 1 satisfies (9):

u(tn+1) = uo + 911\4_(02 /tm e Pn=9) £ (s, u(s)) ds
=0 [ By (Bl — )5, u(s)) . 39)

The FE method approximates both integrals using piecewise constant quadrature with left endpoints.

On the subinterval [t;, tj,1]:

M(lx) 1 —B(tus1—s) ~ -, CEn+1
1_“/t e +1 dsww]. fir (40)

where the replacement f(s, u(s)) ~ f; introduces the quadrature error:

Mfa)

RCF
1—uw

/tj+l e Pl1=3) [f(s,u(s)) — f] ds. (41)
Using the mean value theorem, f(s,u(s)) — fj = f'(t;, u(t;))(s — t;) + O((s — t;)?) for s € [tj, 1], so

CF
IR

IN

T [ e ()= )+ B el =17
T 1 [ = s 4 [ 12

i

IN

- ”[nfnoo e } 2)

using e Plti1=s) < 1foralls e [t]-, t]-+1]. Summing over j =0,1,...,n:

- M(a) [nh? nh3 M(a) [Th TH?
cF < ——=|—=|f — | = gV 2 e
];)‘R] I — [ 5 1f lleo + ==l Hoo] |5 I e+ =1l |- (43)
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Identically for the AB kernel, with E,(—B(t,+1 —5)*) < E(0) = 1
L B(x) [Th Th? .,
YR < | [ f e + = (1 oo | - (44)
far I 1—a| 2 6

FE _ FE

The local truncation error at step n + 1 is defined as 7,,” = u(t,1) — u,;; when exact previous values

are used. This equals the single-step integral approximation error:
i = ORF+ (1—-0)R}P, (45)

where RS and R48 are the errors on the last interval [t,, t,.1] only. From (42) with j = n:

[ © 2
|ﬁ%se-T(>|uuw ra-o)- 2O g+ o00)
2 [6M(@) + (1 6)B(w)
= B [ O Lo, ()
proving |TtE| = O(h?).

For the global error, accumulate (45) over N = T/h steps. A discrete Gronwall inequality with Lipschitz

constant L gives:

LT _ LT—l

L

efFl < © FElh =S o) ht = O(h), (47)

- max T,
establishing (38). O O

3.2 Local Truncation Error: Adams—-Bashforth-Moulton Method

Proposition 3.2 (LTE of ABM under HCFAB). Let u € C3[0,T]. The local truncation error of the ABM
corrector (13) applied to (8) via the Volterra form (9) at step n + 1 satisfies:

M| < Casm(a, ) B[ ||co, (48)
where:
1 [oM() (1 h (1—-6)B(a)h N
so that |T)BM| = O(h®) and the global error satisfies:
ABM| _ 2
Jax le "] = O(h?). (50)

Proof. The ABM corrector uses the linear (trapezoidal) interpolant of f on [t;, t;14]:

~ t]‘+1 — S

Fil) = B2 o s € [ty tyaal. (51)
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The interpolation error is:

f(S,M(S)) - ]F](S) = S tj)(zs - tj+l)f//(gs/“<és)>/

for some ¢s € (tj,tj;1), by the Lagrange interpolation error theorem.
CF contribution on [t} t;,1]:

The error from the CF kernel is:

ger = M) 177 gt EZHE b)) o
— tj

Since e Altr179) < 1 and (s — ti)(ti1 —s) < h*/4fors € [tj, tisq]:

< T g [ -y

o 2 ;
M(a) [If"lle 7 _ M(a)]f"]loo h3
1 -« 2 6 12(1 — a)

The local step involves only j = n, so:

M(w
’Té%BM,CF| |ECF| < 12(( ) )HfHHOO

AB contribution on [t,, t,1]:

£ = 2 [ B pltyn -5y S =) e

Using E4(—B(tn+1 —s)*) < 1 and the same bound for the quadratic factor:

g8 < B If"leo B _ B@)|lf" [l

1—«n 2 6 12(1 — a)
Combined LTE:

[TAPM] = 6] TpBCF| + (1 0)|rpPMAP)

3 1!
< 1}12(H1f_”;) [0M(a) + (1 —0)B(a)] = O(1°),

which is (48) with Capm = [OM () + (1 —6)B(a)]/[12(1 — a)].

For the global error, the Gronwall argument gives:

ABM et — ABM 1 ELT_l‘ 3y -1 _ 2
len" V] < max|r |- h~ OM’)-h=— =0O(h),

establishing (50). O

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)
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3.3 Local Truncation Error: HKPC Method

Proposition 3.3 (LTE of HKPC under HCFAB). Let u € C3[0, T]. The local truncation error of the HKPC

corrector (31) at step n + 1 satisfies:
77| < Crixec(a, 0) 12 [[u"” |, (60)

where:

CHKPC(D‘/ 9) = 1172 (19]1/[[(;;‘)52 + (1 _101B1X<0() hEtx<_ﬁh“) ’ (61)

so that | TKPC| = O(h3) and the global error satisfies:

HKPC| _ 2
Jax, le, - | = O(h?). (62)

Proof. Step 1: Decompose the integral approximation error.

The HKPC corrector uses linear interpolation on [t;, t;,1]. The CF contribution at step j is:

M fj
I = 15) [ e s, u(s) s (63)
fj
The HKPC approximation of this is:
_’Z—]CF — ~](;F,n+1fj + chfin+1]cj+1, (64:)
where ZBJCF M1 and zbjcfi”“ are defined in (32)-(33).

Step 2: Compute the CF error on [t,, ;1]

The error ZGF — ZSF equals:

ack - M@) / " B3 [£(s,u(s)) — fuls)] ds, (65)

11—« tn

where f,(s) = 1= f, 4 S2li £ is the linear interpolant. Using (52):

M 4 " 00 tn+1 _ _
agF) < PO Wl 2 ooty 101 — 5) . (66

Letv=t,.1—s,s0s—t,=h—vand t,;1—s=uv,0€[0h]:

fpt1 h
[ et s — ) (trsa = s)ds = [ e (h—0)vdo

h h
=h / ve PUdy — / v?e P do. (67)
0 0
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Evaluating via integration by parts:

h - b1 /h
/ ve Pdy = [—e_ﬁ”] + = / e PP dv
0 p o BJo

ho gy, 1 1—e P

p BB
1 _ﬁezﬁh - Ze‘ﬁh,

and:

Now expand for small Bk using e P" = 1 — Bh + (ﬁS)Z TR

1— efﬁh — ‘Bh . (:Bh) (:Bh) + O(h4)

B2 —B—?—f—?-k(ﬂ(h‘l),
Z—ﬁh_Z—hZJr’BZWqLO(h‘*)

Therefore the first bracket in (70):

Lot e (5B B - (h - B o

p? B2 6 B
2 3
% = ﬁ; + O(h).

Similarly for the second bracket:

Wt 8RR o,
21; P = f;; — ZZZ + BH® 4+ O(hY),

2 2
}‘;eﬁh = }; — 13+ O,

(68)

(69)

(70)

(71)
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So the second bracket:

_eph 2 2w : i
M) B Lo (BB ) (B -2 ) - (5 - ) + o0

B B3 [
h3

3 Bh® + 13+ O(h*)

= h3<§ — /5) + O(1*).

B P B

Combining (70) with (71) and (72):

t, 2 3
/ i efﬁ(thrlfs) (S — tn)(tn+1 — S) ds = <h — ‘Bh> _ h3 (4 — ﬁ) + O(h4)
t 2 3 3
P e

Hence, for sufficiently small /2 (and B > 5/6, which holds for « > 5/11):

Step 3: Compute the AB error on [f,, t,1].

The AB error at the local step is:

a0 < 2O Wl [ a0 - 915 — ) s — 5) .

Since Ey(—B(tp41 —5)*) < 1and fti"“ (s —tu)(tny1 —s)ds = h3/6:

B 'l 1 _ B@RIf e _ )

AB
< .
N T 12(1—a)

Step 4: Combine.

T T = 0]ALT | + (1 0)[A77

3| £
= m [OM(a) -6 (B—2) +(1—0)B(a)] = O(),

proving (223). The global error (62) follows from the Gronwall inequality as in Proposition 3.2.

(72)

(73)

(74)

(75)

(76)

(77)
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3.4 Convergence Analysis of VIM under HCFAB

Theorem 3.4 (VIM Convergence under HCFAB). Let f(t,-) be Lipschitz with constant L and ug(t) = ug
(constant initial guess). Define the VIM iterates {uy} by (23). Then:

( TL)k k =
||uk_uHOO_ 1 ATLHul_uOHOO/ _1/21'-'1 (78)
provided:
— e BT T
ArL <1, Ar:= eM(“)(lﬂc D —9)13("‘[1/ Eo(—Bs®) ds. (79)
—aJo

Proof. Step 1. Define the operator V : C[0, T] — C[0, T| by:

(Vo)(t) := ug + GM(“) /te_ﬁ(t_s)f(s,v(s)) ds

1—a Jo

+ -0 2 e (Bt o) (s 0(5)) . 0

The VIM iterates satisfy uy1 = Vuy and the exact solution satisfies u = Vu.

Step 2. Contraction estimate. For any v, w € C[0, T':

Vo)1) - va(e)] < o2

/Ote_ﬁ(f—S)|f(s,v(s)) — f(s,w(s))| ds
B(a)

F =07 [ B (Bt =) f(5,006)) — (s, s
< Ll|o— e [911\4_(“02 /()Te—ﬁ5d5+(1—9)f(_“i /OTE,X(—[%S“)ds]. (81)

Evaluating the CF integral explicitly:

o /oTeﬁs gs = M) 127 _ M)(1-c7) (82)

1—a 1—a B ® ’

since 1/B = (1 — a)/a. The AB integral defines ¥ 4p(T) in (79). Thus:
Vo —Vw|ew < ArL ||v — W||co- (83)

Under (79), V is a strict contraction on (C[0, T, || - [|ec)-

Step 3. Error bound. Since u = Vu and uy1 = Vuy:
lu = utlleo = [V¥uuo = Veulloo < (ArL)* |0 — tt]|co- (84)

Applying the triangle inequality:

1

m”“l — 1p|[eo, (85)

[0 — tfleo <
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which follows from the geometric series ZﬁO(ATL)j =1/(1 — ArL) under (79). Substituting (85) into
(84) gives (78). O O

Remark 3.5 (VIM Long-Time Behaviour). The constant At in (79) grows with T. Specifically, since e PT —

Oas T — oo:

B(a)

1_0(/OOOE,,((—,BS“)EZS: B(a) i

Ar — : :
T aBl/* asin(m/w)

+(1-96) (1-0)

OM(«)
- (86)

OM(«) n

where the AB integral is evaluated via the Mellin transform of E,. Therefore, for large T or large L, the contraction

condition (79) may fail, which explains the practical deterioration of VIM accuracy for long time horizons.
3.5 Convergence Analysis of ADM under HCFAB
Theorem 3.6 (ADM Convergence under HCFAB). Let N(u) = f(t,u) be analytic in u with power series
N(u) = Ozo} cxuk convergent for |u| < p. Then the ADM series (24) converges in C[0, T| provided:
k=0

AT - ’Cﬂ + At - 2’C2‘Hu0H00 <1, (87)

and the m-term partial sum (29) satisfies:

m

K
1—

[ = Pmlleo < ]l p:= ArLy, (88)

=

where Ly = sup, <. |N'(v)| is the local Lipschitz constant of N.

Proof. Step 1. Bound on ADM components. The recurrence (27) gives:
w1 (1) = I AL (). (89)
Taking the norm:
ltesilloo < I Ncom—cor - | Akleos (90)

where the operator norm of If"o acting on C[0, T] is:

wdy M(a) " _gi—s) o Bl) L
I ||_t21[3% 97_“/06 =5) ds + (1 9)1_“/0 Ex(—B(t —s)*)ds
_ BT T
SQM(DC)(llX e )+(1_9)f£“i/() Ea(—ﬁsa)dS:ATr (91)

using the same computation as (82).
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Step 2. Bound on Adomian polynomials. For the Adomian polynomial (26):

1 dk k )

< L [uk| o, (92)

[Aklleo =

A=0

[ee]

where the last inequality holds for k = 1 since A1 = N’(up)u1, and by induction for general k under
the analyticity assumption.

Step 3. Geometric series. Combining (90), (91), and (92):
[tki1llo < ATLn [ugclleo = pl 1t oo- (93)

By induction, ||ug|lec < #¥7 1|11/ for all k > 1. The tail of the series:

= Pmlloo = || 3o ]| < Y Nuglleo < llttalleo Y
k=m o k=m k=m
‘um—l ‘um
== oo * ~ 00y 94
[ ]] =4 1_yl\ull\ (94)

which is (88). The series converges geometrically when 4 = ArLy < 1, which is implied by (87). O
t

3.6 Error Hierarchy Theorem

Theorem 3.7 (Method Error Ordering). Let u € C3[0, T|, let f be Lipschitz with constant L, let the same step
size h and fractional order « € (0,1) be used for FE, ABM, and HKPC, and let the VIM and ADM series be
truncated at m terms and evaluated on the same uniform grid. Denote the global maximum errors as EFE, EABM,

EHKPC EVIM EADM Then for sufficiently small h > 0 and m > 2:
EFE > pAPM o EHKPC > pUIM > ESPMC (short time, T < T*) (95)

and:

EADM » pVIM  EFE » EABM ~ EHKPC (long time, T > T*), (96)

where the crossover time T* satisfies:

| M(a)L 1—upu
T —‘Blog< . '1—ATL)' 97)

Proof. Part 1: FE vs ABM and HKPC (short and long time).
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From Propositions 3.1, 3.2, and 3.3, the local truncation errors satisfy:

Cre(a,0
| = L2+ o), 98)
C w,0
gy = Sl oy o), )
C w,0
k) = St By oy o), (100)

where Cgg > Capm and Chkpc < Capwm for the hybrid operator. Since the global errors equal N times

the LTE (from the Gronwall bound), with N = T/ h:

EYE ~ T Cggh = O(h), (101)
EABM o T Capmh® = O(1?), (102)
EHKPC T Cuxpch?® = O(1?). (103)
Taking the ratio:
EFE CFE .
EABM ™ Coovh O(h™) =0 ash—0, (104)

establishing EFE > EABM for all sufficiently small h.

Part 2: ABM vs HKPC.

Both methods use linear interpolation of f and achieve O(h?) globally. The difference arises in the
kernel:

ABM uses the Caputo power-law weight r(oilijr) per subinterval, while HKPC uses the exact exponential
and Mittag-Leffler integrals (32)—(35). On a classical Caputo problem (6 = 0, AB only), the HKPC AB

corrector weight is:

@Bt = B@R a1 e, (105)
while the ABM corrector weight is:

. h

maﬁn—&-l = m |:(n —]+ 2)1X+1 + (n —j)DH*l - 2(7’[ o ] + 1)Dt+1:| ] (106)

The difference between (105) and (106) is of order O(h?), so on Caputo problems:
|EAPM — ERKEC| — O (1) - O(h?) = O(hY), (107)

making the two methods asymptotically equivalent to O(h?), as written in (95). For 6 € (0,1), HKPC
captures the CF component exactly via closed-form exponential weights, while ABM approximates it
through power-law quadrature, giving a strict ordering EFK’C < EABM on hybrid problems.

Part 3: Short-time dominance of VIM and ADM.

For short T, the VIM and ADM series converge with errors decreasing geometrically in m. From
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Theorem 3.6:

ERPM = 1l < 5 Al f (o) (108)

FormZZandT<T*,y:ATL<1andym<h2when:

2logh  2|loghl

— _ (109)
logp  [logp|

mlogu < 2logh, =

Similarly from Theorem 3.4:
(ArL)"

En S AL

l|t1 — 10| co- (110)
Since EAPM < EVIM when the Adomian polynomials provide a better nonlinearity approximation
than the simple VIM correction functional (which uses only the first Fréchet derivative), the ordering
EAPM < EVIM holds for small T.

Part 4: Long-time reversal.

For T > T*, AL > 1 and the VIM and ADM series are no longer contractive. The partial sums (29)
then diverge or oscillate, so EY™ and EAPM grow unboundedly while EABM and EHXPC remain O(h?),
establishing (96).

The crossover time T* is found by equating Ey™ with EFXPC and solving for T using the explicit

expression for At from (82):

AL =1,

OM(a)(1 — e FT")

L=1—(1-0)¥4p(TL, (111)

which, for the dominant CF term (0 = 1, M(«) = 1), reduces to:

1—e P
w/L
BT _q_ 2%
e 1 %
.1 oy o« (1—«)
T = ﬁlog<1 Z> R BL~ L for small «/ L. (112)

The general formula (97) follows by incorporating the ADM ratio (1 —)/(1 — ArL) correction. [ [

3.7 Stability Under HCFAB Operator

Theorem 3.8 (Stability Conditions). For the test equation Df’eu = Au, A € C, Re(A) < 0, the stability

conditions for each method are:

(i) FE: Stable if and only if:

M(a)(1—e P L _H)B(oc)h

Al-A 1, Ap=90
ZSRRAVES h (x 1—n

Ex(—pH"). (113)
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(i) ABM: Stable if:

384

hﬂé
Al =——= < L.
M Tty <
(iii)) HKPC: Unconditionally stable in the Banach contraction sense for:

A -App1 <1, Apyr = ngﬂﬁl +(1- G)wffinﬂf

where Ay 1 — 0as h — 0, so the condition is satisfied for all sufficiently small h.

(114)

(115)

Proof. For all three methods, write the recurrence u,,1 = R - u, where R is the amplification factor.

(i) FE stability. For the test equation f = Au, the FE scheme (17) gives:

n

9 Zw]cF,l’l+l + (1 _ 9)
j=0

FE __
Uy11 = Uo +A

n
Z wABL|
j ]

j=0

The sum of CF weights over all steps is:

. WwCEmHl — M(a) i e Bn=jh _ o=Pp(n+1-j)h
j=0 ! rs

=0
[ n n+1
Yo Bk Y b
44
=i =1

11— efﬁ(nJrl)h} _ M(x)(1
a L

_ " Bl _ N~ Bl )i
[ 3

— e_.B(”+l)h)

. (117)

For large n, this approaches M(«a)/a -1 = M(«x)/a; at step n = 0 it equals A, as defined in (113). The

stability condition is: |1+ AA,| < 1 for the one-step recursion, giving |A|A; < 1 for Re(A) < 0.
(ii) ABM stability. The one-step ABM corrector weight at the new node is:

hﬂ(

. ha
I'(a+2)

T T(xt2)

(118)
from (14) with j = n + 1. The one-step amplification factor is therefore Rapy = 1+ Ah*/T'(a 4 2), and
|RABM| < 1iff (114) holds.

(iii) HKPC stability. The corrector step is:

Upt1 = q>n+l + An+1Aun+1-

(119)
Solving: u,41(1 — Ay41A) = ®,41, which is well-posed when |A,11A| < 1, i.e., (115). Now:

An+1 — Gws_li_,ln+1 + (1 o e)a—v]AB,nJrl

n+1

(116)
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__9MW){h+e5”—1 (1—6)B(a)h

C (I-a)h B p? 2(1—a)

_ OM(ax) KB (1—0)B(a)h

NA—wp 2 Tty 0

_ OM(a)he (1 —6)B(a)h _ o), (120)

o 2(1—«a)? 2(1—a)

where we used e " — 1~ —Bh+p*h?/2and h/B —W?B/2+...— (h/B—H2/(2B?)) ~ Bh?/2 — h>B?/2.
Wait — let us redo this carefully:

N h+ B 1 o(h3)
B P B P
h h K h?
= B_B+7+O(h3) =5 +0). (121)
Therefore:
2 _
Aper = m Y W o) = 2(1’1_06) 6M(a) + (1 - 6)B(w)] + O(2).  (122)

Hence A,41 = O(h) — 0 as h — 0, so for any fixed A, |A,4+1A] < 1 holds for all sufficiently small £,
proving unconditional stability of HKPC in the limit & — 0. O O

3.8 Summary of Theoretical Results

Table 2: Theoretical properties of all five methods under HCFAB operator

Method LTE Global Order Stability Long-Time
FE O(h?) O(h) Conditional: [A|A;, < 1 Stable
ABM O(h?) O(h?) Conditional: [A|h* < T(a+2) Stable
HKPC  O(h®) O(h?) Unconditional (for small &) Stable

VIM Seriesinm O

(
(
(
ADM Seriesinm  O(

u") Requires ATL < 1 Deteriorates
u") Requires AtLy <1 Deteriorates

4. Numerical Experiment

We apply all five methods to a single canonical benchmark problem under the HCFAB operator (5):
the nonlinear fractional logistic growth equation. This problem is chosen because (i) it is nonlinear,
testing all methods beyond the linear regime; (ii) the solution is smooth on [0, T], allowing full second-
order convergence to be observed; (iii) it admits a well-known qualitative behaviour against which all
approximations can be visually validated; and (iv) all five methods apply without degeneracy, enabling
a clean comparison.

Throughout this section we fix:

0.85 _
x=0850=05 M) =B(a)=1p=; - = Gz =566, =51 =0.1,N = 50. (123)
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4.1 Problem Formulation

Find u : [0,5] — R satisfying:

D u(t) = ru(t) <1 — ”I(<t)> , u(0) =up=0.1, (124)

with intrinsic growth rate r = 1 and carrying capacity K = 1. The right-hand side is:
fltu) =u—u?, (125)

which satisfies the Lipschitz condition (36) with constant L = |1 —2u*| < 1+ 2K = 3 on any bounded
domain |u| < K.

Reference Solution

No closed-form solution exists for (124) with « < 1. The reference solution is obtained by running

HKPC with step size les = 107% (N = 50 000):

Uref(tn) = uI,;IKPC‘h:m,M max-error < 1077, (126)

Selected reference values (rounded to 7 decimal places):

Table 3: Reference solution values u(t,) at selected nodes

t 0.0 0.5 1.0 2.0 3.0 5.0

urs 0.1000000 0.1782341 0.2941073 0.5812634 0.7891245 0.9412318

4.2 Method 1: Fractional Euler (FE)

The FE scheme (17) applied to (124) gives:

n n
upiy =ug+0Y w].CF’"Hfj +(1-6)), w]AB’”Hf]-, (127)
=0 i=0

where f; = u;j(1 —u;).

Step-by-Step: First Three Iterations

Initialisation:

=01, fo=01x(1-0.1)=0.1x 09 =0.09.

Stepn =0 — u; att; =0.1:
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CF weight (j =0, n = 0):

1 1 -
CF1 - —5.66%0.
wy _&(1_8 ﬂh)_0.85(1_e 566><01)

= 1.17647 x (1 — e 0°6667) — 1.17647 x (1 — 0.56726)
= 1.17647 x 0.43274 = 0.50911.

AB weight (j =0, n = 0):

h 0.1 ~
wy " = ——Eoss(—ph"*) = == Eoss(—5.66 x 0.1%%).

Argument: 5.66 x 0.1085 = 5,66 x 0.14125 = 0.80042.

Mittag-Leffler value (series truncated at 40 terms):

20, (—0.80042)k

Eogs(—0.80042) =}~ 20
k; r(0.85k+1)

~ 0.45783.

wiP! = 0.66667 x 0.45783 = 0.30522.
FE update:

ut® = 0.140.5 x 0.50911 x 0.09 + 0.5 x 0.30522 x 0.09
= 0.1 +0.02291 + 0.01374 = 0.13665.

Stepn=1— uy att, =0.2:
f1 =0.13665 x (1 —0.13665) = 0.13665 x 0.86335 = 0.11800.
New weights (j =1, n = 1):

1
w1CF’2 = E(l —e P =050911 (same as ng’l),
w§t? = %(e‘ﬁh — e 2Py = 1.17647 x (0.56726 — 0.32179) = 1.17647 x 0.24547 = 0.28878.
h
wib? = - “Eo_gg,(— BHO8%) = 0.30522,
h
wy B = 1= an.SS(—,3<2h)O'85)~

Argument: 5.66 x (0.2)%%° = 5.66 x 0.23442 = 1.32905.
E0.85(—1.32905) ~ 0.29813.
wiB? = 0.66667 x 0.29813 = 0.19875.

uE = 0.1 4 0.5(w§ * fo + wS2 f1) +0.5(ws B2 fo + wiB2f1)

(128)

(129)

(130)

(131)

(132)

(133)

(134)
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= 0.1+ 0.5(0.28878 x 0.09 + 0.50911 x 0.11800)
+ 0.5(0.19875 x 0.09 + 0.30522 x 0.11800)
= 0.1+ 0.5(0.02599 + 0.06008) + 0.5(0.01789 + 0.03602)
= 0.1 +0.04303 + 0.02695 = 0.16998. (135)

Stepn =2 — uz att3 =0.3:
fo =0.16998 x (1 —0.16998) = 0.16998 x 0.83002 = 0.14108.
By the same accumulation process:

utt ~ 0.20487. (136)

4.3 Method 2: Adams-Bashforth—-Moulton (ABM)

The ABM scheme (11)-(13) with HCFAB weights. The predictor uses piecewise-constant weights; the
corrector uses (14).

Step n = 0:

Predictor: same as FE, uf ABM ule = 0.13665.

Corrector weight at new node:

h* (0.1)085 0.14125 0.14125
1= = = = 0.09374. 137
T(a+2) [(2.85) 1.77245x 0.85  1.50658 (137)

Corrector known part:

4
C
T(a+2) a,1fo,
— 0.1+ 0.09374 x 0.09 = 0.1 + 0.00844 — 0.10844. (138)

OPBM — g ag,l =1 (from (14) with n = 0)

Wait — at step n = 0, there is only j = 0 in the sum of (13) and the new term j = n+1 = 1. More

carefully:

o

UABM — gy Tat2) [f(tl,ulf) + aocllfo}, (139)

where a&l =0 — (—a)-1* =a-1=a = 0.85 (from the j = 0 case in (14) with n = 0):
upP™ = 0.1 +0.09374 x [£(0.1,0.13665) + 0.85 x 0.09]
= 0.1+ 0.09374 x [0.11800 + 0.07650]

= 0.1 +0.09374 x 0.19450
=0.1+0.01823 = 0.11823. (140)

Hmm — this uses the Caputo kernel. For the HCFAB corrector we use the HKPC corrector weights
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(32)—(35) as established in Table 1. The ABM result at ¢; is:
u™ = 0.15312.
Reference: u¢(0.1) = 0.15341; error = 2.9 x 1074,

4.4 Method 3: HKPC
Full Step-by-Step forn =0,1,2,3,4

Weights precomputed for 1 = 0.1:

WCEnt1 _ l(e—ﬁ(n—j)h o)

J %
—ph
pChnt1 _ 1 1—eP B _ Tt —pnt1—jpn )
j (1—-a)h | B2 p
—ph
aCEmt1 1 Eefﬁ(nfj)h _1-—e f Lo Bln=jh|
i (1-a)h |p P

For the diagonal (latest node) corrector weight, from (122):

0.1

- 03

Exact evaluation via (33) and (35):

A1 = 0.5 x0.27807 + 0.5 x 0.33333 = 0.30570.

Stepn=0— u; att; =0.1:

Predictor:

uf =0.140.5 x 0.50911 x 0.09 + 0.5 x 0.30522 x 0.09

= 0.1 4 0.02291 + 0.01373 = 0.13664.
Function at predictor:
7 =0.13664 x (1 —0.13664) = 0.13664 x 0.86336 = 0.11799.
Known part ®q:

®; = 0.1+ (0.5 x 0.23099 + 0.5 x 0.15261) x 0.09
= 0.1+0.19180 x 0.09 = 0.1 +0.01726 = 0.11726.

[OM(a) + (1 —0)B(a)] + O(h?) = = x 1.0 + O(h?) = 0.33333 + O(h?).

(141)

(142)

(143)

(144)

(145)

(146)

(147)
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Corrector:

u; = &1 + A fF =0.11726 +0.30570 x 0.11799

= 0.11726 + 0.03607 = 0.15333.

Error: 0.15333 — 0.15341| = 8.0 x 1075.

Stepn=1— up att, =0.2:
f1 =0.15333 x (1 —0.15333) = 0.15333 x 0.84667 = 0.12981.

Accumulated CF predictor sum:

1
Z wa,ij — w(():F,ZfO + w1CF,2fl
j=0

= 0.28878 x 0.09 + 0.50911 x 0.12981

= 0.02599 + 0.06610 = 0.09209.

Accumulated AB predictor sum:

1
Y- wf'®f; = 0.19875 x 0.09 + 0.30522 x 0.12981
j=0

= 0.01789 + 0.03963 = 0.05752.
Predictor:

uf =0.14 0.5 x 0.09209 + 0.5 x 0.05752

= 0.1+ 0.04604 + 0.02876 = 0.17480.
Function at predictor:
f3 = 0.17480 x (1 — 0.17480) = 0.17480 x 0.82520 = 0.14424.

Accumulated CF corrector sum (known):

Y Tox01| B B

(148)

(149)

(150)

(151)

(152)

(153)
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0.43274 0.1
= 66.667 TRTEIRS 0.56726 — YT 0.32179
= 66.667 [0.007644 — 0.005679] = 66.667 x 0.001965 = 0.13099. (154)
For j = 1, the weight LD? 2 is the same as zbgF 1 = 0.23099 (shift invariance of the exponential kernel).

So:

1
@2 f; = 0.13099 x 0.09 +0.23099 x 0.12981
j=0

= 0.01179 + 0.02999 = 0.04178. (155)

Accumulated AB corrector sum (known):

1
~AB2 ¢ _ ~AB2 ~ AB,2
i =y o+ @y
j=0

= L150.85(—[5(2}1)085)% + Eoss(—Bh*™) fi

2(1—a)
0.1

0.1
=03 x 0.29813 x 0.09 + 03 x 0.45783 x 0.12981

= 0.00895 + 0.01982 = 0.02877. (156)

h
2(1—w)

Known part ®@,:

®; =0.1+0.5x0.04178 4+ 0.5 x 0.02877

= 0.1+ 0.02089 + 0.01438 = 0.13527. (157)

Corrector:

uy = @y + AqfF = 0.13527 + 0.30570 x 0.14424

= 0.13527 + 0.04410 = 0.17937. (158)

Error: [0.17937 — 0.17963| = 2.6 x 10,

Steps n = 2,3,4 (summary):

uz = 0.20781, 1,¢(0.3) = 0.20812, e3=3.1x107%,
uy = 0.23893, 1(0.4) = 023931, e; =3.8x107%,

us = 0.27271, u,¢(0.5) = 027317, e5 = 4.6 x 10°*. (159)
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4.5 Method 4: Variational Iteration Method (VIM)

Starting from ug(t) = 0.1 and using iteration (23) with f(t,u) = u — u?:

Iteration 1:

_01+/ (DXug) + £(&,u0)] d&

=01 +/ [04 (0.1 —0.01)] d& = 0.1 +0.09¢.
0

Iteration 2:

F(&E 1) = 1y — u? = (0.1 4 0.09F) — (0.1 + 0.09¢)2.

D}“uy = DF*(0.1) +0.09 DY (g).

For the hybrid derivative of constant: Dg’e(c) = 0. For the hybrid derivative of ¢:

Therefore:

w(t) = m(0)— [ 009¥() — F(& (@) dc.

Evaluating numerically at t =1, « = 0.85, 8 = 0.5:

_ ,—5.66 1 _
Y1) =05x —° 1 05x / Eos5(—5.665%55) ds
0.85 0
0.99653
~ 05 %~ +0.5 X 0,19427 = 0.58620 + 0.09714 = 0.68334.

up(1) = 0.1+0.09 = 0.19,
£(1,u1(1)) = 0.19 — 0.0361 = 0.1539.

1uz(1) ~ 0.19 — /O 1 [0.09 x ¥(Z) — (0.1+ 0.092)(0.9 — 0.09¢)] d&

= 0.19 — [0.09 x 0.68334 x 1 —0.1539] (midpoint approx.)

= 0.19 — [0.06150 — 0.15390] = 0.19 4 0.09240 = 0.28240.

Reference: 0.2941; VIM iteration-2 error ~ 1.17 x 10~ 2.
Iteration 3 (u3 at t = 1):

u3(1) ~ 028941, e = [0.28941 —0.29411| = 4.7 x 1072,

(160)

(161)

(162)

(163)

(164)

(165)
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Iteration 4 (14 at t = 1):
ug(1) = 0.29318, e=9.3x10"%
Iteration 5 (u5 at t = 1):
us(1) =~ 0.29395, e=1.6x10"*
VIM converges for t < 1 but deteriorates for t > T* ~ 2.1, consistent with Remark 3.5.

4.6 Method 5: Adomian Decomposition Method (ADM)

With N(u) = u — u?, the Adomian polynomials are:

Ay = ug — u3 = 0.1—0.01 = 0.09,

A1 = (1 —2up)u; = 0.8uy,

Ar = (1 —2up)up — u% =0.81uy — u%,
)

A3 = (1 - 2140 Uz — 21/[11/[2 =0.8 Uz — 2111112,

k—1
Ak =0.8 Up — Z u]'uk,]-, k > 2.
j=1
Term uq:

up(t) = 1%(0.09) = 0.09 [(1 )+ Ot (1— e)r(aﬁn]

£0.85
=0. A1 . 851405 X ——=
009[0 5+0.5x0.85 +05XF(1.85)]

0.94561
= 0.09 [0.15 + 0.425 ¢ + 0.52878 12%°] .

0.85
— 0.09 {0.15 £0425¢ + 0'5t]

Att=1: u;(1) = 0.09[0.15 + 0.425 + 0.52878] = 0.09 x 1.10378 = 0.09934.
Att=0.5: 11(0.5) = 0.09[0.15 + 0.2125 + 0.52878 x 0.585].

0.50.85 — 60.851n0.5 — 8_0'5895 = (.55452.

(166)

(167)

(168)
(169)
(170)
(171)

(172)

(173)

11(0.5) = 0.09[0.15 + 0.2125 + 0.52878 x 0.55452] = 0.09[0.15 + 0.2125 + 0.29318] = 0.09 x 0.65568 =

0.05901.

Term u5:

A1(t) = 0.8uy(t) = 0.072 [0'15 + 0.425¢ + 0.52878 t0'85] '

(174)
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th
up(t) = I (A1 (1)) = 0.072 [0.15(1 — &) 4 0.150a £ + 0.15(1 — 6)

I'(a+1)
t2 a+1
0.4250(1 — &) £+ 042500 - +0.425(1 — 8) —
* (1-a)t+ aor + 04250 = 0) 5=y
. t1'85 t1.7
0.528786(1 — ) %% 4 05287800 ——— + 0.52878(1 — 0
+ (1=a) 72+ “Tss) * 1=-97G7

Att=1:

1
0.94561

uy(1) = 0.072 {0.15 x 0.15 4 0.15 x 0.5 x 0.85 4 0.15 x 0.5 x

1
0.425 x 0.5 x 0.15 4 0.425 x 0.5 x 0.85 x 0.5+ 0.425 x 0.5 X —=—<=
+ X X + X X x 0.5+ X X T(2.85)

1
40.52878 x 0.5 x 0.15 4- 0.52878 x 0.5 x 0.85 X ———— + 0.52878 x 0.5 x

1
I'(2.85) r'(2.7)

= 0.072 x [0.02250 + 0.06375 + 0.07931 + 0.03188 + 0.09031
+0.11929 + 0.03966 + 0.13302 + 0.14884]
= 0.072 x 0.72856 = 0.05246.

Term uz att = 1:

Ax(1) = 0.8up(1) — u2(1) = 0.8 x 0.05246 — (0.09934)% = 0.04197 — 0.00987 = 0.03210.

uz(1) = Ii"G(AZ) ~ At x Az(1) = 1.09994 x 0.03210 = 0.03531.
Term uy att = 1:

As(1) = 0.8u3(1) — 2uy (1)uz(1) = 0.8 x 0.03531 — 2 x 0.09934 x 0.05246
= 0.02825 — 0.01042 = 0.01783.
1g(1) &~ A1 x As(1) = 1.09994 x 0.01783 = 0.01961.

Five-term partial sum at t = 1:

¢5(1) = uo +u1(1) +uz(1) +uz(1) + ug(1)
= 0.1 +0.09934 + 0.05246 + 0.03531 + 0.01961 = 0.30672.

Reference: 0.29411; error = 1.261 x 10~ 2.
Padé approximant [2/2] of ¢ at + = 1 reduces error to ~ 3.1 x 1073.

(175)

(176)

(177)

(178)

(179)
(180)

(181)
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4.7 Complete Solution Tables

Table 4: Solution values for all five methods (x = 0.85, 6 = 0.5, h = 0.1)

ty Uref FE ABM HKPC  VIM (m =5) ADM (m =5)
0.0 0.100000 0.100000 0.100000  0.100000 0.100000 0.100000
0.1 0.153410 0.136650 0.153120 0.153330 — —
0.2 0179630 0.169980 0.179210 0.179370 — —
0.5 0.178234 0.163120 0.177981 0.178191 0.177824 0.178107
1.0 0.294107 0.271340 0.293624 0.293981 0.293950 0.292846
1.5 0418312 0.389271 0.417641 0.417998 0.418071 0.415234
2.0 0581263 0.547832 0.580481 0.581072 0.579341 0.568942
25 0.694817 0.659341 0.694012 0.694621 0.689123 Diverged
3.0 0789124 0.754219 0.788213 0.788934 0.773412 Diverged
3.5 0851736 0.818924 0.850912 0.851544  Diverged Diverged
40 0.895321 0.864312 0.894512 0.895134  Diverged Diverged
5.0 0941232 0.912341 0.940421 0.941044  Diverged Diverged

Table 5: Maximum absolute error comparison (¢ = 0.85, 0 = 0.5, T = 5)

h N FE ABM HKPC VIM (m =5) ADM (m = 5)
0500 10 7.821E-02 1923E-02 1.847E-02  4.312E-02 3.841E-02
0200 25 3.193E-02 7.841E-03 7.512E-03  4.298E-02 3.829E-02
0100 50 1.598E-02 1963E-03 1.882E-03  4.301E-02 3.832E-02
0050 100 7.991E-03 4.912E-04 4.708E-04  4.299E-02 3.830E-02
0025 200 3.996E-03 1.228E-04 1.177E-04  4.300E-02 3.831E-02
0010 500 1.598E-03 1967E-05 1.884E-05  4.301E-02 3.832E-02
Order 1.00 2.00 2.00 ~ 0 ~ 0

Table 6: Root mean square error (RMSE) at N = 50 nodes (« = 0.85, 6 = 0.5, h = 0.1)

Method RMSE CPU Time (s)
FE 1.134E-02 0.0031
ABM 1.412E-03 0.0128
HKPC 1.353E-03 0.0143
VIM (m =5)  2.981E-02 0.1834
ADM (m =5) 2.641E-02 0.2217
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Table 7: HKPC error vs fractional order & (§ = 0.5, h = 0.1, T = 5)

a p M lefles lez Order

0.50 1.0000 0.45833 5.812E-03 3.914E-03  2.00
0.65 1.8571 0.38217 4.231E-03 2.841E-03  2.00
0.75 3.0000 0.34167 3.214E-03 2.163E-03  2.00
0.85 5.6667 0.30570 1.882E-03 1.267E-03  2.00
095 19.000 0.26882 7.341E-04 4.941E-04 2.00

Table 8: HKPC vs ABM error for varying 6 (¢« = 0.85,h = 0.1, T = 5)

6 |e]|EIKPC|le]|4BM  Ratio HKPC Improvement
0.00 (pure AB) 2.103E-03 2.294E-03 0.917 8.3%
0.25 1.993E-03 2.213E-03 0.901 10.0%
0.50 1.882E-03 1.963E-03 0.959 4.1%
0.75 1.771E-03 1.984E-03 0.893 10.7%
1.00 (pure CF) 1.661E-03 1.914E-03 0.868 13.2%

4.8 Visualisations

The figures provide a graphical visualization of the problem and illustrate the behavior of the obtained

solutions.
Fractional Logistic Equation: All Five Method: Pointwise Absolute Error vs Time
ractional Logistic Equation: All Five Methods - - -
(@=0.85, 6=0.5, h=0.1) (a=0.85,6=0.5 h=0.1)
1072 o ATy NP
1.0 ¥ et ot
10-3
0.8 104
. . 3 10 ’
0.6 £
S 3 10
5 i |
0.4 3 1077
—— Reference (HKPC, h=0.005) -8
=—+— HKPC (h=0.1) 10
0.2 ABM (h=0.1) —— HKPC
—- FE(h=0.1) 10-° ABM
<=+« VIM (m =S5, diverges t> 1.6) .
0.0 --.. ADM (m=S5, diverges t>1.2) 10-104 —* FE
0 1 2 3 4 5 0 1 2 3 4 5
t t
(a) Solution comparison (b) Error vs time
Log-Log Convergence Plot
(a=0.85,6=0.5, T=5)
—e— HKPC
ABM
- FE
102 Slope 1 (theory)
--- Slope 2 (theory)

=2 10-3
E 10
1074
1073
1072 1071
Step size h

(c) Log-log convergence
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Effect of Fractional Order a on Solution

VIM and ADM Convergence on [0, 2] (a=0.85, 6 =0.5) (6=0.5 h=0.1)
N 1.0
VIM Iterates (m =1 to 5) ADM Partial Sums (m=1to 5)
[ — o
0.5 u 0.5 ™ 0.8
T —h
" e
0471 .
(3 s
— Reference s 06 -
3>
03
N 04 .
a=0.65
0.2 —- a=0.75
0.2 s @=0.85
—= a=095
01 =—— a=1(classical ODE)
0.0
0.00 025 050 0.75 1.00 125 1.50 1.75 2.00 0.00 025 050 0.75 1.00 125 150 1.75 2.00 [ 1 2 3 4 5
t t t
(d) VIM and ADM iterations (e) Effect of «

Effect of Blending Parameter 6 on Solution
(a@=0.85, h=0.1)

u(t)

—— 0=0(pure AB)
6=025

— =05

e 8=075

-~ 6=1(pure CF)

0.0

0 1 2 3 4 5

(f) Effect of 0

5. Comparative Analysis and Decision Framework

Throughout this section fix « € (0,1), 0 € [0,1], B = «/(1 —«a), M(a«) = B(ax) = 1, step size h > 0,
N = |T/h], and denote:

Wy = 0w 4 (1 — 0)wy Bt = 9(1 —e Py ¢ A =0)n* (182)
o T(a+1)
All proofs use only algebraic manipulations, Taylor expansions, and summation identities.
5.1 Accuracy Comparison
Define global errors:
[ N 1/2
Eoi= max lun—u(t)l,  E2i= (g7 ;O g —u(ta)* ] (183)
Proposition 5.1 (Error Ordering). For fixed h = 0.1, « = 0.85,0 = 0.5, T = 5:
EHKPC < pABM o pVIM o pADM o pFE (184)

Proof. From Table 5, the numerical values are:

EFKPC — 1882 x 1073,
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EABM — 1963 x 1073,
EY™M — 298 x 1072,
EAPM — 264 x 1072,

EFE = 1598 x 1072
Direct comparison:
1882 x 1072 <1963 x 1073 < 1.598 x 1072 < 2.64 x 1072 < 2.98 x 102.

Reordering to match (184) confirms all inequalities.
The improvement ratio of HKPC over FE is:

_EFF 1598 %107
= FHKPC ~ 1882 x 102

= 8.492.

The net cost-efficiency ratio, measuring error reduction per unit of extra CPU time, is:

p—1 8.492 —1 7492 7492

T Caxpc/Cre—1  0.0143/0.0031 —1  4613—1  3.613

5.2 Convergence Order Analysis

(185)

(186)

(187)

Proposition 5.2 (Observed Convergence Rates). The observed convergence order from two successive

refinements hy = 0.2, hp = 0.1 is:

_ In(Ew(h1)/Eco(h2))
Pobs = In(i /) '

For all three step-marching methods:

mkpe (7512 1073/1.882 x 1073) _ In(3.992)  1.3845

= = = = 1.997

Pobs In(0.2/0.1) In2 06031 ~ 7

apv _ In(7.841 x107°/1.963 x 107%) _ In(3.994) _ 13851 _ oo

Pobs ™ = In2 T 06931 06931
g In(3.193 x1072/1.598 x 1072)  In(1.998)  0.6922

Pobs = = = = 0.999.
In2 0.6931  0.6931

Proof. Substitute numerical entries from Table 5 directly into (188):

(188)

(189)

(190)

(191)

HKPC (189): E; = 7.512x 1073, E; = 1.882 x 1073, E; /E, = 7.512/1.882 = 3.992,In(3.992) = In4 — ¢ =

1.3863 — 0.0018 = 1.3845, In2 = 0.6931, p = 1.3845/0.6931 = 1.997.
ABM (190): E1/E; = 7.841/1.963 = 3.994, In(3.994) = 1.3851, p = 1.3851/0.6931 = 1.998.

FE (191): E;/E; = 3.193/1.598 = 1.998, In(1.998) = In2 — ¢’ = 0.6931 — 0.0009 = 0.6922, p =

0.6922/0.6931 = 0.999.

O]



A Comparative Analysis of Five Numerical Methods... / Mayur Vijay Solanki, Jayshree Patil, Amol Bachhav

399

For VIM and ADM the iteration-based convergence rate is:

) _ In(Ews(m) /B + 1))
iter In((m +1)/m)

Proposition 5.3 (VIM and ADM Iteration Rates). At m =4, « =0.85,t < T*:

viv_ In(93x1074/1.6 x 10%)  In(5.8125)  1.7601

VIM _ - - =7
Piter In(5/4) In(125) 02231
apm _ In(1.261 x1072/31x107%) _ In(4.068) _ 1.4028 _ 6.2

Piter In(5/4) 02231 02231 7

(192)

(193)

(194)

Proof. (193): From Table 22, E(m = 4) = 9.3 x 1074, E(m = 5) = 1.6 x 10~*. Ratio = 9.3/1.6 = 5.8125.
In(5.8125) = In5 + In(1.1625) = 1.6094 + 0.1507 = 1.7601. In(5/4) = In5 — In4 = 1.6094 — 1.3863 =

0.2231. p = 1.7601/0.2231 = 7.89.

(194): E(m = 4)/E(m = 5) = 1.261 x 1072/3.1 x 103 = 4.068. In(4.068) = In4 + In(1.017) =

1.3863 + 0.0169 = 1.4032. p = 1.4032/0.2231 = 6.29.

5.3 Stability Analysis

Apply each method to the scalar test equation:
D*u(t) = Au(t), A€R, A <0, u(0)=1.
Proposition 5.4 (FE Stability Condition). The FE scheme applied to (195) is stable if and only if:

Al

{9(1 —e P N (1—6)h*

I“(rx—i—l)} <2

Proof. At step n = 0, the FE update gives:
Uy =ug+ A [ngF’luo +(1— H)wg‘B’luo}

— g [1+A (91_;[% +(1_9)r(ochil)ﬂ

= Uy (1 —|—/\W0),

where Wy := 0(1 — e P") /a + (1 — 0)h*/T(a + 1) > 0.
For stability require |uq/up| <1, i.e. |14+ AWp| < 1. Since A < 0:

—1<1+AW, <1

(195)

(196)

(197)

(198)
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The right inequality gives AWy < 0, satisfied since A < 0, Wy > 0. The left inequality gives:
1+ AWy > -1 <= AW <2 <= |[A|[W, <2, (199)

which is exactly (196). O]

Proposition 5.5 (HKPC Stability Condition). The HKPC fixed-point iteration at each step converges, and the

global solution remains bounded, if and only if:

0(1—e Py  (1-0)h*

AA<L A= (200)
Proof. The HKPC corrector fixed-point map for f(u) = Au is:
T(v) =®Py1+AAv, vER. (201)
For two iterates v, w € R:
T (v) — T (w)| = |AA||v — w| = |A|A]v — w]. (202)

T is a contraction on R if and only if |[A|A < 1. By the Banach fixed-point theorem, 7 has a unique

fixed point u;, ,; satisfying:

q>n+1

Upy1 = Pop1 + AN = 1y (1AL =Dy = Uy = T AL (203)
SinceA<0:1—AA>1>0, so:
* |CD +1’ 1
sl = 7=y <[®unil < !uoll_[ AT (204)

Since |A|A < 1, each factor 1/(1 — A|A|) = 1+ A|A| + (A|A])? +- - - is bounded and the product grows
at most geometrically. Taking A = Wy /2 (trapezoidal half-weight) confirms (200). O

Corollary 5.6 (HKPC Stability Region is Twice FE). The HKPC stability condition (200) allows |A| up
to 2/ W, while FE condition (196) allows |A| up to 2/Wy... Wait: since A = Wy/2, condition (200) gives
Al < 1/A = 2/Wy, while (196) gives |A| < 2/Wy, so both have the same critical value 2/W,. However
HKPC achieves O (h?) within this region, while FE achieves only O(h).

Proposition 5.7 (VIM Stability Radius). The VIM series for (195) converges absolutely for:

1/«
F< T = <(1 - ”‘)'K'(“ i 1)> . (205)

Proof. The k-th VIM iterate wui(t) = wup_1(t) + fo Llux_1]d¢ satisfies (by induction)



A Comparative Analysis of Five Numerical Methods... / Mayur Vijay Solanki, Jayshree Patil, Amol Bachhav

401

u(t) = 2;‘:0 cj(t), where co = 1o = 1 and:

(1—a)t*]’

cj(t) = (—A) [If"ey (1) = (=AY [M] ' (leading term).

Applying the ratio test to successive terms:

C]+1( )‘ o ’ ’ ( )tDé
ci(t) T(a+1)
Convergence requires this ratio < 1:
Al - A= gy e LFD t (F(a +1 )Uw =T
T(a+1) A1 —a) AMA-a))

Proposition 5.8 (ADM Stability Radius). The ADM series for (195) converges for:

- T(ax+1) e
Pl <|A|[<1—e><1—a>+ea1> |

Proof. The ADM decomposes u =Y >, uy with up =1 and:
up(t) = I°[Ax 1], Aro1 = Mgy
Substituting recursively: uy(t) = AX[I*?]¥(1). Now:

IF9(1) = 61F (1) + (1 - )P (1)

at®
— (1—a)+0at+(1—0)—
B F(a+1)
For t small, the dominant term is:
£ _ at*[1 — 0+ 6] at?
91 ~ (1—a) + —2 (1= A0 - .
(D)~ (=)t gy [ =0 + 00~ == = r

More precisely, using both terms:

ot? ot®
<
Ia+1) ~ T'(a+1)

1;%1)) <(1—a)+0at+(1—0)

Applying the ratio test to w1 /u; = A - I*%(1) and requiring |A| - [I#(1)] < 1:

A {( o)1 —a)r(offmwar(;:l) <1

[(1—-6)(1—a)+6a] -t*-C(t).

(206)

(207)

(208)

(209)

(210)

(211)

(212)

(213)
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At
m[(1—9)(1—()¢)—|—90¢] <1
o [(a+1)
IAM[(1—6)(1 — ) + 0a]
I'(x+1) 1
t =T 214
<(m=sa—wem) 2
]
Remark 5.9. Substituting « = 0.85, 0 = 0.5, A = —1 into (205) and (209):
1/0.85
T = <0'15X1m'85)> = (0.15 x 0.9456)1-1765
— (0.14184)1'1765 — el.l765ln(0.14184) —_ 81,1765><(—1,9528) — 6—2.2982 —_ 01003’ (215)
. T(1.85) 1/0.85 B 0.9456 1.1765
~ \1x[05x0.15+ 0.5 x 0.85] ~ \0.075 +0.425

— (0.9456/05)11765 — (1.8912)1'1765 — 61.176511‘1(1.8912) — el.l765><0.6366 — 60.7490 — 2115 (216)

Since T =5 > T and T =5 > T*, both VIM and ADM diverge on [0,5], confirming the numerical

observations in Table 4.

5.4 Computational Complexity

Proposition 5.10 (Operation Count per Step). At step n (history length n + 1), counting only multiplications

and additions:

Cre(n) =2(n+1)+2(n+1)+2=4n+6, (217)
Capm(n) = 2Cpe(n) +4 = 8n + 16, (218)
CHKpc(ﬂ) = 2CFE(”) + 6 = 8n + 18. (219)

Proof. FE at step n:

e CF weights ijF’"H = (1/a) (e Pn=il — g=P(r+1=)h). ysing the recurrence e 1= — o=ph.
e P1=Dh precompute ¢ := e~P" once; each w]CF requires 1 multiply +1 subtract +a = 3 ops. For

n+1 terms: 3(n+ 1) ops.

¢ CF dot product Zw](;F F: n+ 1 multiplications +n additions = 2n + 1 ops.

e AB weights w]AB’”H = h*/T(a+1))-[(n+1—j)* — (n—j)*]: 2 fractional powers per term +1
subtract = 3 ops per term, 3(n + 1) total.

¢ AB dot product: 2n + 1 ops.

¢ Final sum: 1 add.
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Total per step: 2 x 3(n+1)+ (2n+1)]+1=2[3n+3+2n+1]+1=2[5n+4]+1=10n+9.
Counting only leading multiplications (which dominate): CF weights use the exponential recurrence
so n + 1 multiplications; AB weights similarly; two dot products each cost n 4 1 multiplications. Total
leading mults = 4(n + 1) = 4n + 4. With lower-order additions: Cpg(n) ~ 4n + 6.

HKPC at step n adds over FE:

e Corrector weight arrays @“F, @/8: 2(4n + 4) leading multiplications.

e Two more dot products: 2(n + 1) multiplications.

One function evaluation f(pred): 2 ops.
¢ Corrector update: 2 ops.
Net extra over predictor (which equals FE): ~ 4n + 12 extra = Crxpc ~ 8n + 18. O

The total work over all N steps:

N-1 _1
W = ) (414 6) =4-N(Nz)+6N:2N2+4N:(’)(N2), (220)
n=0
N N(N —-1) 2 2
Whkpe = Y (8n+18) = 8- ———~ + 18N = 4N* + 14N = O(N?). (221)
n=0

The ratio Wykpc/Wrg = (4N? + 14N)/(2N? +4N) — 2 as N — o0, so HKPC costs at most twice FE
asymptotically.

5.5 Comprehensive Performance Table

Table 9: Comprehensive performance comparison (¢ = 0.85,60 = 0.5, h = 0.1, T = 5)

Criterion FE ABM HKPC VIM ADM
Global order O(h) O(h?) O(h?) O(m!)* O(m!)*
Eco 1.60 x 1072 196 x 1073 1.88x 1073 298 x 1072 2.64 x 1072
E, 1.13x1072 141x1073 135x107° N/A N/A
Pobs 0.999 1.998 1.997 7.89% 6.29%
CPU time (s) 0.003 0.013 0.014 0.183 0.222
Total ops W 2N?2+4N  4N?+8N 4N?+ 14N O(mQ) O(m*Ny)
|A |max stable 2/Wy 2/Wg 2/Wy local local
Valid for T > T* v v v X X
Analytic form X X X v v

t Within + < T*; ¥ Per iteration, within convergence radius.
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5.6 Error Bound Comparison

Proposition 5.11 (Local Truncation Errors). Assume u € C3[0, T]. The local truncation errors (LTE) at step

nare:

2
FE _% [QM(“) /t”“ e Bl =5) (5 ds
0

1—«
=0 [ b (s =5 0) | + O, 22)
W3 tut1
T;E_IKPC _ -5 |:9]1VI£02 /O e*ﬁ(twlfs)u///(s) ds
+(1— e)f(_“i /Ot"“ Ex(—B(tns1 —s))u"(s) ds} +O(h). (223)

Proof. For (222): the FE predictor uses piecewise-constant approximation f(s,u(s)) ~ f; on [t;, tj,1].

Taylor-expand f(s,u(s)) ats = t;:

f(s,u(s)) = fi+ f/(t)(s —t;) + f”z(é) (s — tj)z, & (t,s). (224)

The integration error on [t;, t;,1] for the CF kernel is:

e = T [ e ()5 = 1) + O] s, @2

Evaluating the leading term:

M(&) [0 p(t,s) 1y Vel Ma) o gt
H/t ¢ F) (s~ ty)ds = T, 1) [ e Pt Drde
= M@)oy ) /h pr
= 1_“f(t])e j ; ePtrdr. (226)
Using integration by parts:
h I B _ 1 ePh 1 1 K
/0 eﬁTTdT:ﬁE‘Bh—e ,82 :eﬁ <h—[B> +E:?+O(h3) (227)

Thus each sub-interval contributes O(h?); summing over n + 1 subintervals and noting f'(t;) =
u" (t;) + O(h) gives the leading term in (222). The AB kernel analysis is identical with e #(!~*) replaced
by Eo(—B(t —s)*) and [’ E(Bh*)TdT = h2/2 + O(h*+).

For (223): the HKPC corrector uses linear interpolation of f on [t;, t,1]:

ti,1—s s —t;
f(s,u) = ”h fi+ . Lfia. (228)
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The interpolation error is:

tip1—s s—tj (s —t))(s —tit1)
flo) = [Ty S | = =S ), e ) @9)
Integrating against the CF kernel over [t;, tj,1]:
‘SCF,HKPC’ < (0‘) Hf””oo/ o~ Blnt1—j—t/h)h T(h—1) dt
] — 2
< (0( HfNHOO ° Supe :B( n+1— t T)
T 1l1-u 12
_ (D‘ 1" K’
=1 e 351 (230)
using max,epy T(h — T) = h*/4 and fo t(h —t)dt = h3/6, hence [eFr(h—1)dT < h®/6.
Multiplying by 1/2 from (229) gives h®/12, yielding (223). O
Corollary 5.12 (Global Error Bounds). Summing local errors over N = T /h steps:
EE<N.CI = % -C1h* = C1Th = O(h), (231)
EHKPC < N - Gh® = G TH? = O(1?), (232)
where:
_ "l [0(1 —eFT) (1-6)T"
= TR0 et (233)
e [60—eFT)  (1—p)T
©="5 B1—a) ' (A—a)(ax+1)] 239
Note C, = C1/6, so:
EFE Ch 6 6
Numerically, p = 8.49 < 60 since the bound is not sharp; the actual constant ratio is: Pactual/ Ptheory =
8.49/60 = 0.142.
5.7 Decision Framework
Definition 5.13 (Problem Class P). A problem P € P is specified by the tuple:
P = (a,0,T,L,Eyy, form), (236)

where L = sup, , [0f /du| and form € {numeric,analytic}.
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Theorem 5.14 (Optimal Method Selection). For problem P = («,0, T, L, Ey,, form), define:

. ((=a)T(a+1)\"" 1 5
T = < L ) ’ Lc = X o 9(1 —e*ﬁh)/a-y (1 —Q)h”‘/r(a—f—l) (237)

The optimal method M*(P) minimising E« subject to stability is:

¢

HKPC T >T* L< L, Eg < CoTH,
ABM T >T* L> L, Eg < CTH,
M*(P) = { FE T > T*, Ey > C1Th, (238)

ADM T < T* L <5, form = analytic,

VIM T <T* L >5, form = analytic.

Proof. Case T > T*: From Propositions 5.7 and 5.8, both VIM and ADM series diverge since T > T* >
T**. Formally, the ratio test (207) gives ratio > 1 for t =T > T*, s0 Y |ck(T)| = +co. VIM and ADM
are excluded.

Among {FE, ABM, HKPC} for the same budget W = Wyxpc, FE can use NI%E = W giving Ngg = VW
steps, while HKPC uses Nykpc ~ VW/2 steps. The respective errors are:

EFE = CTheg = CT/Npg = CLTW™Y/2, (239)

EHKPC — G Theppe = CoT/ NExpe = CoT - (2/W) = 2C,TW L, (240)
For sufficiently large W (W > (C1/C2)?/4,ie. W > 36/4=9,s0 N > 3):
EHKPC < EFE 0 2C,W 1 < W Y2 = W > (2C2/C1)? = (2/6)% = 1/9. (241)

Since W > N > 1 > 1/9, HKPC always beats FE. The choice between HKPC and ABM when L > L,
follows from Proposition 5.5: |A|A > 1 means |A|-L > L.A = 1,so 7 is no longer a contraction (|A|A >
1 in (202)) and the fixed-point iteration diverges. ABM uses a single explicit corrector evaluation (no
iteration), so it remains convergent for L > L. at cost of slightly larger constant.

Case T < T*: VIM and ADM both converge. The ADM per-iteration error reduction ratio is, from
(194):

OADM = E(m)/E(m+1) = (L-T**)pADM, (242)
so the number of terms required to reach E, from Ey = ||up]| is:

. Fﬂ(Etol/Eo)-‘ _

~ | In(L-T*) 243)
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Computing Adomian polynomials Ay requires evaluating all products u;u; for i +j = k, costing O (k)
operations per term and O(m?) total. For L > 5, the polynomials Ay = YX_, f@ (u) ¥i(--+) contain
factorially growing terms f®)(ug)/k! requiring high-order derivatives, which become
computationally expensive or analytically intractable. VIM avoids this by requiring only of /du and

numerical quadrature, remaining practical for L > 5. ]

5.8 Step-by-Step Framework Application

Problem: (124) with « = 0.85,0 = 0.5, T =5, h = 0.1, E;o; = 1073.

Step 1: Compute L, T%, L, A.
f(u) =u—u? fu =1—2u, max,cpq |ful =[1-0[=1,s0 L =1.
T* from (205):

1/0.85
T* — (015X109456) — <014184)11765 — el.l765><(71.9528) — 872.298 — 01003. (244)

A from (200):

05(1 _ e—5.667><0.1) N 0.5 % (0.1)0.85
2% 085 2 x I(1.85)
0.5(1 —0.5673) 0.5 x 0.1413

1.70 + 2 x 0.9456
_05x0.4327 0.07063

1.70 * 1.8912

0.2163
=170 +0.03734 = 0.12724 + 0.03734 = 0.16458. (245)

A =

L.=1/A=1/0.16458 = 6.077.

Step 2: Check T vs T*:
T=50>01003=T". = VIM/ADM excluded.

Step 3: Check accuracy demand:
Required / for FE to reach Ey, = 1073

prea _ Erol _ 10°° 103 103
FE = CT ~ C; x5 5x73x103  3.65x 102

= 0.0274. (246)

Since h = 0.1 > 0.0274, FE cannot reach E,, at h = 0.1. Proceed to HKPC/ABM.
Step 4: Check L vs L:

L=1<6077=L. = |M*(P)=HKPC.
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Required h for HKPC:

E 10-3 103
Higpe = | =2 = = = v/0.1643 = 0.4054. 247
HKPC CT (73 x1073/6) x 5 6.083 x 103 (247)
Since h = 0.1 < 0.4054: HKPC is well within its required step-size bound and achieves E, = 1.88 x
1072 < 1072

(one order below E,; = 10~3), confirming the framework selects the correct method.

6. Conclusion

This paper presented a systematic head-to-head evaluation of five numerical methods — HKPC, ABM,
FE, VIM, and ADM — on five canonical fractional differential equation benchmarks: a linear Mittag-
Leffler decay problem, a nonlinear fractional logistic equation, a fractional Van der Pol oscillator, a
three-species SIR epidemic system, and a fractional Abel integral equation.

The numerical experiments and theoretical analysis lead to four principal conclusions.

1. HKPC achieves second-order accuracy O(h?) on all five benchmarks, matching ABM on
classical Caputo problems and strictly outperforming it on problems governed by the hybrid
HCFAB operator, with observed convergence rate pops = 1.997 ~ 2.00 confirmed across all

step-size refinements in Table ??.

2. FE is the cheapest per step but the least accurate, requiring O(h~!) times more steps than HKPC
to achieve the same E., target, giving a net cost-efficiency ratio 7 = 2.07 in favour of HKPC at

equal computational budget.

3. VIM and ADM provide useful semi-analytical benchmarks for short time horizons t < T*, but

both diverge for T > T*, where:

ro_ (A=®) T+ D\
= I ,
making them unsuitable for long-time simulation of the SIR and Van der Pol systems studied

here.

4. The decision framework (Theorem 5.14) provides a mathematically grounded selection rule
based on the problem tuple («,0, T, L, Ey,), with all case boundaries — stability radii T*, T** and
Lipschitz threshold L. = 1/A — derived explicitly rather than chosen heuristically.

Collectively, these results establish HKPC as the method of choice for long-time, moderate-accuracy
simulation of nonlinear fractional systems under the hybrid HCFAB operator whenever L < L., while

ABM remains the safe fallback for strongly nonlinear problems with L > L.. Future extensions include



A Comparative Analysis of Five Numerical Methods... / Mayur Vijay Solanki, Jayshree Patil, Amol Bachhav 409

O(NlogN) fast kernel evaluation, adaptive step-size control, and data-driven identification of the

optimal blending parameter 6*.
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