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1. Introduction and Preliminaries

In 1942 Menger [9] introduced the notion of a probabilistic metric space (PM-space) which is in fact, a generalization of
metric space. The idea in probabilistic metric space is to associate a distribution function with a point pair, say (p,q),
denoted by F(p,q,t) where t > 0 and in-terpret this function as the probability that distance between p and q is less than t,
whereas in the metric space the distance function is a single positive number. Sehgal [21] initiated the study of fixed points
in probabilistic metric spaces. The important development of fixed point theory in Menger spaces were due to Sehgal and
Bharucha-Reid [21]. A probabilistic metric space shortly PM-Space, is an ordered pair (X, F') consisting of a non empty
set X and a mapping F from X x X — L, where L is the collection of all distribution functions (a distribution function F

is non decreasing and left continuous mapping of reals in to [0, 1] with properties, inf F'(z) = 0 and sup F'(z) = 1).

(1). The value of F at (z,y) € X x X is represented by Fy . The function F; , are assumed satisfy the following conditions;
(2). (FM —0) Fpy(t) =1, forall t >0, iff z = y;

(3). (FM —1) F,4(0) =0, if t = 0;

(4). (FM = 2) Fuy(t) = Fyo(1);

(5). (FM —3) Fyy(t)=1and Fy.(s) =1 then F, .(t+s) =1.

(6). A mapping T : [0,1] x [0,1] — [0,1] is a ¢t-norm, if it satisfies the following conditions;

(7). (FM —4) T(a,1) = a for every a € [0, 1];
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(8). (FM —5) T(0,0) =0,
(9). (FM —6) T(a,b) = T(b,a) for every a,b € [0,1];

(10). (FM —17) T(c,d) > T(a,b) for ¢ > a and d > b;

(11). (FM — 8) T(T(a,b),c) = T(a, T(b,c)) where a,b,c,d € [0,1];

(12). A Menger space is a triplet (X, F,T), where (X, F) is a PM-Space, X is a non-empty set and a ¢-norm satisfying

instead of (FM-8) a stronger requirement.
(13). (FM —9) Fp(t+s) > T(Fuy(t), Fy,z(s)) for allz >0, y > 0.

(14). For a given metric space (X,d) with usual metric d, one can put Fy 4(t) = H(t — d(z,y)) for all z,y € X and ¢ > 0,

where H is defined as:

1 if s >0,
(t)=
0 if s<O.

and t-norm 7 is defined as T'(a,b) = min{a, b}.
For the proof of our result we required the following definitions.
Definition 1.1. Let (X, F,*) be a Menger space and be a continuous t-norm.

(a). A sequence {x,} in X is said to be converge to a point x in X (written x, — x) iff for every e > 0 and X € (0,1), there

exists an integer no = no(€, \) such that Fy, »(€) >1— X for alln > ne.

(b). A sequence {xn} in X is said to be Cauchy if for every e > 0 and X € (0,1), there exists an integer ng = no(e, \) such

that Fi,, «,,,(€) > 1—X for alln>no and p > 0.
(¢). A Menger space in which every Cauchy sequence is convergent is said to be complete.

Remark 1.2. If is a continuous t-norm, it follows from (FM — 4) that the limit of sequence in Menger space is uniquely

determined.

Definition 1.3. Self maps A and B of a Menger space (X, F,x*), are said to be weakly compatible (or coincidentally

commuting) if they commute at their coincidence points, i.e. if Az = Bz for some x € X then ABx = BAz.

Definition 1.4. Self maps A and B of a Menger space (X, F,*) are said to be compatible if FaBz,,,BAz,(t) = 1 for all

t > 0, whenever x,, is a sequence in X such that Az, — x, Bx, — x for some x in X as n — oo.

Definition 1.5. Let S and T be weakly compatible of a Menger space (X, M,x) and Su = Tu for some u in X then
STy =TSu = SSu=TTu.

Example 1.6. Let X = [0, 3] be equipped with the usual metric d(z,y) = |z —y|. Define f,g:[0,3] — [0,3] by

Fa) = z ifx €[0,1),
3 ifzell3l.
And
o) 3—z ifzel01),

3 ifr€l,3].
Then for any x € [1,3], x is a coincidence point and fgx = gfz, showing that f,g are weakly compatible maps on [0, 3].
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Remark 1.7. If self maps A and B of a Menger space (X, F,*) are compatible then they are weakly compatible.
Lemma 1.8. Let (X, M,*) be a Menger space. Then for all z,y € X, M(z,y,-) is a non-decreasing function.

Lemma 1.9. Let (X, M, %) be a Menger space. If there exists k € (0,1) such that for all z,y € X, My, (t) > My y(t) ¥V t >

0, then z = y.

Lemma 1.10. Let zn be a sequence in a Menger space (X,M,x). If there exists a number k € (0,1) such that

M.

Tn42,Tnt1

(kt) > My, 1,2, (t) ¥V t>0andn € N. Then xn is a Cauchy sequence in X.

Lemma 1.11. The only t-norm * satisfying rxr > r for all v € [0, 1] is the minimum t-norm, that is a * b = min{a, b} for

all a,b € [0,1].

Example 1.12. Let (X,d) be a metric space. Define a*b = mina,b and My, (t) = m, forall xz,y € X and allt > 0.

Then (X, M,) is a Menger space. It is called the Menger space induced by d.

2. Weakly Compatible Maps

In 1982, Sessa [17], weakened the concept of commutativity to weakly commuting mappings. Afterwards, Jungck [4] enlarged
the concept of weakly commuting mappings by adding the notion of compatible mappings. In 1991, Mishra [16] introduced

the notion of compatible mappings in the setting of probabilistic metric space.

Theorem 2.1. Let (X, M, x) be a Complete Menger Space with txt >t for allt € [0,1]. Let A, B, S, T, P and Q be mappings

from X into itself satisfying the following conditions:

(2.1) P(X) C AB(X),Q(X) C ST(X);

(2.2) AB = BA, ST =TS, PB = BP, SQ = QS, QT = TQ;

(2.3) Pairs (P,AB) and (Q,ST) are compatible of type (o) (or compatible of type (A)),
(2.4) A,B,S and T are continuous,

(2.5) There exists a number k € (0,1) such that
Mpay,qy(kt) > Mapz,po(t) * MsTy,qy(t) ¥ Msty,po(Bt) ¥ Mapa,Qy(2 — B)t * Mape,sTy(t),

forallz,y e X, B €(0,2) and t > 0.

Then A, B, S, T, P and Q have a unique common fized point in X.

3. Main Results

Now we prove the following results:

Theorem 3.1. Let (X, M, x) be a Complete Menger Space with txt >t for allt € [0,1]. Let A, B, S, T, P and Q be mappings

from X into itself satisfying the following conditions:
(3.1) P(X) C AB(X), Q(X) C ST(X);

(5.2) AB = BA, ST =TS, PB = BP, SQ =QS, QT = TQ;
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(3.3) Pairs (P, AB) and (Q,ST) are occasionally weakly compatible;

(3.4) There exists a number k € (0,1) such that
Mpz,gy(kt) > MaBz,pa(t) * Msty,Qy(t) * Msty,pz(Bt) * Mapz,Qy(2 — B)t * Mapz,s1y (1),

forallz,y € X, B €(0,2) and t > 0.

If the range of the subspaces P(X) or AB(X) or Q(X) or ST(X) is complete, then A,B,S,T,P and Q have a unique

common fized point in X.

Proof. {y»} is a Cauchy sequence in X. Since X is complete, so {y,} converges to a point 2 € X. Since
{Pxon}, {Qr2n+1}, {ABx2n+1} and {STx2n42} are subsequences of {y,}, they also converge to the same point z. Since

P(X) € AB(X), there exists a point u € X such that ABu = z. Then, using (3.4)

MPu,z(kt) 2 MPu,Q12n+l(kt)

> MaBu,Pu(t) * MsTz2n+1,Qz2n+1(t) * MsTzznt1,Pu(Bt) * MABu,Quant1(2 — B)t ¥ MaBw,sT22n+1(t)-
Proceeding limit as n — oo and setting 8 =1,

Mpy, - (kt) > Mpy,.(t) * M, . (t) * M, py(Bt) x M, . (t) * M, .(t)
= Mpu’z(t) * 1 % Mpu’z(t) *1x1

2 MPu,z(t)‘

By Lemma 1.8, Pu = z. Therefore, ABu = Pu = z. Since Q(X) C ST(X), there exists a point v € X such that z = STw.

Then, again using (3.4)
Mpu,gv(kt) > MaBu,pu(t) * Msrv,qu(t) * Msrv,pu(Bt) * MaBu,gv(2 — B)t * MaBu,sTv ()

Proceeding limit as n — oo, we have for § = 1, Qu = z. Therefore, ABu = Pu = STv = Qu = z. Since pair (P, AB) is
occasionally weakly compatible, therefore, Pu = ABu implies that PABu = ABPu i.e., Pz = ABz. Now we show that z

is a fixed point of P. For 8 =1, we have

MPz,Qv(kt) Z MABZ,Pz(t) * MST’U,Q’U(t) * MST’U,PZ(Bt) * MABZ,Q'U(2 - B)t * MABz,STv(t)

=1%1% M. p.(t)« Mp. .(t) * Mp. .(t).

Therefore, we have by Lemma 1.8, Pz = z. Hence Pz = z = ABz. Similarly, pair of map @, ST is occasionally weakly
compatible, we have Qz = STz = z. Now we show that Bz = z, by putting x = Bz and y = z2,+1 with 8 =1 in for (3.4),

we have
MPB:,Quanir (kt) > Map(Bz),p(B2)(t) * MsTwg, 1,Quon 1 (£) ¥ MsTay, 1 ,PB2(t) ¥ MaB(B2),Qz2n(t) ¥ MaB(B2),sT22n+1(t)-

Proceeding limits as n — oo and using Lemma 1.8, we have Bz = z. Since ABz = z, therefore, Pz = ABz = Bz = z =

Qz = STz. Finally, we show that Tz = z, by putting x = z and y = Tz with § =1 in (3.4).
Mp. qrz)(kt) > Map: p=(t) ¥ Msp(r2),0(12)(t) ¥ Msr(12),p2(t) ¥ Map. 012 (t) * Mg, sT(12)(t)

Therefore, Tz = z. Hence, ABz = Bz =STz=Tz= Pz=Qz = z. O
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Uniqueness follows easily. If we put B =T = I, the identity map on X, in Theorem 3.1, we have the following:

Corollary 3.2. Let (X, M, *) be a complete Menger metric space with t xt >t for all t € (0,1) and let A, S, P and Q be

the mapping from X into itself such that
(3.5) P(X) C A(X), Q(X) C S(X).
(3.6) The pairs (A,S) and (Q,S) are occasionally weakly compatible.

(3.7) There exists a number k € (0,1) such that
Mpa,qy(kt) 2 Mag,pa(t) * Msy,y(t) x Msy,pz(Bt) * Maz,qy(2 = B)t ¥ Mag,sy(t);

forallz,y € X, B € (0,2) with t > 0.
If the range of the one subspaces is complete then A, S, P and Q have a unique common fixed point in X .
If we put A= B =S =T =1 in Theorem 3.1, we have the following:

Corollary 3.3. Let (X, M,*) be a complete Menger metric space with t xt > t for all t € [0,1] and let P and Q be

occasionally weakly compatible mapping from X into itself. If there exists a constant k € (0,1) such that
Mpa,qy(kt) = Mo, pa(t) * My,qy(t) * My pa(Bt) * Ma,qy(2 — B)t * Mz y(1);

for all z,y € X, b € (0,2) and t > 0. If the range of the one subspaces is complete then P and @ have a unique common
fized point in X.

If we put P=Q,A =S5 and B=T =1 in Theorem 3.1, we have the following;:

Corollary 3.4. Let (X, M,x*) be a complete Menger metric space with t «xt >t for all t € [0,1] and let P, S be occasionally

weakly compatible maps on X such that P(X) C S(X) and satisfy the following condition:
MPa:,Py(t) Z MSz,Pz(t) * MSy,Py(t) * MSy,Pz(Bt) * ]\45"1,13'1/(2 - B)t * MSZ,Sy(t)a

for all z,y € X, b € (0,2) and t > 0. If the range of the one subspaces is complete then P and S have a unique common

fized point in X.

Example 3.5. Let X = [0,1] with usual metric d and for each t € [0,1]. Define My y(t) = M, ,(0) = 0 for

¢
Flo—al’
all z,y € X. Clearly (X,M,x) is a complete fuzzy metric space where * is defined by a x b = ab. Let A, B,S,T, P
and Q be defined by Av = z, Bx = z/2, Sx = z/5, Tx = z/3, Pv = x/6 and Qz = 0 for all z,y € X. Then
P(X)=10,1/6] I [0,1/2] = AB(X) and Q(X) =01 [0,1/5] = STz. If we take k =1/2,t =1 and 8 = 1, we see that all

conditions of Theorem 8.1 are satisfied. Moreover, the pair {P, AB} and {Q, ST} are occasionally weakly compatible.

4. Conclusion

Theorem 3.1 is a generalization of well known results in the sense that condition of compatibility of type (A) of the pairs
of self maps has been restricted to occasionally weakly compatible self maps and continuity of the mappings have been

completely removed.
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