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1. Introduction

A molecular graph is a graph such that its vertices correspond to the atoms and edges to the bonds. Chemical Graph Theory
is a branch of Mathematical Chemistry which has an important effect on the development of chemical Sciences, Medical
Sciences. In Mathematical Chemistry, several topological indices or graph indices have found some applications especially
in chemical documentation, isomer discrimination, QSAR/QSPR study [1, 2]. In this paper, we consider only finite, simple,
connected graphs. Let G be a graph with vertex set V(G) and edge set E(G). The degree dg(v) of a vertex v is the
number of vertices adjacent to v. The set of all vertices which adjacent to v is called open neighborhood of v and denoted
by Ng(v). The closed neighborhood of v is the set Ng[v] = Ng(v) U {v}. The set Ng[v] is the set of closed neighborhood
vertices of v. Let Dg (v) =dg (v)+ Y. da (v) be the degree sum of closed neighborhood vertices of v. We refer [3] for

uENgG(v)
undefined term and notation. In [4], Kulli introduced the first and second neighborhood Dakshayani indices, defined as

NDi(G)= > [Dg(u)+Dg®)], NDy(G)= > Dg(u)Dc(v).

uwveE(G) uwveE(G)

The first and second hyper neighborhood Dakshayani indices were proposed by Kulli in [4], defined as

HND:\(G)= Y [Do(w)+Ds@®)]*, HND:;(G)= > [Dc(u)De ().
uweE(G) weE(G)
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Recently, some variants of neighborhood Dakshayani indices were introduced and studied such as F-neighborhood Dakshayani
index [5], square neighborhood Dakshayani index [6], sum and product connectivity neighborhood Dakshayani indices [7].

We introduce the first and second multiplicative neighborhood Dakshayani indices, defined as

NDiII(G)= ][] [De(u)+Dg@)], NDJAI(G)= ][] [P (u)Deg ().
uwv€E(G) wveE(Q)

We now propose the first and second multiplicative hyper neighborhood Dakshayani indices of a graph, defined as

HND\II(G)= [] [Dc(uw)+ D¢ (@)]?,  HNDII(G)= T[] [Dc(u)De ().
wweE(Q) weE(G)

We introduce the multiplicative sum connectivity neighborhood Dakshayani index of a graph G, defined as

1
SNDII (G) = .
qurIE(G) De (u) + Da (U)

‘We propose the multiplicative product connectivity neighborhood Dakshayani index of a graph G, defined as

1
PNDII (G) = o ————
( ) uvymc) DG (’LL) DG ('U)

We define the reciprocal multiplicative neighborhood Dakshayani index of a graph G as

RNDII(G)= ][] +/Da(u)Dg ().

uwveE(G)

We continue this generalization and define the general first and second multiplicative neighborhood Dakshayani indices of a

graph G as
NDIII(G) = ][] [Dc(u)+ Dc ()", (1)
uwveE(G)
NDsIT(G)= ][] [De(w)De (v))°. 2)
uwveEE(G)

where a is a real number. Recently, some now multiplicative indices were studied in [8-17]. In this paper, some multiplicative
neighborhood Dakshayani indices of certain nanostructures were computed. We need the following definitions and results.
The subdivision graph S(G) is the graph obtained from G by replacing each of its edge by a path of length 2. The line
graph L(G) of G is the graph whose vertex set is E(G) and two vertices of L(G) are adjacent if the corresponding edges of

G are adjacent.

Lemma 1.1. Let G be a graph with p vertices of q edges. Then S(G) has p + q vertices and 2q edges.

Lemma 1.2. Let G be a (p,q) graph. Then L(G) has q vertices and % idc (u:)® — q edges.

We consider the graph of 2-D lattice, nanotube and nanotorus of TUC4Cs|p, ¢], where p is the number of squares in a row

and ¢ is the number of rows of squares. These graphs are shown in Figure 1.

210



V. R. Kulli

OOOGE soodpeset

(a) 2D-lattice of TUC4Csgl4, 2] (b) TUC4Cgl4, 2] nanotube ) TUC4Cs[4, 2] nanotorus

Figure 1:

2. Results for 2D-Lattice of TUC4Cg[p, ¢

The line graph of the subdivision graph of 2-D lattice of TUC4Cs|p, ¢ is depicted in Figure 2(b).

<> ) )
O ou(B 3

) Subdivision graph of 2D-lattice of ) Line graph of the subdivision graph of
TUC4Csl4, 2] TUC4Csl4, 2]

Figure 2:

The 2D-lattice of TUC4Cs|p, g] is a graph with 4pq vertices and 6pg — p — ¢ edges. By Lemma 2.1, the subdivision graph
of 2D-lattice of TUC4Cslp, q] is a graph with 10pg — p — g vertices and 2(6pg — p — q) edges. Thus by Lemma 2.2, G has
2(6pg—p—q) vertices and 18pg—5p—>5q edges, where G is the line graph of subdivision graph of 2D-lattice of TU C4Cs|p, q].
Clearly the vertices of G are either of degree 2 or 3, see Figure 2(b). Thus the edge partition of G based on the degree

sum of closed neighborhood vertices of each vertex is obtained as given in Table 1 and Table 2.

D¢g(u),Dg(v) \ wv € E(G) (6, 6) (6,7) (7,7) (7, 11) (11, 12) (12, 12)

Number of edges 4 8 2(p+q—4) 4(p+q—2) 8(p+q—2) 2(9pq + 10) — 19(p + q)

Table 1: Edge partition of G withp >1,¢>1

D¢ (u), Dg(v) \ wv € E(G) (6, 6) (6,7) (7, 7) (7, 11) (11, 11) (11, 12) (12, 12)

Number of edges 6 4 2(p—2) 4(p—1) 2(p—1) 4(p—1) (p—1)

Table 2: Edge partition of G withp >1andg¢=1

Theorem 2.1. Let G be the line graph of subdivision graph of 2D-lattice of TUC4Csp, q]. Then

NDSIT (G) = 12% x 1357 x 142(pHa=1) o qgtalpta=2)  gg8alpta=2)  94al2Opat10)—19+a] ;e 151 ¢ > 1 (3)
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= 1207 x 137 x 142%(P=2) 1810~ 1)  992e(P=1)  9gda(p=1) y gyalp=1) if p>1l,g=1 (4)

Proof. Case 1: Suppose p > 1, ¢ > 1. From equation (1) and by using Table 1, we deduce

NDSII(G) Il [Dc )+ Ds ()

w€eE(G)
= (64+6)" x (6+7)% x (T4 7)2FHD% 5 (74 11)* P79 5 (11 4 12)5PHI72 ¢ (12 4 12)POPAHIO= 190+

— 124a « 138a % 142a(p+q74) % 184a(p+q72) % 238a(p+q72) % 24a[2(9pq+10)719(p+q)]

Case 2: Suppose p > 1, ¢ = 1. From equation (1) and by using Table 2, we derive

NDII (G) I [De @) + D (v)*

uwv€EE(G)

= (6+6)5 x (647)" x (7T+7)2P7D% x (74+11)*P7D x (11 + 11)>P7D% 5 (11 4 12)* P71 » (12 4 12)P~ e

= 1209 x 131 x 1429(P=2)  1galp=1) y 9920(P=1) y ggdalp—1)  ggalp—1)

We obtain the following results by using Theorem 2.1.

Corollary 2.2. Let G be the line graph of subdivision graph of 2-D lattice of TUC4Cslp,q|. Suppose p > 1, ¢ > 1. Then
(1). NDiII(G) =12* x 13® x 142(pta—4) o 184(P+a=2) o 938(p+a—2)  942(9pq+10)—19(p+q)

(2). HND\IT (G) = 12°% x 13¢ x 144(p+a—4) o 188(P+a=2) y 9316(p+a—2) y 942[2(9pq+10)—19(p+q)]

4 L \8 1\ 2(pta—4) 1\ 4(pt+a-2) 1\ 3(ta—2) 1\ 2(9pg+10)—19(p+q)
X|(—=) x|—= X | —— X | —= X | —= .
(&) = () (=) () ()

in equation (3), we get the desired results. O

(5). SNDII(G) = ()

Proof. Puta=1,2, —%
Corollary 2.3. Let G be the line graph of subdivision graph of 2-D lattice of TUC4Cs|p, q]. Suppose p > 1, g =1. Then
(1). ND1II(G) =125 x 13% x 142(P72) 5 184(P=1) 5 222(p=1) 5 931(p=1) 5 24(p=1),

(2). HND1IT (G) = 12'2 x 135 x 144(P=2) 5 188(P=1) 5 994(p=1) 5 938(p=1) 5 942(p—1)

(3). SNDII(G) = (\/%)6 " (\/%)4 " (ﬁ)ﬂpﬂ) » (\/%)4(1771) o (\/%)2@71) o (%)4(1771) « (i)pfl.

Proof. Puta=1,2, —% in equation (4), we obtain the desired results. O

Theorem 2.4. Let G be the line graph of subdivision graph of 2-D lattice of TUC4Cs[p,q]. Then

NDSIT(G) = 36™ x 425 x 49>PHa=Da o gralpta=2)a o q398(pta=2)a o 1 gq2OPHIO=1@FD]e e 5 1 g5 1 (5)

= 36%% x 4217 x 492(P=a y g7ip—Da o 1912(p=Da  39d(p—a . 14y P=Da if p>1l,g=1 (6)
Proof. Case 1: Suppose p > 1, ¢ > 1. By using equation (2) and Table 1, we obtain

ND3II(G)= ][] [DPa(u)Da (v))*
uwv€EE(G)

= (6 % 6)" x (6 x 7)%* x (7 x 7)2FPHI7D% 5 (7 x 11)*PFI72% 5 (11 x 12)3PFHI7D% ¢ (12 x 12)POPat1019@ O]

3]
=
3]
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= 361 x 4987 x 492(Pta—4) o 77d(pta=2a 1398(pta—2)a o 1,4[2(9p¢+10)=19(p+q)]a

Case 2: Suppose p > 1, ¢ = 1. From equation (2) and by using Table 2, we deduce

NDSII(G)

[1 (D6 D)

uwv€eE(G)
= (6% 6)° x (6 x 7)* x (T x 7)2P72% 5 (7 x 11)*P7H 5 (11 x 11)2P7D% » (11 x 12)* P D x (12 x 12)P~ D

= 36%% x 421 x 492~ gyip—Da o 1912(p—Da o 1394(p—Da  1yyP—Da

We establish the following results by Theorem 2.4.
Corollary 2.5. Let G be the line graph of subdivision graph of 2D-lattice of TUC4Cslp,q]. Suppose p > 1, ¢ > 1. Then
(1). NDoII(G) = 36% x 428 x 492(PHa—4) 5 774(p+a=2) 4 1398(p+a=2)  1442(0pa+10)=19(p+a)

(2). HNDoIT (G) = 36° x 4216 x 49*(p+a=4) 5 778(p+a=2) , 13916(pFa=2) 5 14422(0pa+10)—19(p+a)],

(3). PNDII(G) = (%)4 % (\/%)8 y (%)2(p+q74) o (\/%)4(P+Q*2) o (Jllﬁ)B(pﬂ%) « (%)2(9pq+10)*19(1”—’+q)‘

(4). RNDII (G) = 6* x 42 x 72 Ha=4) 5 772(p+a=2) 5 1394(pFa=2) 5 192(0pa+10)=19(p+a)

Proof. Put a=1,2,—1%, 1 in equation (5), we get the desired results. O
Corollary 2.6. Let G be the line graph of subdivision graph of 2D-lattice of TUC41Cs[p, q]. Suppose p > 1, g =1. Then
(1). NDoIT (G) = 36° x 42% x 492(P=2) 5 774®=1) » 1212(P=1) 5 1324(P—1) 5 144P~1,

(2). HNDIT (G) = 362 x 428 x 49*(P=2) 5 778=1) 5 1214(P=1) 5 1328 —1) 5 1442(P—1)

(3). PNDIT(G) = (3)° x ()" % (3)"77 5 (&) ()" ()™ < (89)7

(4). RNDII (G) = 6% x 422 x 72P=2) 5 772(p=1) 5 121771 5 1322(P~1) 5 12771,

Proof. Put a=1,2,—1%, 1 in equation (6), we obtain the desired results. O

3. Results for TUC,Cyp, g Nanotube

The line graph of subdivision graph of TUC4Cs[4, 2] nanotube is shown in Figure 3(b).

(a) Subdivision graph of TUC4Csl4, 2] (b) Line graph of subdivision graph of
nanotube TUC4Cgl4, 2] nanotube

Figure 3:

Let H be the line graph of subdivision graph of TUC4Cs|p, q] nanotube. A graph of TUC4Cs|p, g] nanotube is a graph with

4pq vertices and 6pg — p edges. By Lemma 1.1, the subdivision graph of TUC4Cs|p, q] nanotube is a graph with 10pg — p
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vertices and 12pq — 2p edges. Thus by Lemma 1.2, H has 12pq — 2p vertices and 18pg — 5p edges. The vertices of H are
either of degree 1 or 3, see Figure 3(b). Hence the edge partition of H based on the degree sum of closed neighborhood

vertices of each vertex is obtained as given in Table 3 and Table 4.

Dy (u), Dgr(v) \ wo € E(H) (7,7) (7, 11) (11, 12) (12, 12)

Number of edges 2p 4p 8p 18pg — 19p

Table 3: Edge partition of H whenp >1,4g>1

Dy (uw), Dy (v) \ wv € BE(H) (7,7 (7, 11) (11, 11)  (11,12) (12, 12)

Number of edges 2p 4p 2p 4p P

Table 4: Edge partition of H whenp>1,g=1

Theorem 3.1. Let H be the line graph of subdivision graph of TUC4Cs|p, q] nanotube. Then

NDIT (H) = 1427 x 18197 x 2339 5 24°(8a=190)  r 551 > 1 (7)

= 14797 x 18%%F x 222%P % 23%P % 24°P if p>1,q=1 (8)
Proof. Case 1: Suppose p > 1, ¢ > 1. By using equation (1) and Table 3, we obtain

ND{I(H)= ][] [Du(u)+ Du ()]
uwvEE(H)

= (T+7)%P% x (T+11)"* x (11 + 12)%* x (12 4 12)(18ra=19p)a

= 14297 184 x 2389P  9q2(18Pa—19p)
Case 2: Suppose p > 1, ¢ = 1. From equation (1) and Table 4, we deduce

NDII(H)= [] [Du(u)+ Du ()"
uwvEE(H)

= (T4 7)%" x (T4 11)** x (11 +11)%* x (11 + 12)*"* x (12 + 12)**

= 14297 x 18%9P x 2229P x 23%9P » 24P,

O
We obtain the following results by Theorem 3.1.
Corollary 3.2. Let H be the line graph of subdivision graph of TUC4Cslp, q] nanotube. Suppose p > 1, ¢ > 1. Then
(1). ND1II(H) = 14?F x 18% x 235 x 2481197,
(2). HND1IT (H) = 147 x 18%P x 23167 x 942(18pa—19p)
(3). SNDII (H) = (ﬁ)% x (ﬁ)@ X (J%)&y x (ﬁ)lgm_lgp.
Proof. Puta=1,2, —%, in equation (7), we obtain the desired results. O
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Corollary 3.3. Let H be the line graph of subdivision graph of TUC4Cslp, q] nanotube. Suppose p > 1, ¢ =1. Then

(1). ND{II(H) = 14%F x 18% x 22%P x 23%P x 24P,

(2). HND1IT (H) = 14% x 18%7 x 229 x 23%F x 24%P,

(3). SNDII (H) = (ﬁ)zp x (ﬁ)@ x (J%)% x (J%)@ x (ﬁ)p

Proof.  Put a=1,2,—1, in equation (8), we obtain the desired results. O
Theorem 3.4. Let H be the line graph of subdivision graph of TUC4Cs|p, q] nanotube. Then

NDSII(H) = 49%P% x 777 x 132°P% x 14418Pa=19P)a - p 5 1 g > 1 9)
= 492 x 77T x 121%P* x 132%P% x 1447, if p>1,q=1 (10)
Proof. Case 1: Suppose p = 1, ¢ > 1. From equation (2) and by using Table 3, we deduce
ND3IT(H)= ] [Du(u)Du@®)°
uwveE(H)
= (7x7)%% x (T x 11)"* x (11 x 12)%* x (12 x 12)(18ra=19p)a

= 4970 77O« 132879  144(18Pa—19P)a

Case 2: Suppose p > 1, ¢ = 1. By using equation (2) and Table 4, we derive

NDsII(H)= [] [Du(u)Du (@)

uveE(H)
= (Tx 7)%* x (T x 11)** x (11 x 11)?P* x (11 x 12)*"* x (12 x 12)**

= 49%P% x 774D 5 1212P% % 132%P% % 144P°,

O
We establish the following results by Theorem 3.4,
Corollary 3.5. Let H be the line graph of sub-division graph of TUC4Cs|p, q] nanotube. Suppose p > 1, ¢ > 1. Then
(1). ND2II(G) = 49%P x 77 x 13257 x 144'8p1~19P,
(2). HNDoIT (H) = 49%7 x 77%P x 13216P x 1442(18pa—19)
(3). PNDII(H) = (1) x (ﬁ)‘lp X (ﬁ)sp x ()8,
(4). RNDII (H) = 7% x (V77)" x (V/132)™ x 12!8pa=1%,
Proof. Puta=1,2, —%,% in equation (9), we get the desired results. O

Corollary 3.6. Let H be the line graph of subdivision graph of TUC4Cslp, q] nanotube. Suppose p > 1, ¢ =1. Then
1). P = X x 121°P x x 1 .
NDoII(G) = 49% x 77% x 12127 x 132% x 144P
(2). HNDoIT (H) = 49%7 x 775 x 1217 x 132%P x 144%P.
4p 4p 2p 1 4p
(3). PNDII(H) = (1)* x (ﬁ) x (T%) x (fﬁ) % (4

(4). RNDII (H) =7 x (V77)"" x (VI21)* x (V132)"" x 127,

‘ =

)"

)

Proof. Puta=1,2, —%, % in equation (10), we obtain the desired results. O
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4.

Results for TUC,Cs[p, q] Nanotorus

The line graph of subdivision graph of TUC4Cs|p, g] nanotorus is depicted in Figure 4(b).

(a) Subdivision graph of TUC4Cslp, q|
nanotorus

Figure 4:

(b) Line graph of subdivision graph of

TUC4Cs[p, q] nanotorus

Let K be the line graph of subdivision graph of TU C4Cs|p, ¢] nanotorus. A graph of TU C41Cs[p, q] nanotorus has 4pq vartices

and 6pg edges. By Lemma, the subdivision graph of TUC4Cs|p, q] nanotorus has 10pq vertices and 12pq edges. Thus by

Lemma 2, K has 12pq vertices and 18pq edges. Clearly the degree of each vertex is 3. The edge partition based on the

degree sum of closed neighborhood vertices of each vertex is given in Table 5.

Dg(u), D (v) \wv € E(K)

(12, 12)

Number of edges

18pq

Table 5: Edge partition of K

Theorem 4.1. Let K be the line graph of subdivision graph of TUC4Cslp, q] nanotorus. Then by using definitions and Table

5, we establish

(1). NDYII(K) = 1,venx) [Px (u) + Dic (v)]* = 247574,
(2). ND1II(K) = 24874,

(3). HND1IT (K) = 243079,

(4). SNDII(K) = (55)°.

(5). NDSII (K) = TT,e poc) [P (1) Dic (v)]* = 14418979,
(6). NDoII (K) = 1448719,

(7). HNDoIT (K) = 1443674,

(8). PNDII(K) = (&)"".

(9). RNDII (K) = 1284,
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