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1. Introduction and Preliminaries

In 1942 Menger [9] introduced the notion of a probabilistic metric space (PM-space) which is in fact, a generalization of

metric space. The idea in probabilistic metric space is to associate a distribution function with a point pair, say (p, q),

denoted by F (p, q, t) where t > 0 and in-terpret this function as the probability that distance between p and q is less than t,

whereas in the metric space the distance function is a single positive number. Sehgal [21] initiated the study of fixed points

in probabilistic metric spaces. The important development of fixed point theory in Menger spaces were due to Sehgal and

Bharucha-Reid [21]. A probabilistic metric space shortly PM -Space, is an ordered pair (X,F ) consisting of a non empty

set X and a mapping F from X ×X → L, where L is the collection of all distribution functions (a distribution function F

is non decreasing and left continuous mapping of reals in to [0, 1] with properties, inf F (x) = 0 and supF (x) = 1).

(1). The value of F at (x, y) ∈ X×X is represented by Fx,y. The function Fx,y are assumed satisfy the following conditions;

(2). (FM − 0) Fx,y(t) = 1, for all t > 0, iff x = y;

(3). (FM − 1) Fx,y(0) = 0, if t = 0;

(4). (FM − 2) Fx,y(t) = Fy,x(t);

(5). (FM − 3) Fx,y(t) = 1 and Fy,z(s) = 1 then Fx,z(t+ s) = 1.

(6). A mapping T : [0, 1]× [0, 1]→ [0, 1] is a t-norm, if it satisfies the following conditions;

(7). (FM − 4) T (a, 1) = a for every a ∈ [0, 1];
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(8). (FM − 5) T (0, 0) = 0,

(9). (FM − 6) T (a, b) = T (b, a) for every a, b ∈ [0, 1];

(10). (FM − 7) T (c, d) ≥ T (a, b) for c ≥ a and d ≥ b;

(11). (FM − 8) T (T (a, b), c) = T (a, T (b, c)) where a, b, c, d ∈ [0, 1];

(12). A Menger space is a triplet (X,F, T ), where (X,F ) is a PM -Space, X is a non-empty set and a t-norm satisfying

instead of (FM-8) a stronger requirement.

(13). (FM − 9) Fx,z(t+ s) ≥ T (Fx,y(t), Fy,z(s)) for all x ≥ 0, y ≥ 0.

(14). For a given metric space (X, d) with usual metric d, one can put Fx,y(t) = H(t − d(x, y)) for all x, y ∈ X and t > 0,

where H is defined as:

(t) =

 1 if s > 0,

0 if s ≤ 0.

and t-norm T is defined as T (a, b) = min{a, b}.

For the proof of our result we required the following definitions.

Definition 1.1. Let (X,F, ∗) be a Menger space and be a continuous t-norm.

(a). A sequence {xn} in X is said to be converge to a point x in X(written xn → x) iff for every ε > 0 and λ ∈ (0, 1), there

exists an integer n0 = n0(ε, λ) such that Fxn,x(ε) > 1− λ for all n ≥ n0.

(b). A sequence {xn} in X is said to be Cauchy if for every ε > 0 and λ ∈ (0, 1), there exists an integer n0 = n0(ε, λ) such

that Fxn,xn+p(ε) > 1− λ for all n ≥ n0 and p > 0.

(c). A Menger space in which every Cauchy sequence is convergent is said to be complete.

Remark 1.2. If is a continuous t-norm, it follows from (FM − 4) that the limit of sequence in Menger space is uniquely

determined.

Definition 1.3. Self maps A and B of a Menger space (X,F, ∗), are said to be weakly compatible (or coincidentally

commuting) if they commute at their coincidence points, i.e. if Ax = Bx for some x ∈ X then ABx = BAx.

Definition 1.4. Self maps A and B of a Menger space (X,F, ∗) are said to be compatible if FABxm,BAxn(t) → 1 for all

t > 0, whenever xn is a sequence in X such that Axn → x, Bxn → x for some x in X as n→∞.

Definition 1.5. Let S and T be weakly compatible of a Menger space (X,M, ∗) and Su = Tu for some u in X then

STu = TSu = SSu = TTu.

Example 1.6. Let X = [0, 3] be equipped with the usual metric d(x, y) = |x− y|. Define f, g : [0, 3]→ [0, 3] by

f(x) =

 x if x ∈ [0, 1),

3 if x ∈ [1, 3].

And

g(x) =

 3− x if x ∈ [0, 1),

3 if x ∈ [1, 3].

Then for any x ∈ [1, 3], x is a coincidence point and fgx = gfx, showing that f, g are weakly compatible maps on [0, 3].
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Remark 1.7. If self maps A and B of a Menger space (X,F, ∗) are compatible then they are weakly compatible.

Lemma 1.8. Let (X,M, ∗) be a Menger space. Then for all x, y ∈ X, M(x, y, ·) is a non-decreasing function.

Lemma 1.9. Let (X,M, ∗) be a Menger space. If there exists k ∈ (0, 1) such that for all x, y ∈ X, Mx,y(t) ≥Mx,y(t) ∀ t >

0, then x = y.

Lemma 1.10. Let xn be a sequence in a Menger space (X,M, ∗). If there exists a number k ∈ (0, 1) such that

Mxn+2,xn+1(kt) ≥Mxn+1,xn(t) ∀ t > 0 and n ∈ N . Then xn is a Cauchy sequence in X.

Lemma 1.11. The only t-norm ∗ satisfying r ∗ r ≥ r for all r ∈ [0, 1] is the minimum t-norm, that is a ∗ b = min{a, b} for

all a, b ∈ [0, 1].

Example 1.12. Let (X, d) be a metric space. Define a ∗ b = min a, b and Mx,y(t) = t
t+d(x,y)

, for all x, y ∈ X and all t > 0.

Then (X,M, ) is a Menger space. It is called the Menger space induced by d.

2. Weakly Compatible Maps

In 1982, Sessa [17], weakened the concept of commutativity to weakly commuting mappings. Afterwards, Jungck [4] enlarged

the concept of weakly commuting mappings by adding the notion of compatible mappings. In 1991, Mishra [16] introduced

the notion of compatible mappings in the setting of probabilistic metric space.

Theorem 2.1. Let (X,M, ∗) be a Complete Menger Space with t∗t ≥ t for all t ∈ [0, 1]. Let A,B, S, T, P and Q be mappings

from X into itself satisfying the following conditions:

(2.1) P (X) ⊂ AB(X), Q(X) ⊂ ST (X);

(2.2) AB = BA, ST = TS, PB = BP , SQ = QS, QT = TQ;

(2.3) Pairs (P,AB) and (Q,ST ) are compatible of type (α) (or compatible of type (A)),

(2.4) A,B, S and T are continuous,

(2.5) There exists a number k ∈ (0, 1) such that

MPx,Qy(kt) ≥MABx,Px(t) ∗MSTy,Qy(t) ∗MSTy,Px(βt) ∗MABx,Qy(2− β)t ∗MABx,STy(t),

for all x, y ∈ X, β ∈ (0, 2) and t > 0.

Then A,B, S, T, P and Q have a unique common fixed point in X.

3. Main Results

Now we prove the following results:

Theorem 3.1. Let (X,M, ∗) be a Complete Menger Space with t∗t ≥ t for all t ∈ [0, 1]. Let A,B, S, T, P and Q be mappings

from X into itself satisfying the following conditions:

(3.1) P (X) ⊂ AB(X), Q(X) ⊂ ST (X);

(3.2) AB = BA, ST = TS, PB = BP , SQ = QS, QT = TQ;
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(3.3) Pairs (P,AB) and (Q,ST ) are occasionally weakly compatible;

(3.4) There exists a number k ∈ (0, 1) such that

MPx,Qy(kt) ≥MABx,Px(t) ∗MSTy,Qy(t) ∗MSTy,Px(βt) ∗MABx,Qy(2− β)t ∗MABx,STy(t),

for all x, y ∈ X, β ∈ (0, 2) and t > 0.

If the range of the subspaces P (X) or AB(X) or Q(X) or ST (X) is complete, then A,B, S, T, P and Q have a unique

common fixed point in X.

Proof. {yn} is a Cauchy sequence in X. Since X is complete, so {yn} converges to a point z ∈ X. Since

{Px2n}, {Qx2n+1}, {ABx2n+1} and {STx2n+2} are subsequences of {yn}, they also converge to the same point z. Since

P (X) ∈ AB(X), there exists a point u ∈ X such that ABu = z. Then, using (3.4)

MPu,z(kt) ≥MPu,Qx2n+1(kt)

≥MABu,Pu(t) ∗MSTx2n+1,Qx2n+1(t) ∗MSTx2n+1,Pu(βt) ∗MABu,Qx2n+1(2− β)t ∗MABu,STx2n+1(t).

Proceeding limit as n→∞ and setting β = 1,

MPu,z(kt) ≥MPu,z(t) ∗Mz,z(t) ∗Mz,Pu(βt) ∗Mz,z(t) ∗Mz,z(t)

= MPu,z(t) ∗ 1 ∗MPu,z(t) ∗ 1 ∗ 1

≥MPu,z(t).

By Lemma 1.8, Pu = z. Therefore, ABu = Pu = z. Since Q(X) ⊂ ST (X), there exists a point v ∈ X such that z = STv.

Then, again using (3.4)

MPu,Qv(kt) ≥MABu,Pu(t) ∗MSTv,Qv(t) ∗MSTv,Pu(βt) ∗MABu,Qv(2− β)t ∗MABu,STv(t)

Proceeding limit as n → ∞, we have for β = 1, Qv = z. Therefore, ABu = Pu = STv = Qv = z. Since pair (P,AB) is

occasionally weakly compatible, therefore, Pu = ABu implies that PABu = ABPu i.e., Pz = ABz. Now we show that z

is a fixed point of P . For β = 1, we have

MPz,Qv(kt) ≥MABz,Pz(t) ∗MSTv,Qv(t) ∗MSTv,Pz(βt) ∗MABz,Qv(2− β)t ∗MABz,STv(t)

= 1 ∗ 1 ∗Mz,Pz(t) ∗MPz,z(t) ∗MPz,z(t).

Therefore, we have by Lemma 1.8, Pz = z. Hence Pz = z = ABz. Similarly, pair of map Q,ST is occasionally weakly

compatible, we have Qz = STz = z. Now we show that Bz = z, by putting x = Bz and y = x2n+1 with β = 1 in for (3.4),

we have

MPBz,Qx2n+1(kt) ≥MAB(Bz),P (Bz)(t) ∗MSTx2n+1,Qx2n+1(t) ∗MSTx2n+1,PBz(t) ∗MAB(Bz),Qx2n(t) ∗MAB(Bz),STx2n+1(t).

Proceeding limits as n → ∞ and using Lemma 1.8, we have Bz = z. Since ABz = z, therefore, Pz = ABz = Bz = z =

Qz = STz. Finally, we show that Tz = z, by putting x = z and y = Tz with β = 1 in (3.4).

MPz,Q(Tz)(kt) ≥MABz,Pz(t) ∗MST (Tz),Q(Tz)(t) ∗MST (Tz),Pz(t) ∗MABz,Q(Tz)(t) ∗MABz,ST (Tz)(t)

Therefore, Tz = z. Hence, ABz = Bz = STz = Tz = Pz = Qz = z.
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Uniqueness follows easily. If we put B = T = I, the identity map on X, in Theorem 3.1, we have the following:

Corollary 3.2. Let (X,M, ∗) be a complete Menger metric space with t ∗ t ≥ t for all t ∈ (0, 1) and let A,S, P and Q be

the mapping from X into itself such that

(3.5) P (X) ⊂ A(X), Q(X) ⊂ S(X).

(3.6) The pairs (A,S) and (Q,S) are occasionally weakly compatible.

(3.7) There exists a number k ∈ (0, 1) such that

MPx,Qy(kt) ≥MAx,Px(t) ∗MSy,Qy(t) ∗MSy,Px(βt) ∗MAx,Qy(2− β)t ∗MAx,Sy(t);

for all x, y ∈ X, β ∈ (0, 2) with t > 0.

If the range of the one subspaces is complete then A,S, P and Q have a unique common fixed point in X.

If we put A = B = S = T = I in Theorem 3.1, we have the following:

Corollary 3.3. Let (X,M, ∗) be a complete Menger metric space with t ∗ t ≥ t for all t ∈ [0, 1] and let P and Q be

occasionally weakly compatible mapping from X into itself. If there exists a constant k ∈ (0, 1) such that

MPx,Qy(kt) ≥Mx,Px(t) ∗My,Qy(t) ∗My,Px(βt) ∗Mx,Qy(2− β)t ∗Mx,y(t);

for all x, y ∈ X, b ∈ (0, 2) and t > 0. If the range of the one subspaces is complete then P and Q have a unique common

fixed point in X.

If we put P = Q,A = S and B = T = I in Theorem 3.1, we have the following:

Corollary 3.4. Let (X,M, ∗) be a complete Menger metric space with t ∗ t ≥ t for all t ∈ [0, 1] and let P, S be occasionally

weakly compatible maps on X such that P (X) ⊂ S(X) and satisfy the following condition:

MPx,Py(t) ≥MSx,Px(t) ∗MSy,Py(t) ∗MSy,Px(βt) ∗MSx,Py(2− β)t ∗MSx,Sy(t),

for all x, y ∈ X, b ∈ (0, 2) and t > 0. If the range of the one subspaces is complete then P and S have a unique common

fixed point in X.

Example 3.5. Let X = [0, 1] with usual metric d and for each t ∈ [0, 1]. Define Mx,y(t) = t
t+|x−y| , Mx,y(0) = 0 for

all x, y ∈ X. Clearly (X,M, ∗) is a complete fuzzy metric space where ∗ is defined by a ∗ b = ab. Let A,B, S, T, P

and Q be defined by Ax = x, Bx = x/2, Sx = x/5, Tx = x/3, Px = x/6 and Qx = 0 for all x, y ∈ X. Then

P (X) = [0, 1/6] I [0, 1/2] = AB(X) and Q(X) = 0 I [0, 1/5] = STx. If we take k = 1/2, t = 1 and β = 1, we see that all

conditions of Theorem 3.1 are satisfied. Moreover, the pair {P,AB} and {Q,ST} are occasionally weakly compatible.

4. Conclusion

Theorem 3.1 is a generalization of well known results in the sense that condition of compatibility of type (A) of the pairs

of self maps has been restricted to occasionally weakly compatible self maps and continuity of the mappings have been

completely removed.

79



Common Fixed Point Theorems in Menger Space

Acknowledgement

The author would like to express their sincere thanks to the referee, for there valuable suggestion.

References

[1] B. Schweizer and A. Sklar, Probabilistic Metric Spaces, Elsevier North-Holland, (1983).

[2] E. Pap, O. Hadzic and R. Mesiar, A fixed point theorem in probabilistic metric spaces and an application, J. Math. Anal.

Appl., 202(1996), 433-449.

[3] G. Jungck, Commuting mappings and fixed points, Amer. Math. Monthly, 83(1976), 261-263.

[4] G. Jungck, Compatible mappings and common fixed points, Internat. J. Math. Sci., 9(1986), 771-779.

[5] G. Jungck and B. E. Rhoades, Some fixed point theorems for compatible maps, Internat. J. Math. & Math. Sci., 3(1993),

417-428.

[6] G. Constantin and I. Istratescu, Elements of Probabilistic Analysis, Ed. Acad. Bucuresti and Kluwer Acad. Publ.,

(1989).

[7] I. Istratescu, On some fixed point theorems in generalized Menger spaces, Boll. Un. Mat. Ital., 5(13-A)(1976), 95-100.

[8] I. Istratescu, On generalized complete probabilistic metric spaces, Rev. Roum. Math. Pures Appl., XXV(1980), 1243-

1247.

[9] K. Menger, Statistical metric, Proc. Nat. Acad., 28(1942), 535-537.

[10] O. Hadzic, Common fixed point theorems for families of mapping in complete metric space, Math. Japon., 29(1984),

127-134.

[11] R. M. Tardiff, Contraction maps on probabilistic metric spaces, J. Math. Anal. Appl., 165(1992), 517-523.

[12] R. Shrivastava and P. Tiwari, Results on Common Fixed Point Theorem and Menger Spaces, Yuyuts Yearly Research

Booklets of Institute for Exillence in Higher Education, 3(2015), 157-163.

[13] R. K. Dubey, R. Shrivastava and P. Tiwari, Some Common Fixed Point Theorem for Two, Three and Four Mappings

in Menger Spaces, South Asian Journal of Mathematics, 4(4)(2014), 185-191.

[14] R. P. Pant, Common xed points of noncommuting mappings, J. Math. Anal. Appl., 188(2)(1994), 436-440.

[15] S. Kutukcu, D. Turkoglu and C. Yildiz, Common fixed points of compatible maps of type (β) on fuzzy metric spaces,

Commun. Korean Math. Soc., in press.

[16] S. N. Mishra, Common fixed points of compatible mappings in PM spaces, ic spaces, Math. Japon., 36(1991), 283-289.

[17] S. Sessa, On a weak commutative condition in fixed point consideration, Publ. Inst. Math., 32(1982), 146-153.

[18] S. L. Singh and B. D. Pant, Common fixed point theorem in probabilistic metric space and extension to uniform spaces,

Honam Math. J., 6(1984), 1-12.

[19] S. Sharma, Common fixed point theorems in fuzzy metric spaces, Fuzzy sets and System, 127(3)(2002), 345.

[20] T. L. Hicks, Fixed point theory in probabilistic metric spaces, Rev. Res. Novi Sad, 13(1983), 63-72.

[21] V. M. Sehgal and A. T. Bharucha-Reid, Fixed point of contraction mapping on PM spaces, Math. Systems Theory,

6(1972), 97-100.

80


	Introduction and Preliminaries
	Weakly Compatible Maps
	Main Results
	Conclusion
	Acknowledgement 
	References

