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1. Introduction

For general notations and concepts of graphs we refer to [1, 3, 9]. For definitions of coloring and domination refer to [2, 10—
13]. Unless mentioned otherwise, all the graphs mentioned in this paper are simple, finite and connected undirected graphs.
A graph coloring is an assignment of colors to the vertices of G. The vertex coloring is said to be proper if no two adjacent
vertices of G receive the same color. Various coloring derivatives are found in the literature, one such problem is dominator
coloring. Dominator colorings were introduced in [7] and they were motivated by [4]. The aim in this paper is to study
about the dominator coloring of the barbell graph B, and friendship graph F;, under the operations of shadow, middle,

center, total, line, subdivision and related subdivision.

Definition 1.1 ([8]). The n-barbell graph is obtained by connecting two copies of Ky by a bridge. And it is denoted by By,

Figure 1. Barbell Graph Bs

Definition 1.2 ([6]). The friendship graph F, can be constructed by joining n copies of the cycle graph Cs with a common

verte.
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Figure 2. Friendship Graph Fy

Definition 1.3 ([15]). For a connected graph G with V(G) = {v1, v, ...,vn} the shadow graph D2(QG) is obtained by taking

two copies of G, say G' and G” with V(G") = {v1, v, ...,v;,} and V(G”) = {v1”,v2”,...,v," } such that,

(1). vi ~vj in G' and v;" ~ v;”

i G” if and only if vi ~v; in G
(2). vi ~v;” in D2(G) if and only if v; ~v; in G

Definition 1.4 ([16]). For a graph G(V, E) the middle graph M(G) with the vertez set V(G) U E(G) is defined as follows,

two vertices x,y of M(G) if either

(1). z,y € V(G) and x ~y in G, or

(2). z € V(G),y € E(G) and x,y are incident in G

Definition 1.5 ([5]). The line graph L(G) of the graph G is the graph such that,
(1). V(L(@)) = E(GQ) and

(2). ¢ ~yin L(Q) if v ~y in G for z,y € E(Q)

Definition 1.6 ([5]). The total graph T(G) of G is the graph whose vertex set is V(G) U E(G), with two vertices of T(G)

being adjacent if and only if the corresponding elements of G are adjacent or incident.

Definition 1.7 ([5]). The subdivision graph S(G) of a graph G is the graph obtained from G by replacing each of its edge

by a path of length two, or equivalently, by inserting an additional vertex into each edge of G.

Definition 1.8 ([5]). The related subdivision grap R(G) is the graph obtained from G by adding a new vertex corresponding

to each edge of G and by joining each new vertex to the end vertices of the edge corresponding to it.

2. Dominator Coloring

A dominator coloring [14] of a graph G is a proper coloring in which each vertex of the graph dominates every vertex of
some color class. The dominator chromatic number x4(G) is the minimum number of color classes in a dominator coloring

of a graph G.

Example 2.1 ([14]). The graph G in Figure 1 has xa(G) = 7.
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Figure 3.

Theorem 2.2 ([14]). The path P, of order n > 2,

1+|7£_17 an:2’374’5’7
Xa(Pn) = ’
24 [%], otherwise

Theorem 2.3 ([14]). The cycle Cy, of order n > 3,

Xd(Cn) = 1+[%], ifn=>5

24+ [%], otherwise

Theorem 2.4 ([14]). The complete graph K, of order n > 3, xa(Kn) = n.

3. A Study on Dominator Coloring Number of Friendship graphs

Theorem 3.1. For any Friendship graph Fn,n > 2, xa(F,) = 3.

Proof. Let v1 be the common vertex of the n copies of Cs in F,,. Assign the color ¢; to vi. Then the color class ¢;
dominates every vertices of Fy,. Since all the other vertices of F; in each copy of C3 are non adjacent and x(Cs3) = 3, we

can assign rest of two colors to the remaining vertices other than vy in each copy of Cs. Hence xq(F,) = 3. O

Corollary 3.2. For any Friendship graph F, n > 2, xa(Fn) = x(Fn).

Figure 4. Dominator coloring of F3

Theorem 3.3. For any friendship graph Fn; n > 2, xa(D2(Fy)) = 3.

Proof. Let G = D2((F,)) be the shadow graph of friendship graph F,, and let v}, v3, ..., v3,,1 be the vertices of F},, the
first copy of F, and v{,v%,...,v5, 1 be the vertices of F},, the second copy of F,,. Hence | V(G) |= 4n + 2.

Define the dominator coloring f : V(G) — {1,2,3, ..., xa(G)} as follows: Let v1 be the common vertex of the n copies of Cs
in Fy, f(v1) = f(v{) = 1, which dominates every vertex of G other than v and v{. Therefore f(vy; ;1) = f(vyi41) = 2 for
1<i<n-—1and f(vy) = f(vy;) =3 for 1 <i<n—1. Hence xa(D2(F»)) = 3. O
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Corollary 3.4. For any friendship graph Fp, n > 2, xa(D2(Fn)) = xa(Fn) = x(Fn).
Theorem 3.5. For any friendship graph F,, n > 2, xa(M(F,)) = 2n + 2.

Proof. Let G = M((F,)) be the middle graph of friendship graph F,, then V(F,) = {v1,v2,... ,v2n41} and E(F,) =
{e1,e2,...,esn}. Hence V(G) = V(F,) U E(F,) = {v1,v2,...,02n+1, €1, €2, ...,e3n}, hence | V(G) |= 5n + 1. Let v1 be
the common vertex and es; for 1 < i < n be the edges which is not adjacent to vy in Fj,. Define the dominator coloring
f:V(G) = {1,2,3,...,xa(G)} as follows: f(vi) =1, f(esi+1) =2+ifor0<i<n-—1, f(esit2) =n+2+ifor0<i<n-—1
and f(es;) =2n+ 2 for 1 < i <n. Hence xq(M(F,)) =2n+2. O

Corollary 3.6. For any friendship graph Fp, n > 2, xa(M(F,)) = x(K») + 1.
Theorem 3.7. For any friendship graph F, n > 2, xqa(C(F,)) =n+ 3.

Proof. Let G = C((F,)) be the center graph of friendship graph F,. Here, V(F,) = {v1,v2,..., vant1} and E(F,) =
{e1,€2,...,e3n}. Hence V(G) = V(F,) U E(F,) = {v1,v2,...,V2n+1, €1, €2, ..., €3, }, hence | V(G) |= 5n + 1. Let v1 be the
common vertex, ve; and va;4+1 be the vertices of ith(for 1 < i< mn)copy of C3 in F,, and e3;,1 < i < n be the edges
which is not adjacent to vy in F,. Define the dominator coloring f : V(G) — {1,2,3,...,x4(G)} as follows: f(v1) = 1,

fleitsi) = fleaysi) =2, f(vai) = f(v2it1) =1+ 1 and f(es;) = n + 3. Hence xq(C(Fn)) =n + 3. O
Corollary 3.8. For any friendship graph Fy, n > 2, xa(C(Fn)) = xa(Kn) + xa(Fn)-
Theorem 3.9. For any friendship graph F, n > 2, xa(L(Fy)) = 2n.

Proof. Let G = L((F,)) be the line graph of friendship graph F,,, from the definition of line graph, V(G) = E(F,) =
{e1,e2,...,e3n}. Let v1 be the common vertex and es; for 1 < i < n be the edges which are not adjacent to vy in F,. Hence
the vertex other than es;, 1 < i < n of G forms a complete graph of order 2n, which induces 2n colors. Hence every vertices
of GG is dominated and it remains to color the vetices es;, 1 < ¢ < n which consumes any of the 2n colors other than the

colors of the two adjacent vertices. O
Corollary 3.10. For any friendship graph Fn, n > 2, xa(L(Fn)) = xa(Ka2n).
Theorem 3.11. For any friendship graph F,, of n > 2, xa(T(F,)) = 3n+ 1.

Proof. Let G = T((F,)) be the total graph of friendship graph F,,. By the definition of total graph, V(G) = V(F,) U
E(F,) = {vi,v2,...,V2n+1, €1, €2, ...,e3,}, hence | V(G) |= 5n + 1. Let v1 be the common vertex, v2; and v2;41 be the
vertices of ith(for 1<i<n)copy of C3 in F, and e3;, 1 <1i < n be the edges which are not adjacent to v in F;,. Consider
the vertices, e3;11 and es;+2 for 0 < i < n — 1 which forms a complete graph of order 2n, and it induces 2n colors, since
vy is adjacent to every vertex of G other than es;,1 < ¢ < n. Hence f(vi) = 2n + 1. Hence the color class [2n + 1]
dominates every vertex of G other than es;. Then f(v2;) = f(e1+3i), f(v2it1) = f(e2+3i), f(3i) = 2n + 1 + 4. Therefore
xa(T(Fn)) =3n+ 1. O

Corollary 3.12. For any friendship graph Fn, n > 2, xa(T(Fr)) = xa(Ka2n+t1) +n.
Theorem 3.13. For any friendship graph Fn, n > 2, xa(S(Fn)) =n + 3.

Proof. Let G be the subdivision graph of F,. Here V(G) = V(F,) U E(F,) = {vi,v2, ..., Vant1,€1,€2, ..., €3, }. Let vy
be the common vertex, va;, va2ir1 be the vertices of i*"(for 1 < i < n) copy of Cs in Fy, ezit1, €sira,1 < i < n be the

edges incident to v1 and es;,1 < i < n be the edges which is not incident to v in F,. Define the dominator coloring
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f:V(G) = {1,2,3,...,xa(G)} as follows: f(vi) =1, f(ezit1) = (ezit2) =2 for 0 < i < n—1, f(vy) = f(vaig1) = 3 for
1<i<nand f(es;) =3+ for 1 < ¢ < n. Hence xqa(S(F,)) =n+ 3. O

Corollary 3.14. For any friendship graph F, n > 2, xa(S(Fy)) = xa(Kn) + xa(Fr).-
Theorem 3.15. For any friendship graph F, n > 2, xa(R(F)) =4+ n.

Pmof. Let G be the related subdivision graph of F,,. Here V

—

G) = V(Fn) U E(Fn) = {’1)1,’1)2,..., ’l)2n+1,61,€2,...,63n},
hence | V(G) |= 5n + 1. Define the dominator coloring f : V(G

~

— {1,2,3,...,xa(G)} as follows: f(vi) =1, f(v2s) = 2,
f(vaiz1) = 3 for 1 < i < n, feziy1) = flesiye) = 4 for 0 < i < n—1 and f(es;) = 4+ ¢ for 1 < ¢ < n Hence

Xd(R(Fn)) =4 +n. O

4. A Study on Dominator Coloring Number of Barbell Graphs

Theorem 4.1. For the barbell graph B, n > 3, xa(Bn) =n+ 1.

Proof. Let G = B,, be the barbell graph, which is obtained by connecting two copies of complete graphs K, and K, by
a bridge. Let v1,vs,...,v, be the vertices of K,, v],vs,...,v;, be the vertices of K, and the bridge e = v,v;,(say). Here
| V(G) |= 2n. Define the dominator coloring f : V(G) — {1,2,3, ..., xa(G)} as follows: f(v;) = f(v;) =1 fori <n — 3.
Since vn ~ vy, f(vn) # f(vn), f(vn) = n—2 and f(v,) = n — 1. Hence, f(vn—1) =n—1, f(vh1) =n—2. = v,
dominates the color class of n — 2 and v}, dominates the color class of n — 1. If f(v,—2) = f(vh_2) = n, then the vertices
V1,02, ...; Un—2 and v, V5, ...,v}_o doesn’t dominate any color class. Hence f(v,—2) = n and f(v;,_3) = n + 1, implies the
vertices v1, V2, ..., Un_2 dominates the color class of n and v}, %5, ..., v,,_o dominates the color class of n + 1.

= xd(Bn) =n+ 1. O
Corollary 4.2. For the barbell graph Bn, n > 3, xa(Bn) = x(Bn) + 1.

Proof. For a proper coloring of B, each color can be used maximum twice, hence x(B,) = n. Hence xq4(Bn) =n+1=

X(Bn) + 1. O

Figure 5. Dominator coloring of Bg

Theorem 4.3. For any barbell graph By, n > 3, xa(D2(Br)) = 2n — 1.

Proof. Let G = D2(B,) be the shadow graph of the barbell graph B,, and let v],v5,...,v5, be the vertices of Bj,,
the first copy of B, and v{,vy,...,v3, be the vertices of B,,, the second copy of B,. Hence | V(G) |= 4n. Define the
dominator coloring f: V(G) — {1,2,3, ..., x4(G)} as follows: f(v1) = f(v]) = f(vy) = f(vn) =1 and f(v]) = f(v) =1, if
2 <i<2n—1. Hence xq(D2(Br)) =2n — 1. O

Corollary 4.4. For any barbell graph B, n > 3, xa(D2(Bn)) = xa(Bn) + X(Bn) — i(Bn).
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Theorem 4.5. For any barbell graph Bn,n > 3, xa(S(Bn)) = 2n + 1.

Proof. Let G = S(B,) be the subdivision graph of the barbell graph B,,. Here, V(B,) = {v1,v2,.. .,v2,} and E(B,) =
{e1,e2,...,en(n-1)+1}. Hence V(G) = V(Bn)U E(B,) = {v1,v2, ..., V2n, €1, €2, ..., €n(n_1)41}, Where e1,e2,...,€n(n_1)+1 are
the newly introduced vertices to obtain the subdivision of B,. Define the dominator coloring f : V(G) — {1,2,3, ..., xa(G)}

as follows: f(e;) =1for1<i<n(n—1)+1and f(v;) =i+ 1 for 1 <i < 2n. Hence, x4(S(Br)) =2n+ 1. O
Corollary 4.6. For any barbell graph Bn,n > 3,xa(S(Br)) = xa(Bn) + x(Bn).
Theorem 4.7. For any barbell graph B,,n > 3, xa(R(Bn)) = 2n.

Proof. Let G = R(B,) be the related subdivision graph of the barbell graph B,,, Here, V(B,) = {v1, V2, ..., Un, V1, U3, ..., Up }
such that e = wv1v] be the bridge and E(Bn) = {ei,e2,...,enm-1)+1}. Hence V(G) = V(Bn) U E(B,) =
{v1,v2, ..., Un, U1, V5, ..., Uy, €1, €2, ..oy En(n—1)41}, WheTe €1, €2, ..., €n(n_1)4+1 are the newly introduced vertices to obtain the
related subdivision of B,. Define the dominator coloring f : V(G) — {1,2,3,...,x4(G)} as follows: f(e;) = 1 for

1<i<n(n—1)+1, f(v;) =i+ 1for 1 <i<n, f(vi) =n+1and f(v;) =n+ifor 2 <i<n. Hence xa(R(Bn)) =2n. O
Observation 4.8.
(1). xa(L(Bs3)) = 4.
(2). xa(L(Bs)) =6.
(3). xa(L(Bs)) = 9.
Observation 4.9.
(1)- xa(M(Bs)) = 6.
(2). xa(M(Bas)) =17.
(3). xa(M(Bs)) = 11.
Observation 4.10.
(1). xa(C(Bs)) = 5.
(2). xa(C(Bs)) =T.
Observation 4.11.
(1). xa(T(B3)) =17.

(2). xa(T(B4)) = 9.

5. Conclusion

In this paper, we obtain the dominator coloring number of the barbell graph B,, and friendship graph F; and successfully
derived expressions for different operations such as shadow, center, line, total, middle, subdivision and related subdivision.
There are many interesting graph operations such as Corona, Cartesian and Strong Cartesian of graphs etc. to which this

study can be extended.
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