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Abstract

A graph with n vertices has a prime labeling if its vertices can be assigned distinct integers from 1
to n such that adjacent vertex labels are relatively prime. The study of prime labeling for graphs
obtained through structural operations has attracted considerable attention in recent years. In this
paper, we introduce and investigate a novel family of graphs derived through a systematic structural
extension of the standard wheel graph. The construction process initiates with the edge subdivision
of the outer cycle of the wheel graph. Subsequently, we focus on the newly inserted subdivision
vertices—specifically those that are non-adjacent to the central apex vertex. To enhance the structural
complexity, a multi-layered expansion is applied: between every pair of consecutive subdivision
vertices, we introduce k distinct intermediate vertices. This operation effectively generates k parallel
paths of length two bridging these subdivision vertices. In this study, we specifically focus on graphs
constructed with k = 1,2, 3, and 4 layers. Furthermore, we explore the labeling properties of these

extended structures and analytically prove that they admit a prime labeling for every integer n > 3.

Keywords: Prime labeling; prime graph; wheel graph; edge subdivision; path graph; Structural
extended.
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1. Introduction

Graph labeling is a specialized area of graph theory in which numerical values or labels are assigned
to the vertices or edges or both of a graph according to certain predetermined mathematical rules.
Entringer first proposed the fundamental idea of prime labeling, which was subsequently formalized
by Tout et al. [10]. Research on prime graphs has advanced significantly, focusing primarily on
classifying structures that admit a prime labeling. Prime labeling distinguishes itself from other
graph labeling approaches as a crucial area of investigation, a distinction largely driven by its rigorous

mathematical and number-theoretical rules.
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Definition 1.1. For an n-vertex graph G, a prime labeling is a one-to-one mapping f : V(G) — {1,2,...,n}
where  adjacent  vertices always receive relatively prime wvalues (meaning for every edge

uv € E(G), ged(f(u), f(v)) = 1). A graph admitting such a labeling is called a prime graph.

A natural question emerges: can a graph retain its prime labeling after undergoing structural
operations?

Extensive research has been conducted to determine the primality of various fundamental graph
families; However, the impact of specific structural operations on prime labeling remains a fertile
ground for discovery. For an extensive review of various graph labeling techniques, readers are
referred to the dynamic survey by J. Gallian [2]. The present study is motivated by existing prime
graphs such as cycle, wheel, gear, helm, and book graphs-whose proofs are discussed in [8,9], and [10].
Furthermore, this work is inspired by investigations into prime labeling through edge subdivision
[6] and various structural operations [7]. In our proposed work, we enhance the complexity of a
base graph by introducing additional vertices and obtain prime labeling for the extended graph. This

section outlines the basic terminology and preliminary findings applied in our subsequent proofs.

Definition 1.2. Subdividing an edge e (connecting vertices x and y in graph G) means replacing e with a new

vertex u and two new edges, xu and uy. This operation adds exactly one vertex and one edge to the graph.

Definition 1.3. A path graph P, is defined by the vertex set V(P,) = {v1,v2,...,v,} and edge set E(P,) =

{Uivi—H 1<i< I’l}.

Definition 1.4. A cycle graph C,, (n > 3) is a simple, closed loop of n vertices, with each vertex connected to

exactly two others.

Definition 1.5. For any integer n > 3, the wheel graph W, is defined as a graph comprising the vertex set
V(Wy) = {v0,v1, ..., vn } and the edge set E(W,,) = {vov; : 1 <i <n}U{vwjy1:1<i<n—-1}U{v,01}.

Definition 1.6 ([7]). A gear graph W), is constructed from a wheel graph W,, by inserting a new vertex onto

each connecting adjacent vertices in the outer n-cycle.

Definition 1.7 ([5]). The graph Wy, , is constructed from the gear graph Wy, by introducing m new common

neighbors, denoted vg +1(1 < j < m), for each vertex pair (v;,v;,,) where i € {2,4,...,2n — 2}. Additionally,

m new common neighbors, v]l, are added to connect the vertices vy, and v;.

Essential lemmas based on the Euclidean algorithm are established below for continued application in

subsequent sections.
Lemma 1.8 ([1]). For positive integers a, b, and k, gcd(a,b) = 1 under any of these conditions:
1. a=1;

2. a=2%and b is odd;
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3. aand b are odd integers differing by 2F;
4. a and b are consecutive.
Lemma 1.9 ([1]). For any integer n > 1 and arbitrary integers a, b, ¢, and d, the following properties hold:
1. Ifa = b (mod n) and b = c (mod n), then a = ¢ (mod n).
2. Ifa="0b (modn)and c =d (mod n), then a +c = b+ d (mod n) and ac = bd (mod n).
3. Ifa="b (mod n), then a+c = b+ c (mod n) and ac = bc (mod n).

This study establishes the prime labeling of the proposed graph structures by utilizing essential
number-theoretic mechanisms, including divisibility, modular arithmetic, and coprimality. The
constructive framework introduced here provides rigorous proofs that can be generalized to larger
classes of graphs. Standard graph theory conventions are drawn from West [12] along with Gross and

Yellen [3], and the necessary number-theoretic background is sourced from Burton [1].

2. Main Results

Theorem 2.1. The graph W1 ,, is a prime graph for every integer n > 3.

Proof. For any integer n > 3, we construct the graph W; , by defining its vertex set as V(Wy,) =
{vo,v; 1 < i < 2n}U{u; : 1 < i < n}. The corresponding edge set linking these vertices is
specified by E(Wy,,) = {vgva;i 1:1 <i<n}U{vwi1:1<i<2n—1}U{op01}U{uoy:1<i<
n} U {vyi ou; 22 <i<n}U{vyu}. Moreover, |V(W;,)| =3n+1and |[E(W;,)| = 5n.

For1 <i<2nand1 < j < n,define a function f: V(Wy,) — {1,2,...,|V(Wy,)|} as follows:

2

2, 1=1;
3i+3 . .
5 iodd,i > 1; 5—-j, j=12
- ) 3i+4 . —J3i—1 joddi>1:
f(vo) =1, f(vi) = 5 i=2(mod4),i #2n;, and f(u;)=43j—1, jodd,j>1; .
31;2, i =0 (mod4),i +#2n; 3j—2, jeven,j>2.
3n+1, i=2n.
\
Since f(vo) = 1, gcd(f(vo), f(x)) = 1 for all vertices x adjacent to vg. Moreover, v; and u; are

adjacent to vy; given that f(v1) = 2, f(u1) = 4, and f(v2) = 5, Lemma 1.8, implies gcd(f(v1), f(v2))
= gcd(f(u1), f(v2)) = 1. Furthermore, gcd(f(uz), f(vs)) = gcd(3,7) = 1. If n is even, v, is adjacent
to v2y—1, Un, v1, and uy. With f(va,) = 3n + 1 being odd, its greatest common divisor with f(v;) = 2
and f(u1) = 4 is 1. Furthermore, gcd(f(van), f(van—1)) = gcd(3n+1,3n) = 1 by Lemma 1.8, and
ged(f(van), f(uy)) = ged(3n +1,3n — 2) = gcd(3,3n — 2) = 1 because of 3n — 2 is never divisible by 3.

In all other cases, the labels of adjacent vertices are either consecutive numbers or consecutive odd



Existence of Prime Labeling in Structurally Extended Wheel Graphs / Ramesh R. Kanzariya and Mehul P. Rupani 22

numbers; hence, by Lemma 1.8, their gcd is 1. However, when 7 is odd, f (v2y) = 3n+1 is even,
resulting in a gcd > 1 with the labels of certain vertices adjacent to v,,. Therefore, when 7 is odd, the
function f must be modified so that the modified function satisfies the labeling condition.

We define a modified labeling ¢ : V(Wy ,) — {1,2,...,|V(Wy,)|} to handle cases where 7 is odd.
Define a function g : V(Wi ,) — {1,2,...,|V(Wy,)|} as follows:

8(v21) = f(v2n-1),8(v2n-1) = f(v2n), and g(x) = f(x) forall x € V(Wy,) \ {0241, 021}

Observe that vy, is adjacent to vp,_1, Uy, v1, and uy. Assuming n is odd, §(v2,) = f(vau—1) = 3n
is also odd; thus, its gcd with f(v1) = 2 and f(u1) = 4 is 1. Furthermore, gcd(g(v2n), §(van—-1))
= gcd(3n,3n+1) = 1 and gcd(g(von),8g(un)) = gcd(3n,3n — 1) = 1 by Lemma 1.8, as both are pairs
of consecutive integers. Similarly, vp,_1 is adjacent to vy, vo,—2, and va,. gcd(g(v2,-1),8(v0)) = 1 since
¢(vg) = 1. Since n is odd, let n = 2k + 1. Then 2n —2 = 2(2k + 1) — 2 = 4k = 0 (mod 4). It follows
that g(v2,—2) = 3n — 2. Therefore, gcd(g(v2n—1), §(van—2)) = ged(3n +1,3n —2) = gcd(3,3n —2) =1,
because 3n — 2 is never divisible by 3. The verification of the prime condition for the remaining
adjacency is straightforward. Consequently, Wy , is a prime graph for all n > 3: via f when # is even,

and via ¢ when 7 is odd. O

Example 2.2. Figure 1 illustrates a prime labeling of the graph W1 7.

14 U410

Figure 1: The graph W 7 with prime labeling

Theorem 2.3. The graph W, ,, is a prime graph for every integer n > 3.

Proof. For any integer n > 3, we construct the graph W, by defining its vertex set as V(W,,) =
{vo,v; : 1 < i < 2n}U{uj,w; : 1 <i < n}. The corresponding edge set linking these vertices is
specified by E(Wa,) = {vov2i1 : 1 < i < n}U{vwip1 : 1 < i < 2n—1}U{v2,01} U{ujvoy, wivy; :
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1 < i < n}U{vgouj,v9i ow; : 2 < i < n}U{vpuy, vppwr}. Moreover, |V(Wy,)| = 4n+ 1 and
|[E(Wp)| = 7n. For1 <i <2nmand 1 < j < n, define a function f : V(Wp,,) — {1,2,...,|V(Wp,,)|} as
follows:

2i, i odd;
floo) =1, f(vi) = f(uj) =4j =1, and f(w)) = 4j.

2i+1, ieven.
Observe that for 1 < i < n and i = 2 (mod 3), the vertex vy; is adjacent to vo;_1, vpi11, U;, Wj, U1, and
w;+1. Because the labels of vy; and any vertex in {vy; 1, u;, w;, u; 11} are either consecutive or consecutive
odd integers, their gcd is exactly 1. Since i = 2 (mod 3) directly implies both 4i —2 = 0 (mod 3)
and 4i+1 = 0 (mod 3), the calculations simplify to gcd(f(va;), f(vai—1)) = gcd(4i+1,4i —2) =
gcd(3,4i — 2) = 3 and similarly gcd(f(vy;), f(wi1)) = ged(4i+1,4i +4) = ged(4i+1,3) = 3.
Although the labeling f generally satisfies the requirements for a prime labeling, an exception occurs
for 1 < i < n wheni = 2 (mod 3). In this case, gcd(f(vy), f(v2i—1)) = gecd(f(va), f(wit1)) = 3.
Therefore, f must be modified to resolve this conflict.

For 1 < j < n, define a modified function g : V(Wy,) — {1,2,...,|V(Wy,)|} as follows:
* g(uj) = f(vyj) and g(vo;) = f(u;) forj € {8k —1:k € N} \ {15k —1:k € N};
* 8(uj) = f(v2j—2) and g(vj-2) = f(u;) for j = 0 (mod 15);
* g(x) = f(x) otherwise.

Using Lemma 1.9, we proceed as follows.

Forl <j<mnandjec {3k—1:k € IN}\ {15k —1: k € N}, the vertex vy; (with the modified label
g(v2j) = f(u;) = 4j — 1) is adjacent to vy; 1, vj41, Uj, W}, uj11, and wji1, which have the respective
modified labels of 4j — 2, 4j +2, 4j + 1, 4j, 4+ 3, and 4j + 4. Because the labels of v;; and the
label of any vertex in {vy;_1,u;,w;} are either consecutive or consecutive odd integers, their gcd is
exactly 1. Since j € {3k—1 : k € N} \ {15k — 1 : k € IN} directly implies 4j —1 = 1 (mod 3),
we have ged(g(0s), g(0z11)) = ged(4j — 1,4 +2) = ged(4] —1,3) = 1 and ged(g(03), g(1j11)) =
ged(4j —1,4j+3) = ged(4j —1,4) = 1 (since 4j — 1 is odd). Furthermore, given the established
constraints on j, gcd(g(v2;), g(wjy1)) = ged(4j — 1,4j +4) = ged(4j —1,5) = 1. This is because 4j —
1 = 0 (mod 5) requires j = —1 (mod 5). Given j = 3k — 1, this only occurs if j = —1 (mod 15).
Since j ¢ {15k —1 : k € IN}, 4/ — 1 is never a multiple of 5. Moreover, u; is adjacent to vy;_5.
gcd(g(u;),g(v2j—2)) = ged(4j +1,4j — 3) = ged(4,4j — 3) = 1 (since 4j — 3 is odd).

For1 < j<mnandj=0 (mod 15), the new label is g(v;_») = f(u;) = 4j — 1. The adjacent vertices
v2j-1, Uj, and w; take labels 4j — 2, 4j — 3, and 4j; these form consecutive or consecutive odd integers
with 4j — 1, immediately yielding a gcd of 1. For the remaining neighbors u; 1, w; 1, and vy; 3 (labeled
4j — 5, 4j — 4, and 4j — 6), the gcd calculations reduce to gcd(4j —1,4j —5) = gcd(4j — 1,4) = 1 (since
4j —1is odd), gcd(4j —1,4j —4) = gcd(4j —1,3) =1, and gcd(4j — 1,4j — 6) = gcd(4j —1,5) = 1. The
last two hold because j = 0 (mod 15) implies 4j —1 = —1 (mod p) for p € {3,5}, meaning neither 3 nor
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5 divides 4j — 1. Thus, the gcd is strictly 1 in all cases. Moreover, u; is adjacent to vy;. gcd(g(u;), g(v2;))
= gcd(4j —3,4j+ 1) = gcd(4j — 3,4) = 1 (since 4] — 3 is odd).

The remaining cases are straightforward; hence g is a prime labeling of W ,,. O

Example 2.4. Figure 2 illustrates a prime labeling of the graph Wy .

wi16

Figure 2: The graph W, with prime labeling

Theorem 2.5. The graph W3 ,, is a prime graph for every integer n > 3.

Proof. For any integer n > 3, we construct the graph W;, by defining its vertex set as
V(W3,) = {vo,v; : 1 <i < 2n}U{u,w;,y; : 1 <i<n}. The corresponding edge set linking these
vertices is specified by E(W3,) = {vpvy1 : 1 < i < ntU{vwiq + 1 < i < 2n—1}
U{02,01 } U {ui02i, wiv2;, Yivpi = 1 < i <} U{0p o, UpipWj, Ui —oy; 2 2 < i < n} U {02411, V25W1, V20Y1 }-
Moreover, |V(W;,)| =51+ 1 and |E(W5,,)| = 9n.

For1<i<2n—1and1<j<n,define a function f : V(W;,) — {1,2,...,|V(Ws,)|} as follows:

51 -1

5 i=1 (mod4);
5i+4 .
12 , =2 (mod4); 13-5j, 1<j<2;
flo) =5 flvi) = 4.7 4 , f(om) =5n+1, f(u) = /
5 i =3 (mod 4); 5/—2, 3<j<n.
51+2, i =4 (mod 4).
2
) 1, j=1,
f(wj) =5j—1,and  f(y;) = :
5, 1<j<n.

For 4 < j < n, the labeling function f holds true for most edges (gcd = 1), but the prime labeling

condition fails (gcd > 1) in the following three exceptional cases:

1. When 7 is an odd integer, f(v2,) = 51 + 1 becomes even, resulting in a gcd > 2 for the edges

{van, v1}, {von, w1}, and {vp,, wy }.
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2. When j = 4 (mod 6), the pairs {vyj, u;} and {2, w;11} yield a ged > 1.
3. When j =5 (mod 6), the pairs {vyj, w;} and {vy,yj1} yield a ged > 1.

Therefore, a suitable modification to the labeling function for these specific vertices is necessary to
achieve a valid prime labeling for the entire graph.

Define a modified function g : V(Ws,) — {1,2,...,|V(W;,)|} as follows:
* g(v2j) = f(w;) and g(w;) = f(vy;) for 4 < j <mand j=4 (mod 6);
* g(v2j) = f(uj) and g(u;) = f(vyj) for4 < j<m,j=5 (mod6) and j # n;
* g(van) = f(yn) and g(yn) = f(v2n) if n is odd and n # 3 (mod 6);
* g(vay) = f(uyn) and g(uy,) = f(v2,) if n is odd and n = 3 (mod 6);
* g(x) = f(x) otherwise.

For 4 < j < n with j = 4 (mod 6), the new label is g(v2;) = f(w;) = 5j — 1. The adjacent vertices u;, w;,
and y; are labeled 5j — 2, 5j + 1, and 5j, which form consecutive or consecutive odd integers with 5j — 1,
immediately yielding a gcd of 1. For the remaining neighbors vy 1, v2j11, #j41, Wj41, and y;11 (labeled
5j—4,5j+2,5j+7,5j+4, and 5j + 5), the gcd calculations reduce to gcd(5j —1,5j —4) = gcd(5j —1,3)
and gcd(5j —1,5j+2) = gcd(5j —1,3). Since j = 4 (mod 6), we can write j = 6k + 4, which implies
5j—1=30k+19 =1 (mod 3)); hence, the gcd is 1. Similarly, gcd(5j —1,5j+7) = gcd(5j —1,8) =1
(since j = 4 (mod 6) then 5j — 1 is odd), gcd(5j —1,5j +4) = gcd(5j—1,5) =1 (5] —1 = 4 (mod 5)
implies 5/ — 1 is never divisible by 5), and gcd(5j —1,5j +5) = gcd(5j —1,6) = 1 because 5j — 1 is
odd, it shares no factor of 2 with 6, and it is not divisible by 3; therefore, the gcd is 1. Moreover, w; is
adjacent to vy 5. gcd(5j +1,5j — 3) = ged(5j +1,4) = 1 since 5j + 1 is odd.

For 4 < j < nwith j =5 (mod 6) and j # n, the new label is g(v2;) = f(u;) = 5j — 2. The adjacent
vertices vyj_1, wj, and y; are labeled 5j — 3, 5j — 1, and 5j, which form consecutive or consecutive
odd integers with 5j — 2, immediately yielding a gcd of 1. For the remaining neighbors vy 1, u;,
ujr1, wjy1, and yiq (labeled 5j + 1, 5j + 2, 5j + 3, 5j + 4, and 5j + 5), the gcd calculations reduce
to gcd(5j —2,5]+1) = ged(5j —2,3) = 1. Since j = 5 (mod 6), we can write j = 6k + 5, which
implies 5] —2 = 30k +23 = 2 (mod 3). Additionally, gcd(5j — 2,5j +2) = gcd(5j —2,4) = 1 (since
j =5 (mod 6), then 5j — 2 is odd), and gcd(5j — 2,5j+3) = gcd(5j —2,5) =1 (5] —2 = 3 (mod 5)
implies 5j — 2 is never divisible by 5), and gcd(5j — 2,5j +4) = gcd(5j — 2,6) = 1 because 5j — 2 is odd,
shares no factor of 2 with 6, and is not divisible by 3; therefore, the gcd is 1. Finally, gcd(5j —2,5j+5) =
gcd(5j —2,7) = 1 because 5j — 2 = 30k + 23 = 2 (mod 7).

When 7 is odd and n # 3 (mod 6), the new label is g(v2,) = f(yn) = 5n. The adjacent vertices u,, wy
and y, are labeled 51 — 2, 5n — 1, and 5n + 1,respectively. These form pair of consecutive or consecutive

odd integers with 51, immediately yielding a gcd of 1. For the remaining neighbors vy,_1, v1, u1, wy,
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and y; (labeled 51 — 3, 2, 8, 4, and 1), the calculations reduce to gcd(5n,5n — 3) = gcd(5n,3) = 1.
This holds true because n being odd and n # 3 (mod 6) guarntees n is not a multiple of 3. Thus,
5n # 0 (mod 3), meaning 3 does not divide 5#n, yielding a gcd of 1. Since n is odd, 5n must also
be odd; therefore, gcd(5n,p) = 1 for all p € {1,2,4,8}. Moreover, y, is adjacent to vp,_». Here,
gcd(5n+1,5n —4) = gcd(5n +1,5) = 1, since 5n + 1 is never divisible by 5.

When 7 is odd and n = 3 (mod 6), the new label is g(vp,) = f(u,) = 5n — 2. The adjacent vertices
Uzy—1, wy and y, are labeled 5n — 3, 5n — 1, and 5n,respectively. These form pair of consecutive or
consecutive odd integers with 51 — 2, immediately yielding a gcd of 1. For the remaining neighbors
Uy, v1, 1, w1, and y; (labeled 51+ 1, 2, 8, 4, and 1), the calculations reduce to gcd(5n —2,5n + 1) =
gcd(3,5n +1) = 1. Since n = 3 (mod 6), we can write n = 6k + 3, which implies 5] — 2 = 30k + 13 =
1 (mod 3). Since n is odd, 5n — 2 must also be odd; therefore, gcd(5n — 2,p) = 1 for all p € {1,2,4,8}.
Moreover, u, is adjacent to vs,_». Here, gcd(5n +1,5n —4) = gcd(5n +1,5) = 1, since 5n + 1 is never
divisible by 5.

The remaining cases are straightforward; hence g is a prime labeling of W3 ;. ]

Example 2.6. Figure 3 illustrates a prime labeling for the graph W s.

Y11

160281509

Y420 Y315

Figure 3: The graph W35 with prime labeling

Theorem 2.7. The graph Wy, is a prime graph for every integer n > 3.

Proof. For any integer n > 3, we construct the graph W, by defining its vertex set as
V(W) = {vo,vi = 1 <i<2n}U{u;,w;,y;,zi : 1 <i<mn}. The corresponding edge set linking these
vertices is specified by E(Wy,) = {vovpi-1 : 1 < i < n}U{vvi @ 1 < i < 2n-—1}

U{v2nv1 } U {u001, wivoi, Yiv2i, zivai + 1 < i < n} U {vaioltj, Uai_oWj, V2i—2Yi, , V2i—2zi = 2 < 1 <

n} U {vnit1, 02nw1, V2nY1, V2nz1 . Moreover, |V(Wy,)| = 6n+ 1 and |E(Wy,)| = 11n.
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For1 <i<2nand1 <j<n,define a function f : V(Wy,,) = {1,2,...,|V(Wa,)|} as follows:

3i—1, iodd;
floo) =1, f(vi) =  f(uj) = 6] =3, f(wj) = 6j =2, f(yj) = 6j — 1, and f(z) = 6.
3i+1, ieven.
The defined labeling satisfies the prime condition (gcd = 1) for most edges. However, it fails for edges
Vj_10zjandvyjwjy1 whenever j = 4 (mod 5), because their respective labels become multiples of 5.
Thus, a modification is required for these specific vertices.
For 1 < j < nandj=4 (mod5), define a modified function g : V(Wy,) — {1,2,..,|V(Wy,)|} as
follows:
8(vaj) = f(yj) and g(y;) = f(vyj) for j & {35k +34:k € Z} \ {n};
§(03)) = f(yj11) and g(y;41) = (o) for j € {35k +34: k € Z} \ {n};
g(x) = f(x) otherwise.
For 1 < j < n with j = 4 (mod 5) and j & {35k +34 : k € Z} \ {n}, the new label is g(vy;) =
f(y;) = 6j —1. The adjacent vertices u;, wj, y;, and z; are labeled 6j — 3, 6j —2, 6j + 1, and 6j,
respectively. These form consecutive or consecutive odd integers with 6; — 1, immediately yielding a
gcd of 1. For the remaining neighbors vaj 1, vzj11, #j11, Wjy1, Yj+1, and zj;1 (labeled 6j — 4, 6j + 2,
6j + 3, 6j +4, 6j + 5, and 6] + 6), the gcd calculations reduce to gcd(6j — 1,6 —4) = ged(6j —1,3) =1
and gcd(6j —1,6j +2) = gcd(6j —1,3) = 1 (because 6j —1 = 2 (mod 3)). Next, gcd(6j —1,6j + 3)
= gcd(6j —1,4) = 1 (since 6j — 1 is odd), and gcd(6j — 1,6j +4) = gcd(6j —1,5) = 1. This latter
reduction holds because j = 4 (mod 5) implies j = 5k + 4, meaning 6j — 1 = 30k 423 = 3 (mod 5).
Additionally, gcd(6j —1,6j +5) = gcd(6j —1,6) = 1 (since 6j —1 =5 (mod 6)). Because j = 4 (mod 5)
and j & {35k+34 : k € Z} \ {n}, we find gcd(6j —1,6j +6) = gcd(6j —1,7) = 1. This is valid
because the restriction j ¢ {35k +34 : k € Z} ensure that j # 6 (mod 7). As a result, 6j — 1 is not
divisible by the prime 7, making the terms strictly coprime. Furthermore, y; is adjacent to v;;_», and
gcd(6j+1,6] —5) = ged(6j +1,6) =1 (since 6j +1 =1 (mod 6)).
For 1 <j<nwithj=4 (mod5)andjc {35k +34:k € Z} \ {n}, the new label is g(v2;) = f(yj+1) =
6j + 5. The adjacent vertices u;,1, w;j;1, and zj, are labeled 6j + 3, 6j + 4, and 6] + 6, respectively.
These form consecutive or consecutive odd integers with 6; 4 5, immediately yielding a gcd of 1. For
the remaining neighbors vy; 1, v2j 11, uj, wj, yj, zj, and y;j 41 (labeled 6] — 4, 6j +2, 6] — 3, 6j — 2, 6] — 1,
6j and 6j + 1), the gcd calculations reduce to gcd(6j +5,6] —4) = gcd(6j +5,9) = 1 (since 6j +5 =
2 (mod 3), thus 6j + 5 is never divisible by 3 or 9) and gcd(6j + 5,6 4+ 2) = gcd(6j+5,3) = 1. Next,
gcd(6j+5,6j —3) = gcd(6j+5,8) = 1 (since 6j + 5 is odd), and gcd (6] + 5,6j —2) = gcd(6j+5,7) = 1.
This latter reduction holds because j € {35k +34 : k € Z} \ {n}, meaning 6j +5 = 210k + 209 =
6 (mod 7). Additionally, gcd(6j +5,6j —1) = gcd(6j +5,6) = 1 (since 6j +5 = 5 (mod 6)) and
gcd(6j+5,6j) = ged(6j+5,5) = 1 (since 6] +5 = 210k +209 = 4 (mod 5)). Moreover, gcd(6j+5,6j+1)
= gcd(6j+5,4) = 1 (since 6j +5 is odd). Furthermore, ;1 is adjacent to vy, and gcd(6j+1,6j +7) =
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ged(6j+1,6) =1 (since 6j +1 =1 (mod 6)).

The remaining cases are straightforward; hence g is a prime labeling of Wy ,,. O

Example 2.8. Figure 4 illustrates a prime labeling for the graph Wiy s.

Z4 94 23 18

Figure 4: The graph W, s with prime labeling

3. Conclusion

This paper investigates the existence of prime labelings within generalized topological augmentations
of the wheel graph W,. By introducing edges incident to the subdivision vertices of the rim cycle C,
and internal vertices, we construct complex network topologies characterized by k—layered parallel
paths, where k € {1,2,3,4}. Despite the increased edge density and higher average vertex degrees in
these configurations, we establish rigorously that these extended wheel graphs admit a valid prime
labeling for all integers n > 3. Furthermore, this study underscores the inherent fragility of prime
labeling in dense networks; modifying the graph by adding or omitting just one edge is sufficient to
disrupt the labeling entirely. Moving forward, applying analogous extension operations to other graph

families presents a promising avenue for discovering new labeling paradigms in network design.
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