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1. Introduction

Let A denote the family of analytic functions in the open unit disk U= {z € C: |z| < 1} is of the form,

fR)=z+) anz", (1)

We denote by S the subclass of A consisting of all functions in A which are also univalent in U. A function f € A is said

to be in the class §* of starlike functions in U, if it satisfies the following inequality:

A function f € A is said to be in the class C of convex functions in U, if it satisfies the following inequality:

2f"(2)
f'(2)

3?{1—1— }>07 z e U.

Recently Frasin [7] introduced and studied a generalized Sakaguchi type class S(a, s, t) if it satisfies

(-0:re)
" { 7(52) — f(tz) } > @
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for some 0 < a < 1, s,t € C with s # ¢t and for all z € U.

We also denote by the subclass T'(a, s,t) the subclass of A consisting of all functions f(z) such that zf'(z) € S(, s,t). The
class S(a, 1,t) was introduced and studied by Owa [15, 16], and the class S(a, 1, —1) = Ss(a) was introduced by Sakaguchi
[19]. Also we note that S(a,1,0) = §*(«) and T'(a, 1,0) = C(«) which are, respectively, the familiar classes of starlike and
convex functions of order a(0 < v < 1). With a view to recalling the principal of subordination between analytic functions,
let the functions f and g be analytic in U. Then we say that the function f is subordinate to g, if there exits a Schwarz
function w, analytic in U with

w(0)=0 and |w(z)|<1l (z€0)

such that f(z) = g(w(z)), 2z € U. We denote this subordination by

f=g or [(z) <g(2)
In particular, if the function g is univalent in U, the above subordination is equivalent to
f(0)=9(0) and f(U) Cg(U).
Let ¢ be analytic, and let the Maclaurin series of ¢ be given by
¢(z):1—|—Blz—|—Bzz2—|—Bng—|—.... 3)

where all coefficients are real and B; > 0. Mathur & Mathur [21] investigated the class Si (¢, s,t) as follows,

Definition 1.1. The function f € A is in the class S; (¢, s,t) if

(s —t)zf'(2)
\Frrig ) <oen s @
and if Cs(¢, s,t) denotes the subclasses of A consisting functions f(z) such that zf'(z) € Si(¢,s,t).

Remark 1.2. By the suitable choices of s and t,we obtain the following subclasses
e S:(4,1,0) = §*(¢) and Cs(9, 1,0) = C(¢) which is the class introduced and studied by Ma and Minda [13].

e S (¢,1,—1) = S;(¢), which is the class introduced and studied by Shanmugam [20].

14 A®R)

FOrS::l,t:OaHdgb(Z)fTB()
z

,(—1 < B < A <1), the subclass S; (¢, 1,0) reduces to the class S*[A, B] studied by
Janowski [9].

1.1. Hankal Determinant

The Hankel determinant Hy(n) of Taylor’s coefficients of function f € A of the form (1), is defined by

An Apt1 - Gngge1
Qn4+1  An42 ... An+q
H,(n) = ' o ' (n,g e N=1,2,3..). (5)
An+q—1 Qn+q - An42(g—1)
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The Hankel determinant is useful,in showing that a function of bounded characteristic in U, i.e., a function which is a
ratio of two bounded analytic functions with its Laurent series around the origin having integral coefficients, is rational
[4]. Pommerenke [17] proved that the Hankel determinants of univalent functions satisfy |Hy(n)| < K n=(z+8 )‘H'%, where
B > 1/4000 and K depends only on q. Later Hayman [8] proved that |H,(n)] < An'/? (A is an absolute constant)
for areally mean univalent functions. A classical theorem of Fekete-Szego [6] considered the second Hankel determinant
|Ha(1)| = |as — a3| for univalent functions. They made an early study for the estimate of well known Fekete-Szegd functional
|as —pa3| when p is real. Janteng [10] investigated the sharp upper bound for second Hankel determinant |H2(2)| = |azas—a3]
for univalent functions whose derivative has positive real part.

Recently, Babalola [1], Raza and Malik [18], Bansal [3] and Mishra [14] have studied third Hankel determinant Hs(1), for
various classes of analytic and univalent functions.

In this paper, we consider the Hankel determinant for the case ¢ = 3 and n =1,

a1l a2 as
H3(1) =1 a2 a3 as

a3 a4 as

For f € A, a1 =1 so that,
H3(1) = az(azas — a3) — as(as — azaz) + as(az — a3)

and by using the triangle inequality, we have

|Hs(1)| < |as||azas — a3| + |aa|las — azas| + |as||as — a3. (6)

2. Preliminary Results
Let P denote the class of functions
p(z)=14+ciz4+c5+--- (7
which are regular in U and satisfy R [p(z)] > 0, z € U. To prove the main results we shall require the following lemmas.

Lemma 2.1 ([19]). If f € Si(,s,t) of the form (1), then |an| < 1,n > 2.

Lemma 2.2 ([5]). f € Cs(¢,s,t) of the form (1), then |an| < l,n > 2.
n
Lemma 2.3 ([11, 12]). Let p € P. Then
2 = ¢ +x(4—c}) (8)
and
deg =+ 2zc1(4— &) —Pei(4— &) +22(1 — |z[H (4 — &) 9)

for some z, z such that |z| <1 and |z| < 1.

Lemma 2.4 ([2]). Letp € P. Then

21—-0) ifo <0,
=<{ 9 fO0<o<2

2(0—1) ifo>2.
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3. Main Results

Theorem 3.1. If f € S;(¢,s,t), then
Bi

2
a2a4 — as| < "
2

where

R2:3—52—st—t2.
Proof. Let f € Si(¢,s,t), then there exists a Schwarz function w(z) € A such that

(s —t)zf'(2)

To2) — flt2) p(w(z)), (z€U,s#1) (10)

If Pi(2) is analytic and has positive real part in U and p;(0) = 1, then define the functions pi(z) as

1
p1(z) = % =l+caztez’ +...
From the above equation we obtain
pi(z)—1 «a 1 A\ o
— oL - _ 1 11
w(z) P P 22+2 Co 2 27+ (11)

Then p; is analytic in U with p1(0) = 1 and has a positive real part in U. By using (11) and (3), it is clear that

From (4) and (12), we can get

(s —t)(2 4 2a22° + 3a32” + 4dasz*...) = {(s=t)z+ a2 (s> —1°)2* +as(s® — %)% ... }

14 Bicy 24 B . g +B2C% 22 (13)
2 2\ 2 4
Equating the co-efficients of like powers of z in (13) we get
B1C1
= 14
w =2 (14)
1
a3 = TRQ [2B102 + Qlcﬂ (15)
1 [Bics By —B1  Bi(s+t) Bi(s*+st+t?)
gy =—— + c1C2
R3 2 2 4R, 4R,
By —2Bs + Bs Bl(BQ — Bl)(s + t) (82 + st + t2)Q131 3
. 1
+ { 8 + ) + 8Rs “ (16)
where
Ri=2—s—t,Ry=3-5"—st—t>,Ryg=4—35" — st —st” — > (17)
and
32
Q1232_31+% (18)

Ry

From equation (14), (15) and (16), we obtain

B? Bi(B: — B B3 B3}(s? 2
i 0103+{ 1(B2 — B1) i(s+1) i(s +8t+t)} 26,

20 _
|azas — a3 = ‘ AR, Rs 4R, R3 S8R?R; S8R1R2R3
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B ) 2 _ 2 2 2
{31(31 232+Bg) Bl(Bz B1)(S+t) BlQl(S +st+t )} 4 1 (262814—@16%)2‘

16R: Rs 16R2R; 16R, R2Rs “ T 16R2
aras — a@| = B? - Bi(B: — Bi)  Bi(s+t) Bi(s’+st+t) BiQ: 2o
S Y ) 4R, Rs 8R2Rs 8R1Ra2Rs 4RZ [ 7
N Bi(B1 —2B2+ B3)  Bi(B:—Bi)(s+1t) | BiQi(s®+st+t°)  QF A B} 2 (19)
16R1 R3 16R2R; 16R1R2R; 16R2 [ ' 4Rm2™?

Putting the values of ¢z and c¢s from equations (8) and (9) in (19), we assume that ¢; = ¢ € [0,2]. With elementary

calculations, we get

2 B B? B \ 4 B? B B 2 2
_ — | =2 _ = _ 4 —
lazas — a3 H 2 "t T6RiRs  16R2SC T \8RiRs T2 8RZ[C 24 -c)
B% 2 2 2 B% 2 2 B% 2 2\2
-1 4— 4—cAH(1— - 4—
163133”( C)+8R1R30( )1 = [z[7)z 16R§$( c’)
where
5 B1(Bz — By) N Bi(s+1t) N Bi(s* +st+t°) BiQ:
~ 4RiRs SR2R; 8R1R2R3 4R2
and

Bi(B1 — 2By + B3) = Bi(Ba — Bi1)(s+1t)

_ BiQi(s* +st+t%)  QF
= 16R: Rs 16R2R;

16R1RZR;  16R2

+

Now applying the triangle inequality and replacing |z| by p, we obtain,

B? B? B? 8 B?
_ 2 < 1 _ 1 4 1 & 1 2 4_ 2
la2as — as] < HB“L”JF 16R, Rs 16R§} + {8R1R3 * 8R§}C pd=c)
B% 2 2 2 B% 2 2 B% 2 2\2
24— 4— A1 - 42 (20)
R P 4 )+ g g =) p)+16R§p( )
=F(c, p).

We assume that the upper bound occurs at the interior point of the rectangle [0, 2] x [0, 1]. Differentiating (20) with respect

to p, we get

aF B% B B% 2 2 B% 2 2 B% 2 B% 2\2
9 PP L2y 14— - 4- DL
ap {8R1R3 T s U R ) T g R T )Pt gt =)

For 0 < p < 1 and fixed ¢ € [0, 2], it can be easily seen that or > 0. This shows that F(c, p) is an increasing function of p.

dp
Therefore, max F(c, p) = F(c,1) = G(c)
B% B% 4 B% /3 B% 2 2 B% 2 2 B% 2\2
F(e,1) = = T . e A 2L 24— L4 22,
(e 1) = G(e) {BHH mE, 16mJ° T\smk T2 sm T ) Y e ) Tt )

By elementary calculus we have G”(c) < 0 for 0 < ¢ < 2 and G(c) has real critical point at ¢ = 0. Thus the upper bound of

F(p) corresponds to p =1 and ¢ = 0. Thus the maximum of G(c) occurs at ¢ = 0. Hence,

Bi

2
asaq — az| < —
lazas 3|—R§

Remark 3.2 ([14]). When By = By = By = 2,5 = 1 and t = —1, Theorem 3.1 reduces to |azas — a3| < 1.
Theorem 3.3. If f € S;(¢,s,t), then

B,

— <24 here Az = ——.
azaz — as| < 243, where As 2Rs
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Proof.  From equation (14), (15) and (16), we obtain

_ BlQl B1 —232+Bg B]_(B2 —Bl)(8+t) BlQ1(82+St+t2) 3
lazas —aa] = HSR1R2 8 + S8R, + 8R> a

21
L[ Bl B:=Bi_ Bi(s+t) Bi(s+st+8)) - Bies =
4RiR, 2R 4R Rs 4R2Rs ' 2R,
Putting the values of ¢z and cs from equations (8) and (9) in (21) , we assume that ¢; = ¢ € [0, 2] we get,
_ Ay Az s Ay Az 2y Az o 2, Az 2 2
lazas — as| = {A1+ 3 1 }c + 3 3 cx(d—c”)+ 1 (4—1¢) 3 (4—c)1 = |z|")z,
where
_ _ 2 2
A1 _ BlQl Bl 232—|—B3 + Bl(BQ Bl)(8+t) + BlQ1(S + st+t ) (22)
8R1R2 8 8R1 8R2
A= B  B:—Bi  Bi(s+t) Bi(s’+st+1t?) (23)
7 \4RiR: 2R AR Rs 4Ry Rs
B
d As = — 24
an 3 2Rs (24)

Now applying the triangle inequality and replacing |z| by p, we obtain,

lazas — as| < HAI + A2 _ ﬁ}?

{% - %} o1 =)+ Bop(1- )+ Ba- - )= Flep).  (25)

We assume that the upper bound occurs at the interior point of the rectangle [0, 2] x [0, 1]. Differentiating (25) with respect

to p, we get

oF _ [Ay  As ooy, As o
a—p—{Q 2}0(4 c)+2p(4 c)(e—2)

For 0 < p < 1 and fixed ¢ € [0, 2], it can be easily seen that g—F < 0. This shows that F'(c, p) is an decreasing function of p.
P
Therefore, max F'(c, p) = F(c,0) = G(c)

Glo) = {—4A1 ul ek } &+ 8-

For optimum value of G(c), consider G'(c) = 0 this implies that ¢ =0 or

4As
3(4A; + 24, — As)

CcC =

Thus G attained its maximum value at ¢ = 0. Hence the maximum of the functional |azas — a4| are given by the inequalities

of the theorem. This completes the proof. O

Remark 3.4 ([14]). When By = Bo = B3 =2,s =1 and t = —1, Theorem 3.3 reduces to |azasz — aa| <

N | =

Theorem 3.5. If f € S;(¢,s,t), then

ag—ag\ < =,

Ra

Where Ry is given by (17)
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Proof.  Since f € SZ(¢,s,t),then using equations (14) and (15) we obtain

B B2 2
las — a3 = | = 2—{71—&}01

2R, 2 T \4R? 1R, [ 2
_ B o BiR: G ﬁ
2R, | 2RZ 2B 2
B B
where R1, R is given by (17) and setting o = 1132 — &, by using Lemma 2.4, we have |az — a3| < 2L
2R3 2B Ry

Theorem 3.6. Let the function f given by (1) be in the class S; (¢, s,t). Then

B? By
Hs(1)| < =L 4245 + =2,
|3()|,R§+ 3+R2

Where Ry and As is given by (17) and (24).

Proof.

|Hs(1)| < |as||azas — @3] + |as|las — azas| + |as||as — a3|

Using Lemma 2.1, Theorem 3.1, Theorem 3.3 and Theorem 3.5 in (26), the above results can be easily obtained.

Remark 3.7 ([14]). When B1 = B = B3 =2,s =1 and t = —1, Theorem 3.6 reduces to |[Hs(1)| <

N Ot

Theorem 3.8. If f € Cs(o, s,t), then

BQ
2 1
azaq —az| < ——5

OR2

Where R is given by (17).

Proof. From the definitions of the classes S; and Cs, it follows that the function f € Cs if and only if zf’ € SF. Thus

replacing a, by na, in (14), (15) and (16), we obtain

o — Blcl
TR,
an = Blcg Qlcf
7 6R, ' 12R,
_ B103 BQ —B1 B%(S—Ft) B%(S2 +St+t2)
“= QR T { 8R; | 16RiRs | 16R.Rs ce
L{Bi=2Ba4 By Bi(s+0)(Ba=Bi) | QiBi(s® +5t+1°) ) 3
32R3 32R1R3 32R2R3 !

Where Ri, Rz, R3 and Q1 is given by (17) and (18). From the equations (27), (28) and (29),

2

_ B
32R1 Rs

|lazas — a3| = ‘

B2 2 4
0163+B10§02+mcéff{ L¢3 Qlcl}

36”27 " 144R2

Where
5 = Bi(Bs — B1 + Bi(s+1t)) B> +st+t?>) Bi(B2— B1)+ BiQ:
32R1R3 64R1 R2R3 36 R3
and
_ Bi(B1—2B2+ Bs) + Bf(s+t)(B2 — B1) | (s* +st+t*)Q1B1 2
= 1281 Rs 28RR; @

(29)

(30)
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Putting the values of ¢z and c¢3 from equations (8) and (9) in (30), we assume that ¢ = ¢ € [0,2]. With elementary

calculations, we get

B} B} B} B}
|a2a4—a§|:‘{61+n1+ ! L }c4+{ ! —|—& L }ch(él—cQ)

2 128R1Rs  128R2 64R1Rs = 2  64R2
B% 2 2 2 B% 2 2 B% 2 2\2
4 S s WY Y - 4-
s ¢ ) T G gy ) ez taam” e )

Now applying the triangle inequality and replacing |z| by p, we obtain,

B? B? B? 8 B?
_ 2 < & 1 _ 1 4 71 71_ 1 2 4_ 2
lazas — aj] < H > Pt snr, sk ¢ |G T 2 earzy c P )
B% 2 2 2 B% 2 2 B% 2 2\2 (31)
tosmm P ) e, U ) F e ()
=Fi(c, p).

We assume that the upper bound occurs at the interior point of the rectangle [0, 2] x [0, 1]. Differentiating (31) with respect

to p, we get

2 2 2 2 2
@:{ Bl +ﬁ Bl }C2(4_C2)+ Bl 2 (4_62) Bl (4_62)+ Bl (4_02)2

9p  \64RiRs = 2 GARZ 64R Rs " T 32RiRs " 72R2”
. . OF . . . . .
For 0 < p < 1 and fixed ¢ € [0, 2], it can be easily seen that a—p > 0. This shows that Fi(c, p) is an increasing function of
p. Therefore, max Fi(c, p) = F(c,1) = G(c)
51 B% B% 4 B% 51 B% 2 2
Fi(c,1) =G(c) =< — - -1 4 4 —
1(e 1) = G(e) { > Pt sm 18w )¢ \eRm T2 eargyc )
Bf 2 B} 2\2
P12 4 —
s ) gt

By elementary calculus we have G”(c) < 0 for 0 < ¢ < 2 and G(c) has real critical point at ¢ = 0. Thus the upper bound of

F1(p) corresponds to p =1 and ¢ = 0. The maximum of G(c¢) occurs at ¢ = 0. Hence,

o) Bi
lagas — a3 < 9R2
O
Remark 3.9 ([14]). When By = Bo = By = 2,5 = 1 and t = —1, Theorem 3.8 reduces to |azas — a3| < %
Theorem 3.10. If f € Cs(¢, s,t), then
anas — as] < | 135 = 242) [644 — 14,
200 M= 3(44, + 243) 3 '
Where
A — B1Q1 _ By —2Bs + Bs B%(S—f—t) Bl(S+t)(Bz —Bl) (52+St+t2QlBl) (32)
"7 48R, 32R; 32R1R; 32R:1Rs 32R>Rs
A _ B B-Bi Bi(s+t) B+ +st+t?) (33)
> 7 24R Ry 8R3 16R1 R3 16 R2 R3
By
A = — 4
° 7 8Rs (34)
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Proof.  From equations (27), (28)and (29), we get

lasas — a] = B? _ B | +BlQ1 B [B:-B Bi(s+1t) Bi(s*>+ st +1t?) e
208 = = o R Ry Y T 48R, T B8Ry SR 16R1 Rs 16R2Rs3 12
_ [Bi—2B>s+ B3 | Bi(s+1t)(B2— Bi) N (s*> + st +t3)Q1 B E
32R3 32R1 R3 32R2R3 !
|a2a3 — a4\ = Alcif + Ascico — Ascs (35)

Where A1, Az and As are given in (32), (33) and (34). Putting the values of ¢2 and ¢z from equations (8) and (9) in (35),

we assume that ¢; = ¢ € [0,2]. With elementary calculations, we get

. 2V 2
|a2a3*a4‘:{é*é*z‘h}cz&f{%}cm(4762)+%cm2(4702)*2(4 C)Ell o)z

Now applying the triangle inequality and replacing |z| by p, we obtain,

24— A1)

As A } =Fi(c,p)-  (36)

|a2a3—a4\ < ‘{T_?_Al

+ {%} cp(4 — 02) —+ %sz(ll — 62) =+

We assume that the upper bound occurs at the interior point of the rectangle [0,2] x [0, 1]. Differentiating (36) with respect

to p, we get

OF _ [ As— Ay
op 2

} (4 -7+ %cp(él )= (4=

For 0 < p < 1 and fixed ¢ € [0, 2], it can be easily seen that % > 0. This shows that Fi(c, p) is an increasing function of
P

p. Therefore, max F'(c, p) = Fi(c,1) = G(c)

Fi(e,1) =G(e) = {T -5 —A1}03+ {#}0(4—02)—1— %0(4—3)

4(3A3 — 245)

m and is given by

By elementary calculus, G(c) is maximum at ¢ =

Gc) < 4(34s — 245) [6A3 - 4A2}

3(4A; + 2A3) 3

Thus for all admissible ¢ € [0, 2], the maximum of the functional |a2as — a4| are given by the inequalities of the theorem.

This completes the proof. O
4
Remark 3.11 ([14]). When By = Bo = B3 =2,s =1 and t = —1, Theorem 3.10 reduces to |azas — as| < 5

Theorem 3.12. If f € Cs(¢, s,t), then
By
< —
a3 — a3 3R,
where Ry is given by (17).

Proof.  Since f € Cs(9, s,t),then using equations (27) and (28), we obtain

C1

6R: 16R2 12R2 2

B SBle Q 4

T bR |© " 2R.Bi [ 2
Q

3B1Ro
8R? 2R

Ias—ag\:'— co —

by using Lemma 2.4, we have |az — a3| < % O
2

Where Ri, R is given by (17) and setting o =



On Third Order Hankel Determinant for Some Special Class of Analytic Functions Related with Generalized Sakaguchi Functions

Theorem 3.13. Let the function f given by (1) be in the class Cs(¢, s,t). Then

01 < o Sara |
Where A1, A2, Az is given by (32), (33) and (34).
Proof.

|Hs5(1)| < |as||azas — a3| + |aa||as — azas| + |as||as — a3 (37)
Using Lemma 2.2, Theorem 3.8, Theorem 3.10 and Theorem 3.12 in (37), the above results can be easily obtained. O
Remark 3.14 ([14]). When B1 = Bo = B3 =2,s =1 and t = —1, Theorem 3.13 reduces to |Hz(1)| < %
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