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1 Introduction and Preliminaries

The fractional derivative operator DY is an extension of the familiar derivative operator D (n being a positive
integer), to arbitrary (integer, rational, irrational and complex) values of b. The development of the fractional
derivative operators is receiving keen attention from many researchers presently. In particular, see for example,
the work of Lavoie, etal. [9], Manocha [I1], Manocha-Sharma [12} [13] [I4], Oldham-Spanier [15], Sharma-Abiodun
[I7] and Deshpande [2]. In 1731, Euler extended the derivative formula in the following form.

Let Dib) denotes the operator of fractional derivative having the arbitrary order b, as usually defined

ng) [Zafl] _ F(l;(i)b) Za7b717 (1.1)
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which holds for all values of b, except b = a and a is neither zero nor a negative integer.
Throughout in present paper, we use the following standard notations:
N:={1,2,3,...}, No:={0,1,2,3,...} =NU{0} and Z~ := {-1,-2,-3,...} = Z; \{0}.
Here, as usual, Z denotes the set of integers, R denotes the set of real numbers, RT denotes the set of positive
real numbers and C denotes the set of complex numbers.
The Pochhammer symbol (or the shifted factorial) (), (A,v € C) is defined, in terms of the familiar Gamma
function, by

T'(A+v) 1 (v=0;x € C\{0})
AA+1)...(A+n—-1) (vr=neN;AeC)
it being understood conventionally that (0)o = 1 and assumed tacitly that the Gamma quotient exists.
The object of the present paper is to establish a generating relation for the product of two restricted Jacobi poly-
nomials, using the fractional derivative operator . A number of interesting generating formulae for Jacobi
and Laguerre polynomials are obtained as special cases.
A unification of Lauricella’s fourteen triple hypergeometric functions Fi, F»,..., Fi4 and three additional triple
hypergeometric functions Ha, Hg, Hc, was introduced by Srivastava [18], who defined a general triple hypergeo-
metric series F® [z, y, 2] in the form

(@) =2 (b); (b'); (B7) = (e)s (¢'); (") = T

F® Ty, 2| = Alm,n,p)— ==,
(€)1 (9); (9); (9") = (R); (R); (R"); m,nz,;:o mt nt pt

where, for convenience,

A B B’ , B . e} c’ , c’ .
H(aj)7n+n+p H(bj)m+n H(bj)nﬂ) H(bj Jp+m H(Cj)m H(Cj)n H(Cj )p
A(m,n,p) = J=1 j=1 j=1 j=1 j=1 j=1 =1
ThP) =g G ¢ ¢’ H H "
L1 minsn [T men [ [@)nto [T(a5 ot [Tri)en [T (B [T (R )
j=1 j=1 j=1 j=1 j=1 j=1 j=1
where (a) abbreviates the array of A parameters given by a1,as,...,as with similar interpretations for (b), ('),

(b""), et cetera. The above triple hypergeometric series converges absolutely when

1+ E4+G+G"+H—-A—-B—-B"-C > o,
1+E+G+G' +H -A-B-B -C'">o,
1+E+G +G"+H'"—A—-B —B"-C" > o,

where the equalities hold true for suitably constrained values of |z|, |y| and |z|.
The Jacobi’s polynomials P> )(;r) [16] are given by
(1+a)"F —-n,l+a+B8+n 1—2

241
n! 1+« ; 2

PP (z) =

= (-)"PP (—a)
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where Re(a) > —1 and Re(8) > —1.
The Laguerre’s polynomials L,(la)(x) [16] are given by

o
lim P{*?) (1 2““") =L (z) = At p z (1.3)
|8]—> o0 B n! 14+ a:

where Re(a) > —1
The Appell’s double hypergeometric function of first kind Fi1 [4] is given by

oo l s xr yS
r,5=0
where max{|z|, |y|} < 1.
The Humbert’s double hypergeometric functions are defined by [4]
o~ (@)ras(b)r 2"y
> b: e _ hadii A 1.5
1la, b c; x, ] T;O (rps 118l (1.5)
where |z] <1, |y| < oo
o~ (D)r(e)s 2" y°
Dy (b, ¢; d; = — 1.6
2[ , Cy 7f177y] T;O (d)r+s T’! S! ( )
where |z] < 00, |y| < oo
() 2"y
P3(b;d;x,y|l = — = 1.7
3[ ] T’SZ:O (d)r+s 7’! S' ( )
where |2| < 00, |y| < o0.

The triple hypergeometric function 3'1><D1) of Jain [6] is the generalization of Humbert’s double hypergeometric

function ®; and is defined by

(1) o (@)rtst(b)r(c)s " y° 2"
3¥D [aa » G d7 Iay7z] ,’,SZ]G:O (d)r+s+k r! sl k! ( 8)

Other notations of 3<I>(D1> are @g’) of Srivastava and Exton [19, 4] and Fp, of Exton [3].

s k
D0 b e —: d- _ (a) r+s+k (@)r4sti(b)r(c)s " y* 27 19
D [CL yCy 5 yx7y7z] zl;o d)risin rl sl k! (1.9)
. . . o (@)rrsir(B)r(c)s 2 y° 2F
Fp,la,a,a;b,c,—;d, d, d;z,y, 2] rsg Oﬁﬁgﬁ (1.10)

The triple hypergeometric function <I>é3)

of Exton [4] is the generalization of Humbert’s double hypergeometric
functions ®2 and ®3 and is defined by
o r,s Jk

O, b a)r\0)s Ty =
oV [a, b ¢33y, 2 Z Oramer ol LA (1.11)
r,s,k:O

Any values of parameters and variables leading to the results given in sections 2 and 3 which do not make sense,

are tacitly excluded.



20 Int. J. Math. And Its App. Vol.2 No.4 (2014)/ M.I.Qureshi, Deepak Kumar Kabra and Yasmeen

2 Main Generating Relations

Consider the generating relation of Feldheim [5] in the form

= 1 c,a—n n (1 + m)t —a; (1 — .T)t
n=0 n c;

where bec’a_")(m) and 1 F; are restricted Jacobi’s polynomials and Kummer’s confluent hypergeometric function
[16], respectively.

In equation , replacing ¢ by bt, multiplying both the sides by (1 — by)mbd*?(m being a positive integer),
using the operator Déd%) on both the sides and interpreting the result with the help of the definition , we

get the bilateral generating relation in the form

> (d)n Pl —m,d +n; n
Z uﬂv‘l by | (bt)
n=0 (€)n(1+c)n e+n ;
di—5——:1——a ;—m; —
_ p® b(1+ I)t’ b(1 m)t}by (2.2)
e —;——:—14+¢c —; 2 2

where o7 and F® are Gauss’s ordinary hypergeometric polynomial [16] and Srivastava’s triple hypergeometric

function respectively.

In l' replacing y, d, e and b by %, 1+d+e+m, 1+ e and 1, respectively and using the definition 1)

of Jacobi’s polynomial, we get a bilinear generating relation for Jacobi’s polynomials in the following form

fj (1 +d+etm)n P~ (@) P (y)
= 1+ e)min(1+)n

_p® l+d+et+mu———t——a ;—m; (14+xz)t (1—x)t 1—y
1+e n—y == — 14—

(2.3)

3 Special Cases

2
In 1) setting b = 1, replacing x and ¢ by (—m — 1> and —(1 + ¢)t, respectively, taking |c|] — oo, using the
c

confluence principle [10} 1], [19], we get

> "L(a ") _m7d+na
Z (d) (=) P gl

n=0 e—+n;
= 3<I>(Dl) [d,—a,—m;e; —t,y, —xt] (3.1)
= %) [d;—a, —m, —; e; —t,y, —at] (3.2)

= Fp, [d,d,d; —a,—m, —; e, e,e; —t,y, —xt] (3.3)
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Here Ll n)(x are the restricted Laguerre’s polynomlals
In or or , replacing e, t and y by 1 + e, & and g, respectively and taking |d| — oo, we get a

b1hnear generatmg function for restricted Laguerre’s polynomials

Ly @) Lt () ®)
t" = @3 [—a,—m; 1 +e; —t,y, —xt 3.4
7;) (1 +€)m+n 3 [ ] ( )

Setting t = —y in (3.3) and using a transformation of Exton [3], we get

o L(“ " —md s .
§j el 10, p, y| (—9)" = 1 [d: —(a+ m)i sy, ] (3.5)
n=0 e+n

Replacing y by —y and taking m = 0, (3.5) reduces to a known generating function of Khan [3]
L(a n)
Z @nln_"(2) ) = @1 [d; —a; €5 —y, —ay] (3:6)

When y is replaced by %, taking |d| — oo, 1| reduces to another known generating function of Khan [7]

(a=n)
> L"Tn(a’,)y" = @3 [~a;je; —y, —zy] (3.7)

When y =0 or m = 0, (3.3) reduces to (3.6).
When z = 0, (3.3) reduces to

o w(d)n —m,d+ n; tn
S= @l "

e)n e+n ; n!
. t . .
Replacing ¢ by — in l) and taking |a] — oo, we get
a

> d n _m7d+n7 tn
Z ) 2F1 U =&y [d; —m;e;y, t] (3.9)

e+n

t
On replacing y, t and e by %, 7 and 1 + e, respectively and taking |d| — oo, l} reduces to

mi(a)n  (etn), 1"
———" L, — =®y[a,—m;1 +e;t, 3.10
nE:O (1 + €)min (v) nl 2[a ety ( )

Similarly by the process of confluence, (3.10) gives

m! (e+n) o\ .
§(1+e)m+nL (¥) 5 = Ps[-mi 1+ ey, ] (3.11)

When y = 0 or m = 0 in (3.4), we again get (3.7) and when = = 0, (3.4) reduces to (3.10). Alternatively (3.1)),
(13.8) and (3.9) can also be written in the following bilateral and linear generating relations

l+e+d+m
Z( )n

L P(e+n,d) e
Otecrm, = V(@) P (y)

7( ) <I>(1) |:1—|—e—|—d—|—m,—a, —m;1+e;—t, T —itt] (3.12)
1 +e+ d + m) (e+n,d) t" (1 6)777, 1 Y
P > 2o A Tm 1 d —-m;1+e;t .1
;o e rm. m ) TP [Ltetdtma,—mil+ et — (3.13)
and
1+e+d+m) (e+n,d) t" (1 e)m 1 Y
2:—]3 , =P, [1l+e+d+m:—m:1+e: t 14
l1+e+ m)n (y) n! m! ! € 1 é 27 (3 )

n=0
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