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Abstract: In the past decades, modal analysis has become a major technology in the quest for determining, improving and opti-
mizing dynamic characteristics of engineering structures. Not only has it been recognized in mechanical and aeronautical
engineering, but modal analysis has also been discovered in profound applications for civil and building structures, space
structures, transportation and nuclear problems [4]. In this paper we introduced the new concept of double interval
sequence spaces ['(g]) and A(gI). We present the different properties like completeness, solidness etc. Also, we have given
some new definitions and theorems about the sequence space of double interval numbers.
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1. Introduction

Interval arithmetic was first suggested by Dwyer [2] in 1951. Development of interval arithmetic as a formal system and
evidence of its value as a computational device was provided by Moore [9] in 1959 and Moore and Yang [10] 1962. Fur-
thermore, Moore and others [11] have developed applications to differential equations. Chiao in [5] introduced sequence of
interval numbers and defined usual convergence of sequences of interval number. Sengoniil and Eryilmax [12] in 2010 studied
bounded and convergent sequence space of interval numbers and showed that these spaces are complete metric space. A set
consisting of a closed interval of real numbers x such that a < x < b is called an interval number. A real interval can also
be considered as a set. Thus we can investigate some properties of interval numbers, for instance arithmetic properties or
analysis properties. We denote the set of all real valued closed intervals by IR. Any elements of IR is called closed interval
and denoted by Z. That is T = {x € R : a <z < b}. An interval number Zis a closed subset of real numbers. Let z; and
be be respectively first and last points of the interval number Z. For Z1,Z2 € IR, we define 1 = T2 if and only if z1; = zo

and 1, = Tor

Ti+Ze={zcN:zy+zy <z <210 +220) }

Z1 X Tz = {x € R : min(zuzy, ruLer, T1r2o, T1rrer) < ¢ < max(Tuar, T1Lor, T1r&al, L1rLor) b

The set of all interval numbers I'R is a complete metric space defined by

d(T1,%2) = max{|Zu — Ta|, |T1r — Tor|}
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In the special case Z1 = [a,a] and T2 = [b,b], we obtain usual metric of ®. Let us define transformation f: N x N — R,

k,l — f(k,1) = Zx,, then T = (Z1,) is called double sequence of interval numbers. Zj; is called k,1*"

term of sequence
% = (Zr,). We denote by w?(IR) the set of all double sequence of interval numbers.

A sequence T = (Zy,) of double sequence interval numbers is said to be convergent in the Pringsheim’s sense or P-convergent
to the interval number Zoif for each € > 0 there exists a positive integer ko such that d(Zr,,Zo) < € for all k,1 > ko. A
sequence T = (Z,;) of double sequence of interval numbers is said to be double interval fundamental sequence if for every
e > 0 there exists ko € N such that d(Zx,i1, Tm,n) < € whenever m,n, k,l > ko. Let p = (px,1) be a double sequence of positive

real numbers. We define convergent series, bounded series and p-absolute convergent series of sequences spaces of double

interval numbers which are denoted cs®(IR), bs*(IR), I2(IR) respectively, that is

SQ(IR) = {ZE = (fk,z) S MQ(IR) : liglnliern (d(iixk,l,xo)) = O} ,

k=11=1
bsQ(IR)—{x(xkz)Ew (IR) : supd ZZ Z1,0 },
m,n k=11=1
m n m n p\ 1/p
2IR) = { & = (T11) € W*(IR) : ( > (d(zzm,l,ﬁ)> ) <oo,p>1
k=11=1 k=11=1

Clearly we see that the spaces cs*(IR), bs*(IR), I7(IR) are sub vector spaces in accordance with scalar product and addition

on w?(IR) which are metric spaces.

2. Main Results

We define the entire sequence spaces of symmetric modals which are denoted by T'?(TR) and A*(IR) respectively.

I'*(IR) = {5: = (Zr1) € W (IR) : 1}15? (D(%,,0)) = 0} A?(IR) = {i = (Z11) € W(IR) : sup (D(Zx,,0)) < oo}

Kl

1/p s .
where D(Zw,1, Jr,1) = max{‘gk’l -y, l‘ res Ty — yk,l|1/”~l} the metric defined by

- _ 1/Pk,l _ = l/plc i 7 7
d(Tp,1, Yr,1) = sup max ‘zk,l -y, l‘ NZra = G /Pt o = sup D(Zk.1, Uk 1) (1)
k,l = k,l
which satisfies the metric space axioms.

Theorem 2.1. The sequence space FQ(IR) is a complete metric space with respect to the metric defined by (1).

Proof. Let (z) be a fundamental double sequence of interval numbers in T?(IR). Then for a given & > 0 there exists

a positive integer no such that d(w,gnl),ffﬁ)) = sup D(:r,(cnl),w( l)) < ¢ for all n,m > ng. This is true for all k, 1, we have

)

D(.’L‘g?, mg?)) < ¢ for all n,m > no
1/pr,1 Pkl
max{‘&f&? ff’Z) / , 57 7(m ‘ '/ } < e forall n,m > ng
Pl,l 1/pk,1
‘x;nz) < PPl and ‘mi"l) ;igc";) / < Pl for all n,m > ng

This leads to the fact :E,(cn; is a fundamental sequence in IR. Since IR is a complete metric space, :E}(cnl) is convergent.

lim :E,(c"l) = Ty, for each k,I € N. This is true for all k, 1, sup D(:f,(c"l),fk,l) <e. So 9_3;@"1) — @ as n — oo in T3(IR), we
n ’ k.l ’ ’

)

have to show that Z = (Z,;) € T*(IR). Since fggnl) € T?(IR), we have d_(a_:i"l), 0) < e. Consider d(Zy,;,0) = sup D(Zx,;,0) <
’ ’ k,l

sup D(:f;"l), Zp,1) + sup D(f;nl), 0) < € + ¢ = 2¢. Hence (Zy,) € T*(IR). This completes the proof. O
k,l ’ k,l ’
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Theorem 2.2. A necessary and sufficient condition that D(Y Z,15k,1,0) should be convergent for every (Ti,) for which
lllcngl (D(Zg,1,0)) = 0 is that D(gk,i,0) should be bounded.

Proof.  Suppose D(¥,i,0) is bounded. then we can find M so that D(§x,,0) < M for k,I > 1, since D(>_ Zx,1,0) — 0 as

k,l — oo, we can find ko so that D(>_ Zj,1,0) < k1> ko

2M’

[D(Zk15k,1, 0)]P% < [DO> Zr, 0)7%! [D(Gi 1, 0)]7+!

1 Pk, » 1
< (m) MPR = Pk,

So > [D(Zk,1Jk,1,0)]P* ! converges.

Conversely, suppose D(jk,,0) is not bounded .Then we can find an increasing sequence {kq,{l;} of integers such that
[ 0] i b= gyl =1
[0,0] if k# ky,l #1,

D(§ry,1,,0) > ¢, ¢ =1,2,.... Thatis, [D(Yr,,1,,0)]"*ala > ¢P*ala, g =1,2,.... Take Tp; =

Then lim (D(z,1,0)) = 0. But

_ Pkq,lq — ,Pkq.lq

[D(Zx.1Gr.1, 0)]P ek [D(Zx Gk, 0)]* > [D(Zk,1,0)] [D(Fx,1,0)]

1 Pkg,l P
q-'q kq,l
1 Phg,lq 1 q-tq
— Pk, Pkg,l
= Phgily (g7Farta)Pharta
q

=1

so that >_[D(Zx,iJk,,0)] does not converges. Hence D(3jx,i,0) is bounded. O
Theorem 2.3. The double sequence spaces of interval numbers T*(IR) and A*(IR) are solid.

Proof. We consider T'?(IR) Now let d(Fx,i,0) < d(Z,1,0) for all k,1 € N and for some Z € T?(ITR). Then, we have

1/pg,
s}gg)max{‘gk‘l‘ [P ,|ﬂk,l|1/pk'l} < S;llpmax{@k”l/pk" ,|j:k7l|1/10k,z}

Y, Sz and Yeg < Ty That is § < 2. It is clear that g € T?(IR). Therefore T?(IR) is solid. O
Theorem 2.4. The sequence (€1,1,82,1....€k,1,..) is schauder interval base for T2(IR), where &, = {0,0,...[1,1],0,...}.

Proof. Let T = (Zx,;) € T*(IR). Therefore for every € > 0 there exists a positive integer n € N such that k,I > n,

d(Zx,1,0) = sup D(Zy,;,0) < e. Now we should show the following statement. kllim d((ZTky — Y. €k,1%k,),0) = 0. From here
k.l =00

we can write next steps

d(Zr, — Zék,lfk,l),()) = J(([ﬂ,ih,l], [T2,1,T2,1], oo [Tk,1, Tht], ) = ([2145 T1,], [Zgy, 2], oo [Z,,.1> Tni1]),0)

= (([67 ()7 ~~~~~~ [£n+1,l, jnJrl,l]v [§n+2,lv jn+2,l])v ())

= sup max{’&k’lr/”’l |ik,l|1/p’“‘l} —0 asn— o
kI>n+1

‘We have

oo
Tgi = Z €k, 1Tk, (2)

k,l=1
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Let us show uniqueness of the representation given by (2) for Z = (Zx,;) € I*(IR). Suppose that there exists a representation

_ o -
Tpy =D 01 €k,1Tk,1, then for n — oo, we have

J(Z(wkz—yklekh Zd (Tt — Trt)er,1,0)
k=1 k=1
1/py,
= sup max{’ykl z, l’ /P, gt a_skyl|1/17k,l} 50 asn — oo
kel >n+1
1/p -
‘gw — Qk’l‘ [ — 0 and |§k,1 — Tk, [Pkt — 0 as n — o0o. Therefore Ypy = Liy and ¥k = Tx,;. That is § = T. O
3. , 8,7 Duals of Sequence Space the Modals
For the sequence spaces A?(IR) and u?(IR), we define the set S(A\*(IR), u>(IR)) by
®3)

S(A(IR), )*(IR)) = {(gk1) € w’(IR) : (Tw1,Grst) € p>(IR)} for all Ty € N*(IR)

with the notation of (3), the a, 3,7 duals of double sequence space A*(IR) which are denoted by A\*»*(IR), A*#(IR) and

A*7(IR) are defined by
A»*(IR) = S(\*(IR),I;(IR)),
MP(IR) = S(\*(IR),cs*(IR))

M (IR) = S(A*(IR),bs*(IR))

Theorem 3.1. The 8 dual of sequence space T?(IR) is A*(IR)
Let us suppose that and § = (gx.1) € A2(IR) for every Z = (Z1,) € I*(IR), then sup D(gr.,0) < oo, we can write

Proof.

3
3

lim D Z a_Zk,lgjk,l,ﬁ = liTILnD [gk l’gk’l]’ [Qk,lf i’k,l], 0
k=1

m,n
k=1

m,n
=lim D [yk 1Lk zy'gk,li’k,lL 0
m,n —NR, ’
k,l=1
1/Pk ! 1/Pk,l
= lim max E Yy 1Tk E Yk, 1Tkl
m,n s
k=1 k=1
m,n m,n
< li 1/Pk,l T /Pk 1
< lim max Yy Lk s D |Gkl
m,n s
k,l=1 k=1
m,n m,n
1
= lim M max E |Qk|/pkl g |z l\/pkl
m,n ’
k,l=1 k,l=1
1/pr 1
Where M = max{Mi, M2}; M, = sup Y., , Mo = sup |Gk, L
k1T k,l
m,n m,n
lim D E klykh < lim M D .ka,ﬁ
m,n — mym
—1 k,l=1
o0
=MD E Tk, 0
k=1
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D(:f'kJ, 0) < 00

é
L

Therefore, we get Ty, 1y, € ch(IR)‘ Hence (gx) € rz# (IR).
A*(IR) c T*?(IR) (4)

Let § = (gr,1) € F2’6(IR), then 3" D(Zk,19x.1,0) converges for every Z = (Zx;) € T*(IR). By Theorem 2.2, D(fx,,0) is
bounded. sup D(gx,1,0) is bounded, then § = (Fx,;) € A*(IR)
Kl

I*#(IR) c A*(IR) (5)

From (4) and (5), I'*#(IR) = A*(IR). O
Theorem 3.2. T%%(IR) = T%#(IR) = T?7(IR) = A*(IR).
Proof.  From Theorem 3.1, I'*#(IR) = A*(IR). From Theorem 2.3 and Theorem 2.4, T?*(IR) = I'*?(IR) = I'*"(IR).

Hence I'**(IR) = T*#(IR) = T*7(IR) = A*(IR). O
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