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Abstract: In this paper, the analysis of tumor growth model with immunotherapy involving dendritic cells is discussed. The model
consists of four compartments namely the tumor cells, the active CTLs, the T-helper cells, and the dendritic cells. The
growth rate of the tumor cells in this model follows the logistic model. The dendritic cell therapy functions as an inhibitor
of tumor growth without causing side effects on the other cells so that the spread of tumor cells can be minimized. Next,
dynamical analysis is performed by determining the stability analysis of the equilibrium point. It shows that the model has
six equilibria consisting of three tumor-free equilibria namely Ey, E1, E2 and three tumor equilibria namely E3, E4, E5.
The equilibria points Fy and E3 are not stable since there are positive eigenvalues while other equilibria will be stable if
those meet certain conditions. Furthermore, the simulation results support the analysis result.
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1. Introduction

Cancer is a term for a group of diseases spreading to parts of the body. Hence, people are afraid of cancer since the patients
are most likely to die of it. Cancer is the abnormal cells growing quickly beyond the normal limit and invading parts of the
body [13]. One of the factors causing cancer is a tumor. A tumor is generally divided into two types namely the benign tumor
which is not cancerous and the malignant tumor which can grow uncontrollably and spread into the surrounding tissue.
Cancer is a group of the abnormal cells spreading into the bloodstream, the circulatory system, and the lymphatic system
[2]. Cancer is caused by transformation of normal cells into tumor cells in a multistage process that generally develops from
the pre-cancerous stage into a malignant tumor. It occurs as a result of the interaction between human’s genetic factors
and external factors such as ultraviolet radiation and ionizing, tobacco smoke, food and water contamination and infections
from certain viruses, bacteria or parasites [13].

There are some treatments to inhibit tumor growth namely radiation, chemotherapy and immunotherapy using dendritic
cells (DCs) called dendritic cell vaccination. One of the new strategies in the form of immunotherapy used to treat cancer
is dendritic cell vaccine [9]. The dendritic cell is the most effective APC (Antigen Presenting Cells) since it places in the
strategic locations where foreign microbes and antigens enter the body. It is also around the organs targeted by bacteria and
the area where the abnormal cells usually developed [1]. There are two types of dendritic cells namely conventional dendritic

cells (cDCs) and plasmacytoid dendritic cells (pDCs). ¢DCs recognizes the antigens that presented by T cells (CD4" T) and
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secretes several important molecules, meanwhile pDCs generate interferon and antivirus. CD4™T function to regulate the
body’s immune response using cytokines as a signal to stimulate the immune system and respond to the tumor [8].

Some papers discussing the analysis of the tumor growth model have been written. Kirschner dan Panetta [6] constructed
the mathematical model of a growing tumor and its response to immunotherapy. It described the dynamical interaction
between tumor, immune cells, and IL-2. The result shows that the immunotherapy with cytokine interleukin-2 (IL-2) could
increase the body immunity. DePillis et al. [3] studied a model of tumor metastasis using ordinary differential equations
with chemotherapy as the optimal control to inhibit tumor growth. The model consisted of four subpopulations namely
tumor cells, host cells, immune cells, and chemotherapy. The stability analysis was carried out without including the control.
DePillis et al.[4] developed the tumor growth model with immunotherapy and chemotherapy. The simulation result showed
that using chemotherapy or immunotherapy alone is not efficient. So it is assumed that by combining these two types of
therapy, all the tumors can be eliminated.

DePillis et al. [5] studied the mathematical model of melanoma with dendritic cell therapy. DePillis et al. [5] reconstructed
the model by Ludewig et al. [7] by describing the interaction between dendritic cells and tumor cells. Trisilowati et al.[12]
discussed the optimal control of the dendritic cell therapy on tumor growth where the dendritic cell is the natural killer
of the tumor. Sharma dan Samanta [11] developed the model of tumor growth and its interaction with immune cells and
chemotherapy. The system consists of (i) T cell which can’t eliminate the tumor directly yet release the cytokine interleukin-
2 activating CTLs, (ii) the active CTLs which can eliminate the tumor cells, (iii) tumor cells, and (iv) chemotherapy. Next,
Rangel et al. [10] studied the effectiveness of the dendritic cell of the murine model and optimal control. The model consists
of tumor cell, CD4™T cell, CD8TT cell or CTLs, antigen containing the dendritic cell, IL-2, TGF-™T as the inhibitory
cell, IFN-v increasing the regulation of MHC 1, and M; which defines the number of MHC 1 for every melanoma cell.

In this paper, the constructed model is based on the model by Sharma and Shamanta [11]. It is reconstructed by adding
dendritic cell as an immunotherapy compartment. Next, the stability of the equilibria is also investigated. Finally, the

numerical results are given to support the analysis result.

2. Mathematical Model

Based on the modification of Sharma and Shamanta’s model [11], the system of nonlinear differential equations obtained

can be written as

dT

E = TlT(l —plT) — 0,1TIH — (]16’717 (1)
% = Blglgr — axTIly —dlg, (2)
dir

i rolr(1 — p2Ig) — Blulr + q2Clg, (3)
dC

it = uo —C, (4)

where T, Iy, Ir, C stand for the number of tumor cells, CTLs cells, T-helper cells, and dendritic cells respectively. The first
term in equation (1) explains the tumor growth follows the logistic model. Next, the parameter o defines the elimination
process of the tumor by CTLs and ¢ stands for the kill rate of the dendritic cell. In equation 2, 8 is the production rate
of CTLs by IgIr. The second term explains the death rate of the CTLs because of the tumor while d is the natural death
rate of the CTLs. Term r2Ir(1 — p2Ir) in equation (3) defines the logistic growth rate of T helper cells while 8 and g2 is
the activation rate of T-helper cell by dendritic cell. In equation (4), uo is the secretion rate of dendritic cell and v stands

for the natural death of the dendritic cell.
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3. The Equilibria Points

a1 . . . . d d . .
The equilibria points of the model are obtained by solving % = % = % = % = 0. The model has six equilib-
ria consist of three free-tumor equilibria and three tumor equlibria. The free-tumor equilibria Eo = (0, 0,0, 1fy—o),El =

uo

(0,0, Yotz Yoy [, — (Q, W, %, 7) shows that the population are free from tumor. Meanwhile, the tu-

yrep2 Y

mor equilibria obtained are F5 = (%, 0,0, %), By = (Wj/;‘ijl“" ,0, ‘72:79;;2” , %), and E5 = (T*, I, I, C*) with
I = L Iy = Sat€e—N-¢s
H aragpiparireyBZ TR 13 ’

T — rivy—(ya1If+4q1u0) It = o riy—ya1lf—qiug + d
T1YP1 it 2 T1YP1 B8’

where

L =aaparirayB°p1 — aapsrirayan + piperireydB’ — pipsririydon — az — pirireyB° 4 piririyBpeaias — aaparafipiriqiug
+ aspsriqruoar — piri B2 gauo + pir1Baauorapratas,

N =0porirayBop1 — a3psririyan + piperiraydB? — pipsririydonas — pirirayB° + piririyBpacaas — asparafipiriqiue+
asparsqruocn — piri B gauo + piri Beauoraci oz,

& = (p1parirayB°),

&2 =d(pfp2rfr2’yﬁz),

&3 =a2muo(p1p27“17’252)7

€4 =(p1p2rir2yB°) (Bripr).

4. The Stability of the Equilibria Points

In order to analyze the stability of the system, the Jacobian matrix at E* is given as

T — 27’1p1T* — 051];1 — qlC* —0(1T* 0 —qlT*
—aolj BIn — aT™ —d BIF, 0
J= " f 8 (5)
0 —BI% T2 = 2rap2lfy — BIf + q2C* oIy
0 0 0 —y

The Jacobian matrix of the equilibria are obtained by substituting each equilibrium point to (5)
Theorem 4.1. The first free-tumor equilibrium point Eqo is unstable

Proof.  Substituting Eo = (0,0,0,u0/7) to (5), the Jacobian matrix for Ey can be written as

ry — 4% 0 0
0 —d  Blg 0
J(Eo) = (6)
0 0 ro+ % 0
0 0 0 —

By solving |J(Eo) — AI| = 0, it is obtained the eigen values \y = r1 — ‘“,:0 yA2 = —d,A\g =12 + q2:° ,Aa¢ = —7. Therefore,

Theorem 4.1. is proved. O

Theorem 4.2. The second free-tumor equilibrium point E is stable if ry < 4% and % <d.
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Proof.  Substitute E1 = (0,0, %, %) to (5) so that the Jacobian matrix of Ey can be written as

T — —‘“W“O 0 0 0
0 Bqauo+pyra d 0 0
J El — Yra2p2 . 7
(E) 0 —Bapuo=Byra  _,. _ gauq q3uotaayry ™
yra2p2 2 Y Yr2p2
0 0 0 —

The eigenvalues of matrix J(E1) are determined by solving |J(E1) — AI|. The eigenvalues obtained are A\1 = v, =

—ry — U0 Ny =y — LM\, = % —d. Tt is proved that E; will be stable if r1 < 42 and % <d. 0O

Theorem 4.3. The third free-tumor equilibrium point Es is stable if r1 + %fzd < R0 4 A2 4 dse

Proof. The Jacobian matrix of F(2) = (0, W, 5, 5}) can be written as

+ - d
ry — al(qzuoﬁ Tg{j; r2p2 7) _ q1:o 0 0 0
,a2(q2u06+r2§wfr2pzd'y) 0 qaugB+raBy—ropady 0
J(EQ) _ B2y By (8)
0 —d __3ropad g2d
B B
0 0 0 —
The eigenvalues of J(E2) are A1 = —y, 2 =11 — 1 q2uoftrafy=—ropadyy _ 9140 while the eigenvalues A3 4 are determined
g v 257 . g :

by solving submatrix
0 92uoftrafy—ropody
X = By . 9)
_ __ 3rapod
d B

The trace(X) is 73”75’2“! < 0 and determinat(X) is w > %fd. If E» exists then determinant(X) > 0. Hence, Az 4 will

be negative. Thus, it is proved that F> will be stable if r1 + %szd < HPERe 4 iz 4 4R, O

Theorem 4.4. The first tumor equilibrium point Es3 is unstable.

Proof. By substituting E3 = (T2-41£2,0,0, “2) to (5), it is obtained

YT1P1

o= 2mpn (PR — A —aa (PR 0 —a(FEEE)
0 —ap(TUtey g g 0
J(E3) = i . (10)
0 0 ry + 920 0
0 0 0 —

The eigenvalues of J(E3) can be obtained |J(Es) — Al| = 0. The eigenvalues obtained are Ay = r1 — 2ripy (2450 —

%, Ao = 7&2(%) —d,\3 =12+ % and Ay = —v. Hence, the equilibrium point of F3 is unstable since A3 > 0. [

15 hoes ; ; i 410 q2uo+T2 @291UQ Qg
Theorem 4.5. The second tumor equilibrium point E4 is stable if S < and B( Srapy )+ o< 2 d.

Proof. By substituting Ey = (W}/T’l”;}l“" ,0, q2:ﬂ;y2 , %), it is obtained the Jacobian matrix of E4 as below

—ry + 2Lt 0y (A1) 0 —q(msuw)

J(E) = O PR e 0 ’ : (11)
0 —AEE) —ra = e g
0 0 0 —y
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The eigenvalues of J(E4) are A1 = % — 71, 2 = ﬁ(“:ﬁ’;grz) + awzrquulo — % — d while A3 4 are determined by solving
submatrix
_ __ 92ugQ gaup+yra
Y — T2 Y q ( Yra2p2 ) . (12)

0 -

The trace and determinant of the matrix are —ro — 22%2 —~ < 0 and roy+qauo > 0 respectively. The condition indicates that
Y

: : Tk : : £ g1UQ quo+yr2 Q2q1Ug Qg
A3,4 is negative so that the equilibrium point E4 is proved to be stable if ” < ry dan ( P )+ P < o +d. O

Theorem 4.6. The third tumor equilibrium point Es is stable if az > 0 and a1a2 — a3z > 0.

Proof. The Jacobian matrix of Es = (T*, I};, [, C*) is

r—2rpT" — a1 lf; — 1 C* —onT* 0 - T
J(Es) = —aslf; Bl — aT* —d Bl 0 . (13)
0 —BIg ro — 2ropeln — Bl + ¢2C*  q2lg
0 0 0 —

The eigenvalues of matrix J(Fs) are obtained by solving |J(Es) — M| = 0,. Therefore, \1 = —y and A2,3,4 are determined

by solving submatrices J(Es5)

T — 2T1p1T* — (11[;} — qlC* —O(lT* 0
—asly BI; — axT* —d BI =0. (14)
0 —ﬁ]}% ro — 2ropel — Bl + q2C*

Next, the eigenvalues of the submatrix are determined by using cofactor expansion so that it can be obtained

X X X Bl — axT* —d— X BI;
(—v = N[(r1 = 2mp T —anlfy —quC* = A) | " ]
—BIx ro — 2rapelfy — BIf + qC* — A
(15)
" —CM1T* 0
+ (azIH) - 07

_BII*{ T2 — 27“2]72]}*3 — ﬁ[}{ + qzC* — )\

so that values A%, A2, A\! and \° are obtained with coefficients

a=r1+ BIx+ 12+ qC",

b=2rp1T" + a1l + q1C" +d+ 2rapalp + Bl + axT™,

c=ricaT” + rid + 3ropalp + r1BI5 + 2rip1 TSIk + 2rip1 T I + 2r1p1 T ra + 2rip1 T q2C™ + an I Bl R
+ailirs + ail@C* + iC BT + iCr2 + 10" go + 28157 ropz + 2T + a2 T q2C” + dr
+dg2C™ + azlyonT",

di =r1 BT} + 712 + 11g2C" + 2mp1 T g + 2mpr T d + drip T ropa Iy + 2rpi T BT}y + an ranT™ + aq I d

+ a1l 2rapalf + oI5 B+ nC 02T + q1C*d + uC* 2rapa Iy + 1C™ Bl + BIgra + BlRg2C™ + 200T rapa Iy
+ T BI} + 2drapaI; + dBIY,

e =r1BI5rs + 11 BIRaC" + 2r102 T rapa iy + riaT” Bl + r12dropaIfy + r1dBIi + 4ripi T BIgraps + 2ripi T ars
+2rp1 T 2 02q2CF 4 2rpi T dra + 2rp1 T dg2 O + a1 1572815 rap2 + anIfrae T rs + anIfjae T g2C* + o Iydrs
+ q1C* 2 dgs + 1 C* 28I raps + 1 C T ra + 1 C* 22T g2 + 1 C*dra + 1 C*dgo
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+ ol T 2rapaly, + agl}}zalT*B,
I =riBIE raps + riaeT re + r1a0T* 2C* + r1dry 4+ r1dgeC™ + 2rip T BIfre + 2rpi T Bl g C*
+ 4r1p1T*2a2r2p21§ +2rip1 T oSl + 4rip1 T drope Iy + 2ripy T dBI + a1 I BIgrs + ol Bl RrgC*
+ an 5200 rapalsy + on IfyaT* Bl + on 15 2drapalfy + on I3 °dB + uC* BIgra + 1C** BIRge + 1 C* 20T  ropal}y

-+ Q1C*OZQT*BI;{ + qlC*2dr2pQI}§ + qlC*dBI}} + QQI}k{alT*TQ + azfﬁalT*qQC*.

Let a1 =b—a, a2 =di — ¢, az = f — e. Hence, it can be written as

)\3 + a1)\2 =+ a2>\1 + a3 =0, (16)

with a;,V, = 1,2,3 is real number. The equilibrium point FEs is locally asimptotically stable if it meets Routh-Hurwitz

criterion where az > 0 and a1az — as > 0. O

5. Numerical Simulation

The numerical analysis of tumor growth model with immunotherapy is done by using MATLAB. Here, we run numerical
simulation with parameter values satisfied the tumor-free stability and the tumor condition. For the first simulation by
using initial condition (150,50, 75,35) and the parameter values r1 = 0.005,72 = 0.0055,p1 = 0.0008,p2 = 0.004, a1 =
0.0001, a2 = 0.0005, g1 = 0.003, g2 = 0.0006, 8 = 0.00005,d = 0.00065,~ = 0.0065,up = 1, it is obtained E> which exists
since the condition gauof + r2f87y > ropady is fulfilled. These parameters also meet the stability condition. It can be seen
in Figure 1 that the solution converges to E2 = (0,1950.43,13,153.8461). This indicates the simulation result supports the

analysis result.

w
&
=3

=

5

1} 1 2 3 4 5 6 7
t (time) =10%

Figure 1: The graphic solution of the stability of equilibrium point Es

The parameter values used to simulate the equilibrium point F4 are r1 = 100,72 = 0.8, p1 = 0.2, p2 = 0.004, 1 = 0.1, 2 =
0.0005, g1 = 0.003, g2 = 0.0006, 5 = 0.00001,d = 0.002,~v = 0.0045,up = 1. The numerical solution is done with the initial
value (150, 50, 75, 35). In figure 2, it is shown that the solution converges to the equilibrium point F4 = (49.71,0,291.7,222.2).

This means that the numerical simulation meets the analysis result.
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Figure 2: The graphic solution of the stability of equilibrium point E4

By using parameter values r1 = 100,72 = 0.004, p1 = 0.002, p2 = 0.004, a; = 0.001, @2 = 0.005, ¢1 = 0.003, g2 = 0.006, 8 =
0.0004,d = 0.001,7 = 0.0045,u0 = 1 and initial condition (150, 50,75, 35) the equilibrium point Fs is obtained. The

numerical simulation in Figure 3 shows that the solution converges to E5 = (481.153,3102.66, 6017, 222.222).

=10%
2.5 ' . . . =
lH
_I.
2r c
1.5¢ 1
Tl g€
1 . -
0.5} p
0
0 300 400 500

t (time)

Figure 3: The graphic solution of the stability of equilibrium point E

6. Conclusion

In this paper, the tumor growth model is a nonlinear autonomous system consisting of four populations namely
tumor cells (7'), CTLs cells (Ig), T helper cells(Ir), and dendritic cells (C') with twelve parameters namely
r1,T2,P1, P2, X1, Q2,q1,q92, B,d,v, and u. The tumor growth model with immunotherapy has six equilbria consisting of
three tumor-free equilibria and three tumor equilibria. The tumor-free equilibria state that the population is free of tumor
cells so that the spread of the tumor does not occur. Otherwise, the tumor equilbria state that the spread of tumor occurs.
The analysis result shows the tumor-free equilibria Ey and E; exist unconditionally while Fo exists with certain conditions.
Next, the tumor equilibria Fs, F4y and FEs exist conditionally. The stability analysis of free-tumor equilbria explain that Eo
is unstable while F1 and FE» are conditionally stable. Meanwhile, the tumor equilibrium FEj3 is unstable and E4, E5 are stable
with certain conditions. Numerical simulations are done for Es, F1, F5, where the numerical results support the analysis

result.
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