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Abstract: The functional-analytic approach to the solution of partial differential equations requires knowledge of the properties of
spaces of functions of one or several real variables. A large class of infinite dimensional dynamical systems (evolution
systems) can be modeled as an abstract differential equation defined on a suitable Banach space or on a suitable manifold
therein. The advantage of such an abstract formulation lies not only on its generality but also in the insight that can be
gained about the many common unifying properties that tie together apparently diverse problems. It is clear that such
a study relies on the knowledge of various spaces of vector valued functions (i.e., of Banach space valued functions). For
this reason some facts about vector valued functions is introduced. We introduce the various notions of measurability for
such functions and then based on them we define the different integrals corresponding to them. A function f:Q — X is
strongly measurable if and only if it is the uniform limit almost everywhere of a sequence of countable-valued, ¥-measurable
functions. If X is separable and f : Q@ — X, be a function then the following three properties are equivalent: (a) f is
strongly measurable; (b) f is weakly measurable; (c) f is Borel measurable. A strongly measurable function f: Q — X, is
Bochner integrable if and only if the function w — || f (w)|| y is Lebesgue integrable (i.e., ||f (.)||x € L'(2)). The emphasis
of the project is on the so-called Bochner integral, which generalizes in a very natural way the classical Lebesgue integral to
vector valued functions. We continue with vector valued functions and introduce the so-called Lebesgue-Bochner spaces,
which extend to vector valued functions of the well known Lebesgue LP-spaces. We also consider evolution triples and the
function spaces associated with them. Evolution triples provide a suitable analytical framework for the study of a large
class of linear and nonlinear evolution equations.
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1. Introduction

The functional-analytic approach to the solution of (partial) differential equations requires knowledge of the properties
of spaces of functions of one or several real variables. A large class of infinite dimensional dynamical systems (evolution
systems) can be modeled as an abstract differential equation defined on a suitable Banach space or on a suitable manifold
therein. The advantage of such an abstract formulation lies not only on its generality but also in the insight that can be
gained about the many common unifying properties that tie together apparently diverse problems. It is clear that such a
study relies on the knowledge of various spaces of vector valued functions (i.e., of Banach space valued functions). For this
reason some facts about vector valued functions is introduced. We introduce the various notions of measurability for such
functions and then based on them we define the different integrals corresponding to them. The emphasis of the project is
on the so-called Bochner integral, which generalizes in a very natural way the classical Lebesgue integral to vector valued
functions. We continue with vector valued functions and introduce the so-called Lebesgue-Bochner spaces, which extend to
vector valued functions of the well known Lebesgue LP-spaces. We also consider evolution triples and the function spaces
associated with them. Evolution triples provide a suitable analytical framework for the study of a large class of linear and

nonlinear evolution equations.
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To have a good theory of integration, we need a reasonable notion of measurability of functions. In this direction the
basic result is the Pettis measurability theorem, which was proved by Pettis (1938a). The main integral for vector-valued
functions, which has a rich enough structure to have significant applications, is the Bochner integral. The Bochner integral
can be traced in the works of Bochner (1933) and Dunford (1935) and for this reason is also known as\Dunford’s first
integral.” Most of the properties of the Bochner integral follow from the corresponding properties of the classical Lebesgue
integral. So some analysts say that the Bochner integral is the Lebesgue integral with the absolute value replaced by norms.
The Pettis integral has much fewer applications, which require knowledge and use of sophisticated measure theoretic results.
The theory of Pettis integration started with the work of Pettis and attracted renewed attention after the paper of Edgar
(1977 A reflexive Banach space has the RNP, which was established by Phillips (1940), while the fact that a separable dual
Banach space is an RNP space is due to Dunford & Pettis (1940). The Riesz Representation theorem for the Lebesgue
Bochner spaces LP(Q; X), p € [1,400)) is essentially due to Bochner & Taylor (1938). Its proof can be found in Diestel &
Uhl (1977, p. 97). Its extension (for p = 1) mentioned in Theorem (called Dinculeanu-Foias theorem) is due to Dinculeanu
& Foias (1961) and its proof, based on \lifting theory,” can be found in Ionescu-Tulcea & Ionescu-Tulcea (1969, p. 93).
Absolute continuity of real valued functions was introduced by Vitali (1908), who established the fundamental fact that
a real valued function on [0,1] is absolutely continuous if and only if it is the integral of its derivative (the fundamental

theorem of Lebesgue calculus).

2. Measurable Vector-Valued Functions

In this we deal with functions which take values in Banach spaces. For such functions we define the various notions of
measurability and different integrals corresponding to them. The domain of a function is a finite measure space (€, %, )
and the range is a Banach space X. By X* we denote the topological dual of X and by (.,.) the duality brackets for the
pair (X*, X). By B(X) we denote the Borel o-field of X.

2.1. Definitions of Measurable Functions
Definition 2.1. Let f: Q — X is a function.

1. Function f is said to be a simple functions, if it takes finite number of values, say x1,x2,...,xn and Ey be an element

of ¥ (a o-algebra) the formula f () = Y. (zkXE,) s called the standard representation of f and x g, is a characteristic
k=1

1 ifwe Eg
function on Ey such that xg, (w) = .
0 otherwise

2. Function f is said to be strongly measurable (or Bochner measurable), if there exists a sequence sn : Q2 — X, n > 1,
of simple functions, such that s,(w) — f(w) for p-almost all w an element of Q, where — denotes the convergence in

the norm topology of X i.e. ||f (w) — sn(w)|| — 0 for p-a.a w € Q (a. a means almost every where).
3. Function f is said to be weakly measurable, if for all * € X*, the function w — (x*, f(w)) is L-measurable.
4. Function f: Q — X" is said to be weak*-measurable, if for all x € Xthe function w — (f(w),z) is X-measurable.

Remark 2.2. Fvidently strong measurability of a function f : Q — X implies its weak measurability. Also strong mea-
surability implies that for every B € B(X), we have that f~'(B) € ¥ (i.e., f is Borel measurable). Moreover, adapting
the proof of the classical result, which asserts that a measurable real-valued function is the p-almost everywhere limit of a

sequence of simple functions, we see that if X is separable, then f : Q — X is strongly measurable if and only if it is Borel
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measurable. In fact, in the next theorem, known as the Pettis measurability theorem, when X is separable, the situation

simplifies considerably.

Theorem 2.3 (Pettis Measurability Theorem). A function f : Q — X is strongly measurable if and only if it is weakly
measurable and p-almost separably valued (i.e., there exists a set A € ¥ with p(A) = 0, such that f(QnA) is separable in
X).

Evidently D, € ¥NCy and Co = |J Dn. Let E, = D,)\
1

n=

1
D,,. Then {E,};2; C XN Co is a sequence of disjoint sets
21

n

and Co = Uo7, En. We define fc(w) = . Clearly, fe: © — X is Y-measurable, count ably valued

0 ifweMCo

(i.e takes countably many values) and || f (w) — fe(w)]||x < € for all w € Q. Taking e = £, k = 1, we see that f is the uniform
limit of a sequence { fi /k}, k = 1 of countably-valued functions, hence f is strongly measurable. An interesting by product

of the previous proof is the following result.

Corollary 2.4. A function f : Q — X is strongly measurable if and only if it is the uniform limit almost everywhere of a

sequence of countable-valued, -measurable functions.

Proof. (=) Suppose f : Q@ — X is strongly measurable. Then there exists a sequence {fn},_, of X-valued of simple
function such that f, (w) = f(w) for p—a.aw € Q= || fn (W) — f(W)||x — 0. For py—a.aw € Q = nler;O | fr (W) — f(W)llx =
0 for p —a.a w € Q. Hence, for all €> 0, there exists N € N such that nlLH()lo | fr (W) — f(w)||x < € for all n = 1, for
h—aaw €= nan;o fn (W) = f(w) for almost all w € Q. Hence f is the uniform limit almost everywhere of sequence
{fn},—; of countably-valued, ¥-measurable functions.

(=) Suppose f : Q& — X is the uniform limit almost everywhere of sequence {fn},_, of countably-valued, ¥-measurable
functions. That is nh_}rr;o fn(w) = f(w) for almost all w € Q = nh_}rr;Oan (W)= fW)|lx =0 for p—aaw € Q =
| fr (W) = f(w)||x — 0 for p —a.a w € Q. Therefore, fn(w) = f(w) for p —a.a w € Q. Hence f is strongly measur-

able. O

Example 2.5. If X is not separable, the weak measurability does not imply strongly measurability. Consider non separable
Hilbert space X = 12([0,1]) and let {e:}, t € [0,1] be an orthonormal basis. Then the function f : [0,1] — 1*([0,1]) 4s defined
by f(t) = e is weakly measurable. Since (x*, f(t)) = (x*,e:) = 0 for all z* € 1>([0,1])* = 12(]0, 1]).

On the other hand, if A C [0,1], then f([0,1]nA) is separable if and only if [0,1]nA is countable and so we cannot have

NY(A) = 0 therefore f is not strongly measurable (i.e. by pettis measurability theorem).

Definition 2.6. A bounded function f on the domain E of finite measure is said to be lebesque integral over E if the upper

b
and lower integrals are equal. The common value is called the Lebesgue integral of f over E and denoted by [ fdu; then
a

b

b b
[ fdp= [ fdu= [ fdpu.

a

Note that: Anon-negative measurable function f on the E is said to be integrable over E if [ f < +o0.
E

Example 2.7. Let f (z) = e ® and E = [0,00] then solve [ f(z)dz. Now we are ready to define the Bochner integral for
0
measurable functions. To define the Bochner integral we need to extend the definition of Lebesgue integral to function that

takes values in banach space, as a limit of integrals of simple functions.

Definition 2.8.
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(a). Let s(w) = Y Trxe, be an X-valued simple function. The Bochner integral of s is defined by
k=1

[ 5@ du@) =3 aun(er)
Q2 k=1

(b). A function f: f — x is said to be Bochner integrable, if there exists a sequence {sn},_, of simple functions, such that

n—o0o

tim [ 1f @) = su@)l| di = 0
If A € ¥ we define the Bochner integral of f on A as
/ f(w)dp = lim / XA(w)Sn(w)dp (1)
A n=eo Jqg
Proposition 2.9. A strongly measurable function f : Q — X, is Bochner integrable if and only if the function w — || f (w)|| x

is Lebesgue integrable (i.c., || f (.)|lx € L'(Q)).

Proof. (=) Let f:Q — X is Bochner integrable. Then we can find a sequence {sn},_, of simple functions such that

lim /an(w) — (@) dp = 0

n—oo

Then for any n = 1; Fix e = 1 for all § > 0 there exists N € N such that [, ||sy(w)||dp <1 —06. Then [, ||f ()|l xdp <
Jo If (@) = s, ()] di+ [, |sn(w)]| dp < 400 for i — a.a w € Q. Therefore || f ()| € L'(€2).
(<) Let f:Q — X is strongly measurable function and || f (.)||x € L' (), then there exists a sequence {s,},_, of simple

functions such that s, (w) = f (w) for all w € Q\ A with pu(A4) =0

lim_[|f(w) = sn(@)lx =0

n—o00

Then lim {sn},~, = [fW)|lx for p —aa w € Q.  Let h, : Q@ — X for all n = 1 be defined by
n— oo =
Sn(w), if ||sn(w <2|f(w
by (W) = () lsn()llx 17 ()l . Evidently for every n > 1, h, -is an X-valued simple function. Also
0, otherwise

lim || f(w) — hn(w)||x = 0 for all w € Q\A and ||f(w) — hn(w)|lx < 3||f(w)|lx. Therefore, by the Lebesgue dominated
n—oo

convergence theorem, we have

Jim / /(@) - B (@) dpe = 0
n—r oo Q
Therefore, f is Bochner integrable by definition. O

Corollary 2.10. If f: Q — X is Bochner integrable function and A € ¥ then HfA f(w)d,u“x < [y f(w)dpll -

Proof. Suppose f : 2 — X is Bochner integrable function and A € ¥. Then

o], -

3o

X

IN

lim >kl x #(Cr[) A)
k

n—-+oo

/ 1 (w)deol|
A
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Theorem 2.11 (Linearity of Bochner Integral). Let f,g: Q — X are two Bochner integrable functions, A € ¥ and a,b € R.

Then af + bg is Bochner integrable functions too, and [(af + bg)dp = a [ fdu+ bfA gdp.
Q A

Proof.  Suppose f,g : @ — X are two Bochner integrable functions, then there is a sequences {fn},~, and {gn},~, of

simple functions such that

/||f — (@) du =0 and /ug n(@)lldp =0

Then [, [|af(w) — afn(w)||dp =0 and [, [|bg(w) — bgn(w)|| dp = 0. For a given e > 0, there exists N1 and Na € N such that

lim laf(w) — afn(w)] du < %; n > N1 and

n—+oo Q

tim [ o) = gn(@)lldu < 53 0> Ny

n—-+oo Q

Let N = max{N; N2} then we have

n——+oo

tim [ 0f() +ba(e)) = (afaw) + ban()] 1 d < tim / Jof@) = afu@)ldn+ tim [ o) - g0 d

Therefore, af + bg is Bochner integrable function.

Claim: [,(af(w) +bg(w))dp = a [, f(w)dp +b [, g(w)dp.

Since f and g are Bochner integrable functions, there exists sequences {f,} and {g.»}, » > 1 of simple functions such that
fon(w) = f(w) for p —a.a w € Q and gn(w) — g(w) for p —a.a w € Q. Thus afp(w) — af(w) for p — a.a w € Q and
bg,,(w) — bg(w) for p — a.a w € Q for any real a and b. Then af, (w) + bg,, (w) = af (w) + bg(w) for p —a.a w € Q. By
Monotone Convergence theorem we have

/ (af (@) + bg(w))dp = Tim | / (afn(w) + bgn(w))d4]
Q Q

n— oo

n— o0

a/Qf(w)du+b/Qg(w)du-

Proposition 2.12. If f : Q — X is measurable function. f, : @ — X, n > 1 are Bochner integrable, fn(w) — f(w) for

a lim [ (afn(w)dp+b lim /(gn(w)dp
Q n— o0 Q

O

p—a.aw € Q and there exists h € L*(Q), such that || fo(w)||x = h(w) for p—a.a w € Q. And for all n > 1, then f is

Bochner integrable and we have [, f (w)dp = hm fA w)du for all A € ¥.

Proof.  Since fn(w) = f(w) foralln > 1 and || fa(w)||x = h (w) for p—a.a w € Q, we have || f(w)||y for p—a.a w € Q and
the function w — || f (w) — fn(w)||x is E-measurable for every, n > 1. Since ||f (w) — fn(w)|x = 2h(w) for p —a.a w € Q,
we have that ||f () — fa()|lx € L'(Q) for all n > 1. Thus by the lebesgue dominated convergence theorem for R-valued

functions, we have

[ 17 @)= )l . @

By virtue of Definition 2.1 (b), for each n > 1, we can find an X-valued step function s,, such that

J 5 @) = sn@l s <
A
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‘We have

/Hf — (@)l gdp = /||f ~ faw \|Xdu+/ufn ) — () | i

= / I f (w) — sn(w)||xd — 0 as n — +o0, so f is Bochner integrable.
Q

Moreover, from Corollary 2.5 and (2), we have

adn= [ sl = [ 176 - sl can

:/ If (W) = sn(w)]|xdp — 0 as n — +oo.
Q

Therefore fA w)du = hm fA Sn(w)dp. O

Definition 2.13. A set function m : Q — X is said to be a vector measure, if for all sequences {An}, o, C X of pairwise

disjoint sets, we have m ( U An> = > m(Ay), Where the series converges in the norm topology of X.
n=1

n=1
The next proposition shows that the indefinite Bochner integral A — [ 4 Jdu of a Bochner integrable functions f: Q — X

is a vector measure which is absolutely continuous with respect to u (that is, m < ).

Proposition 2.14. If f : Q@ — X is Bochner integrable function, then the set function m : Q — X defined by m(A) =

Jo f (w)dp, for all A € ¥ is a vector measure and m is absolutely continuous with respect to p (that is lim,,(ay_om (A) =0).
Proof.  Let {A,}, -, C ¥ be a sequence of pair wise disjoint sets. Since HfA f(w) duH = [ IIf W)y dufor all n > 1,
the series Z / A, w) dp is dominated term-by-term by the convergent series of positive terms

nio:l/An IIf (W)l x dp = /Q IIf (W)|lx dp < 400 (By Corollary 2.4)

Therefore the series Z J A, w) dp is absolutely continuous. Moreover, for all k > 1, we have

oo w) dp — < /OQ f(w)du
/U Anp Z An U A4, ( )
n=1 X no1 ¥
S/m £ @)lxdi 0 as k- o0
=%+1(An>

So m ( U An> = 3" m(Ay), that is m is a vector measure. Since ||f (.)||x € L'(R2), from the absolute continuity of the

n=1
Lebesgue integral, we have

Jim 17 @)l dn =0

F Coroll 24 h li = i w)d = i dp =0 and . Th
rom Corollary 2.4, we have lm [lm (A)llx = lm [, f(@)duly = lm [,]f(w)llxde=0andsom < u. Thus
far the theory of the Bochner integration is a straightforward extension of the theory of Lebesgue integration, with the
absolute values replaced by norms. The next theorem exhibits a strong property of the Bochner integral that has no

counterpart in the theory of Lebesgue integration. O
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2.2. Weaker integrals for Banach space valued functions

Definition 2.15. Let f: Q — X be a function for all A € X.

Suppose that f : Q — X is weakly measurable. We say that f is Pettis integrable if for every A € 3, there exists xa € X
such that (x*;xa)x = [,(¢"; f(w))xdp Va* € X*. Then we write x4 = (P) — [, f(w)dp.

Suppose that [ : Q — X is weakly measurable. We say that f is Dunford integrable if for every A € X, there exists v’y € X**,
such that (x50 )x+ = [,(f (W), z*)xdp for all z* € X*. Then we write x4 = (D) — [, f(w)dp.

Suppose that f: Q — X™ is w*-measurable. We say that f is Gelfand integrable if for every A € ¥, there exists xa™ € X**,
such that (za™;x) x> = [, (f (W), z)xdp for all z* € X*. Then we write 4™ = (G) — [, f(w)dp.

Remark 2.16. Clearly, we have that Bochner integrability implies Pettis integrability and Pettis integrability implies Dunford
integrability. The reverse implications need not be true. Of course, if X is reflexive, then the Pettis and Dunford integrals
coincide. Finally note that the Gelfand integral is actually the Pettis integral for X*-valued functions.

For a Pettis integrable function f : Q — X, we consider the set-valued function A — (P) — [, fdu. We want to know if

this is a p-continuous vector measure, as was the case with the Bochner integral (by Proposition 2.3).
To answer this we need some preparation.
Definition 2.17. Let > > | xn be a series of elements of X.

(a). We say that the series 21 Ty 15 unconditionally convergent to z, if for all permutations ™ of N, the series Yo" | Tr(n)
ne

converges to .

(b). We say that the series Y. x, is weakly subseries convergent to z, if for every strictly increasing sequence {xr} of
n=1

o0
integers, the series Y Tn, is weakly convergent.
n=1

o0
Remark 2.18. If > z, is absolutely convergent, it is unconditionally convergent equivalent to subseries convergent.
n=1

3. Lebesgue-Bochner Spaces and Evolution Triples
3.1. Lebesgue-Bochner Spaces

Using the Bochner integral introduced in the previous section, we can intro- duce generalizations of the classical Lebesgue
spaces to Banach space valued functions. As in the previous section (2, X, 1) is a finite measure space and X is a Banach

space. Additional hypotheses will be introduced as needed.

Definition 3.1. Letp € [1,+400]. By LP(Q, X) we denote the space of equivalence classes of measurable functions f : Q@ — X,

such that [|f (.)|lx € LP(2). Also, introduce their respective norms by | f|, = (JIf@)5%)1/p for 1 < p < +oo And

1611 = esssup I @) for p =+
Remark 3.2. The equivalence relation f ~ g if and only if f (w) =g (w) — 0 for p —a.a w € Q.
Proposition 3.3. (L?(Q2, X), [||l,) is a Banach space, for p € [1,+o0].

e Ifpe (1;400) .2 is countably generated and X is separable, then LP (2, X) is separable.

o Ifpe (1;400) and X is reflexive, then LP (2, X) is reflexive.

o If X is a Hilbert space, then L* (Q, X) is a Hilbert space too with inner product (f,g)s = QJ (F(@hglw)Xdp
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Proof. Let {fn} be a sequence in L? (2, X) such that 2_:1 [l full, < 400, for 1 < p < oco. Put M = 2—:1 I fall, = +oo.

Let gu = 3 [fil. Then gl = 3= Ifell = 5= Ifall, = +oo, thus g € L7 (2.X). Put f = 5= fi. Then g — fl, =

> fn ‘ = > |fall, £ +oo. Hence for a given € > 0, there exists N € N such that ||gn — f|, < ¢/2 for all n < N.
n=k+1 n=k+1

Therefore lim [lgall, = [fll,- Then llgn —gmll, = lgn — f + F = gull, = lgn — fll, + |f —gmll, < 5+ § = . Hence

LP (2, X) is Banach space for 1 < p < co. Let p = co. Let {fn}, n > 1, be a Cauchy sequence in L* (2, X). It follows
that |fn — fm| = [fn = fmllp oo (o) Almost everywhere and hence fn (w) — f(w) almost everwhere, where f is measurable
and essentially bounded.

Choose € > 0 and N (e) such that || fn — fin |l oo (q) < 2 for all n,m > N(e). Since

F(@) = fa@) = Hm [|fu = full o) < &

we have ||f — fall oo (o) < € for all n > N(e). So that ||fn — fll e (q,x) = 0. Therefore lim |[full,, = [Ifll, and L* (€; X)
’ n—oo

is Banach space. That is L? (2, X) is Banach space for p € [1; +0o0]. O
Remark 3.4.

(a). The o-field ¥ is countably generated if there exists a countable subfamily T, such that ¥ = oT. If Q is an open or closed
subset of R"™, then Borel o-field B(X) is countably generated.

(b). Simple function is dense in L? (Q, X) and if Z C R" is a bounded open set then Z C C*°(Z; X) is dense in L? (Q, X)

for p € [1;4+00).
3.2. Bounded Variation and Radon-Nikodym Property (RNP)

Definition 3.5. Let m : ¥ — X be a vector measure. We say that m is of bounded variation; if |m|(Q2) < 400, where
Im| (2) = sup

limitst,Ycer, ||m(C)| 5 for all A € ¥ with Ta running through the set of all finite ¥.-partitions of A.

The quantity |m| : ¥ — Ry is called the variation of m and a measure. A Banach space X is said to have the Radon-Nikodym
Property (RNP); if for every probability space (2, X, 1) and every vector measure m : ¥ — X — X of bounded such that
m < p (i.e. if p(A) =0 then m (A) =0); there ezists f € L' (Q,X) such that m(A) = [, f(w)du for all A € .

Remark 3.6. The Radon-Nikodym Property is not a property that every Banach space has. To see this suppose that
X1 = Co On ([0;1], B([0;1]), \*). B([0;1]) is the Borel §-field of [0,1] and \* is the Lebesque measure. Consider a vector
measure m : B([0;1]) — Co defined by m(A) = {[, cosm‘clt}n>1 for all A € B([0;1]). By Riemann-Lebesgue Lemma
m(A) € Co for all A € B([0;1]). Also m < A'. However, m cannot have Radon-Nikodym derivative in eL' ([0;1];Co). Since

{cosnt}, -, ¢ Co For allt € [0;1]. Therefore Co Lacks the Radon-Nikodym Property.
Proposition 3.7. If X is Reflexive or it is a separable dual space, then X has RNP.

Theorem 3.8 (Riesz-Representation Theorem for the lebesgue-Bochner spaces). If p € [1;400) and % + % = 1, then
(LP (9, X))" = LU, X™) if and only if X* has Radon-Nikodym Property and the duality pairing is given by (f; g)Lr(a,x) =
J{f (w); g(w)yxdp for all f € LP (2, X) and g € L1(Q, X™).

Note that: What can we say if X™ does not have Radon-Nikodym Property (for example when C([0;1]))?
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Definition 3.9. By L*(Q; X,;«) we denote the space of all w*-measurable functions g : Q@ — X*, such that there exists
c > 0 with

g (w);z)x| =<clz|lx forp—aawe (3)

(The exceptional p-null set may depend on x). Two functions g; h are equivalent in L™ (Q; X;«) and denoted by g =~ h if

(g(w);zyx = (h(w);2)x for p —a.a w € Q and all x € X.
3.3. Absolutely continuous

Definition 3.10. A function f : T = [0;b] — X is said to be absolutely continuous, if for every ¢ > 0, we can find

0(e) >0 > (bnyan) < 9, We have Y ||f (bn) — f(an)|lx < € Also for a function f : T = [0;0] = X and a partition

n=1 n=1

P:0=xo<z < <zp=0>of T, We define V(f;p) = i If (xr) — f(@r—1)|lx- The variation of f on T is defined by
k=1
V(f)(b) =sup{V (f;p): p is a partition of T}. When V (f) (b) is finite, we say that f is of bounded variation.

Remark 3.11. Clearly the function t — V (f)(t) is an increasing function and if f : T = [0;b] — X is absolutely
continuous, then it is of bounded variation. The converse is not true. It is well known that a R-valued, continuous function
is almost everywhere differentiable on T and it is the indefinite integral of its derivative. The result is no longer true for

X-valued in general.

Example 3.12. Let X = L'[0,1] and consider the function f : [0,1] — X, defined be f(t) = xj0,y ¥V t € [0,1]. It is easy to

see that f is absolutely continuous. However, fis nowhere differentiable on [0, 1]. Indeed, if f is differentiable att = to € [0, 1],

then for every g € L™ [0,1] = (L'[0,1])*, the function t — v (t) = (g, f(t))r101] = folg(s)f(t) (s)ds = fotg(s) ds
11 ifs=to t 1 ifs=to

is differentiable at t = to. Let g(s) = , we have v(t) = and v clearly is not
0 -1 if8>t0 2t —t —1 if5>to

differentiable at t = to. Not that in this example X = L*[0,1] does not have the RNP.

Remark 3.13. The result is more generally true if we assume that X has the RNP. This follows from the fact the RNP
is passed to closed linear subspaces of X and if X is a separable Banach space with the RNP, then it has the separable dual
(see Diestel & Uhl (1977)). So a careful reading of the previous proof reveals that it remains valid if instead we assume only
that X has the RNP. The next result is an extension of the so-called “Lagrange lemma” and \ DuBois-Reymond lemma” (see

Denkowski, Migorski € Papageorgiou (2003b)) to Banach space valued functional.

Proposition 3.14. If f,g € L' (T; X) (with T = [0;b]) then the following conditions are equivalent:

(a). f(t)=u+ fot g(s)ds; u € X, for a.aVteT,

(). [JF @) (B)dt = — [ g (t)v(t)dt for all v € C=((0;b)).

(c). for every x* € X*, L(z*; f())x = (z*;9()) x in the distributional sense on (0;b).

Proof.  (a) = (b): Suppose f(t) = u+ fot g(s)ds; u € X, for a.aVt € T. Then f'(t) = g(s) +u € X, since L' (T; X) is

separable, X is separable. Let {:cn}n21 be dense in X.

/0‘ (n, [ ()5 V' (t) dt = /Ot <a7n,u+/0tg(s) ds>x o' (t) dt

- / (ot g(s)) v (£) dt
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(a) = (c): Supposef()—u—i—f0 s)ds; u € X, for a.a V¢t € T, then for every z* € X™;

(¢) = (b): From the definition of distributional derivative, for all v € Cg°((0,b)) and all " € X*, we have

[ s @a=— [ G @) voi= [ @)oo

X

S0
t
/ (z" 0 )+ o (t)g(t)) dt = < *,/ (v'(t)f(t)+v(t)g(t))dt> =0,Vz" e€X"
0 b
Thus fob f@wv fo t)dt for all v € C°((0;b)).
(b) = (a): Suppose f (t fo s)ds ¥Vt € T. Evidently f is absolutely continuous and f’(t) = ¢(t) for almost all

t€T. Let h=f — f. We have fo h(t)v(t)dt =0 for all v € C*°((0;b)). So using the above concepts and theorems we have
h(t)=ue X VteTandf()—u—Ffo s)ds;u € X, foraaVvViteT. O

Corollary 3.15. If f,g € L' (T; X) (with T = [0;b]) and one of the equivalent statements (a), (b) or (c) in Proposition

above holds, then f is almost everywhere equal to an absolutely continuous function f1: T — X.

Definition 3.16. Let f,g € L' (T;X) (with T = [0;b]). We say that g is the distributional (weak) derivative of f, if
I AGES — [V g (&) v(t)dt for all v € C=((0;b)).

We denote this derivative of f by Df. Let p € [l;4+o0] and T = [0;b]. We define: WP ((0;0);X) =
{fe L’ (T,X): Df € L (T, X)}.

Letp € [1;400] and T = [0;b] We define ACYP (T, X) = {f : T — X : fis absolutely continuous, differentiable almost every

where with derivative f' € L? (T, X)}.

4. Evolution Triple

Now we are about to introduce a notion that plays a central role in the study of evolution equations. The modern strategy
in studying parabolic equations is to make use of many different function spaces. The concept of evolution triple, which we

define next, provides an appropriate analytical framework to realize this strategy.

4.1. Definition of Evolution triples

Definition 4.1. A triple of spaces (X; H; X™) is said to be an evolution triple, if the following are true:
(a). X is a separable, reflexive Banach space;

(b). H is a separable Hilbert space;

(¢). The embedding X C H is continuous and dense.
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Remark 4.2. By virtue of Lemma 2.2.27(b), the embedding H* C X™ is continuous and dense. Since by the Riesz-Fréchet
representation theorem (see, e.g., Denkowski, Migdrski & Papageorgiou (2003a)) assume that H = H* then we have that
all embeddings X C H C X* are continuous and dense. For all h € H and all v € X, we have (h,z)x = (h;x)n i.e.

(-, )x1Exx = (3 )m. Also for 2 € X*, we have (x*,2)x = Hlli\m (h;x)m (since H is dense in X*). Therefore, if X is a
Al
h—a™

Hilbert space too, we do not represent the elements of X™ wusing the inner product of X (the Riesz-Frechet Theorem), but

using the inner product of H.

Example 4.3. If Z C RY is a bounded set with smooth boundary and p € [2;4+00), then as we shall see in Section 2.4, the
spaces X = WhP(T), H = L*(Z) and X* = (W'P(Z)). Form an evolution triple. For the evolution triple (X; H; X*), we
can consider the reflexive Banach space Wy (T') = {u evlP (T;X):u' € i (T X*)} With %-l— ﬁ = 1, introduced earlier.
In the next proposition we establish a regularity property for the elements of Wy, (T') and also derive an “integration by parts

formula,” which is crucial in the treatment of evolution equations.

5. Concluding Remarks

To have a good theory of integration, we need a reasonable notion of measurability of functions. In this direction the basic
result is the Pettis measurability theorem (see Theorem 1.1.3), which was proved by Pettis (1938a). The main integral
for vector-valued functions, which has a rich enough structure to have significant applications, is the Bochner integral.
The Bochner integral can be traced in the works of Bochner (1933) and Dunford (1935) and for this reason is also known
as\Dunford’s first integral.” Most of the properties of the Bochner integral follow from the corresponding properties of the
classical Lebesgue integral, by virtue of Corollary 1.1.4. So some analysts say that the Bochner integral is the Lebesgue
integral with the absolute value replaced by norms. The Pettis integral has much fewer applications, which require knowledge
and use of sophisticated measure theoretic results. The theory of Pettis integration started with the work of Pettis and
attracted renewed attention after the paper of Edgar (1977).

A detailed study of the Pettis integral with applications can be found in the monograph of Talagrand (1984a). On the
subject of vector-valued functions and their integration, the reader can consult the books of Diestel & Uhl (1977), Dunford
& Schwartz (1958) and Hille & Phillips (1957). The proof of the Orlicz-Pettis theorem can be found in Diestel & Uhl (1977,
p. 22).

A reference to Lebesgue-Bochner spaces can be found in every book dealing with infinite dimensional dynamical systems.
They are a natural generalization of the classical Lebesgue spaces using the notion of Bochner integral. Vector measures
were already considered by Pettis (1938b). However, the real expansion on the subject occurred in the late 60s and during
the 70s, when there was a systematic study of the geometry of Banach spaces. That is when RNP spaces were introduced
and studied in detail. That a re-flexive Banach space has the RNP, which was established by Phillips (1940), while the fact
that a separable dual Banach space is an RNP space is due to Dunford & Pettis (1940). The proof of Proposition 2.2.3
can be found in Diestel & Uhl (1977). Theorem 2.2.4 (the Riesz Representation theorem for the Lebesgue Bochner spa,
p?[1; +00)) is essentially due to Bochner & Taylor (1938). Tts proof can be found in Diestel & Uhl (1977). Its extension (for
p = 1) mentioned in Theorem 2.2.12 (called Dinculeanu-Foias theorem) is due to Dinculeanu & Foias (1961) and its proof,
based on \lifting theory,” can be found in Ionescu-Tulcea & Ionescu-Tulcea (1969).

Absolute continuity of real valued functions (see Definition 2.3.1) was introduced by Vitali (1908), who established the
fundamental fact that a real valued function on [0;1] is absolutely continuous if and only if it is the integral of its derivative

(the fundamental theorem of Lebesgue calculus).
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