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Abstract : In this paper, we prove some fixed point theorems for different type of contractive conditions
under c-distance in cone metric spaces. A new concept of the c-distance in cone metric space has been
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1 Introduction and Preliminaries

The first important result on fixed points for contractive type mapping was the Banach’s contraction
principle by Banach in 1922. There are many generalizations of Banach’s contraction mapping principle
in the literature. In 2007, Huang and Zhang [6] generalized the concept of metric space, replacing the set
of real numbers by an ordered Banach space and obtained some fixed point theorems for different type
of contractive conditions. They introduced cone metric space without c-distance. In 2011, Cho et al.[14]
introduced a new concept of the c-distance in cone metric spaces and proved some fixed point theorems in
ordered cone metric spaces. This is more general than the classical Banach contraction mapping principle.

The aim of this paper is to extend and generalize the results of Fadail et al. [I8] and proved some
fixed point theorems on c-distance in cone metric space, under the continuity condition for maps. Before
presenting our results, we recall some notations, definitions and examples needed in our subsequent

discussions.

Definition 1.1. Let E be a real Banach space and 6 denote to the zero element in E. A cone P is a

subset of E such that

(1) P is nonempty set closed and P # {6},
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(2) If a,b are nonnegative real numbers and x,y € P then ax + by € P,
(3) x€ Pand —x € P= 1z =40.

For any cone P C E, the partial ordering < with respect to P is defined by x <y if and only if y—x € P.
The notation < stands for x <Xy but x # y. Also, we used x < y to indicate that y — x € int P, where

int P denotes the interior of P. A cone P is called normal if there exists a number K such that
02zy=|z|<K|yl] (1.1)

for all z,y € E. The least positive number K satisfying the above condition is called the normal constant

of P.

Definition 1.2 ([6]). Let X be a non-empty set and E be a real Banach space with the partial ordering
= with respect to the cone P. Suppose that the mapping d : X x X — E satisfies the following conditions:

(1) 6 < d(z,y) for all z,y € X and d(z,y) = 0 if and only if x =y,

(2) d(z,y) = d(y,z) for all z,y € X,

(3) d(z,y) < d(z,y) + d(y, z) for all z,y,z € X.

Then d is called a cone metric on X, and (X,d) is called a cone metric space.

Definition 1.3 ([0]). Let (X,d) be a cone metric space, {x,} be a sequence in X, and x € X.

(1) For all ¢ € E with 6 < ¢, if there exists a positive integer N such that d(z,,z) < ¢ for all n > N,

then x,, is said to be convergent and x is the limit of {x,}. We denote this by x, — x.

(2) For all c € E with 6 < c, if there exists a positive integer N such that d(zn, Tm) < ¢ for alln,m > N,

then {z,} is called a Cauchy sequence in X.
(3) A cone metric space (X,d) is called complete if every Cauchy sequence in X is convergent.
Lemma 1.4 ([3]).
(1) If E is a real Banach space with a cone P and a < Aa, where a € P and 0 < A < 1, then a = 6.

(2) If c € int P,0 < a,, and a,, — 0, then there exists a positive integer N such that a,, < ¢ for allm > N.
Neat, we give the definition of c-distance on a cone metric space (X,d) which is a generalization of

w-distance of Kada et al.[10] with some properties.

Definition 1.5 ([14]). Let (X,d) is a cone metric space. A function ¢ : X x X — E is called a c-distance
on X if the following conditions hold:

(q1) 0 = q(z,y) for all z,y € X,

(q2) q(z,y) = q(x,y) +q(y, z) for all z,y,z € X,

(q3) for each x € X and n > 1, if q(x,yn) = u for some u = u, € P, then q(x,y) = u whenever {y,} is

a sequence in X converging to a point y € X,
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(¢4) for all ¢ € E with 8 < ¢, there exists e € E with § < e such that q(z,2) < e and q(z,y) <
eimply d(z,y) < c.

Example 1.6 ([I4]). Let E = R and P = {x € E:x >0}. Let X = [0,00) and define a mapping
d: XxX — E byd(z,y) = |z—y| for all z,y € X, then (X, d) is a cone metric space. Define a mapping
q: X xX = Ebyqglx,y) =y for allx,y € X. Then q is a c-distance on X.

Lemma 1.7 ([I4]). Let (X,d) be a cone metric space and q is a c-distance on X. Let {z,} and {y,}be
sequences in X and x,y,z € X. Suppose that u, is a sequences in P converging to 8. Then the following

hold:

(1) If ¢(zpn,y) =X uy and q(xy, 2) < Up, then y = z,

(2) If q(Tp,Yn) = up and q(xn, z) < Uy, then {yn} converges to z,

(3) If ¢(xp, ) 2 uy for m > n, then {x,} is a Cauchy sequence in X,
(4) If q(y, xn) = uy, then {x,} is a Cauchy sequence in X,

Remark 1.8 ([I4)).

(1) q(z,y) = q(y,x) does not necessarily for all z,y € X.

(2) q(z,y) = 6 is not necessarily equivalent to x =y for all z,y € X.

2 Main Result

In this section, we prove some fixed point theorems under c-distance in cone metric space over non normal

cone with nonempty interior.

Theorem 2.1. Let (X, d) be a complete cone metric space and q is a c-distance on X . Suppose that the

mapping f : X — X is continuous and satisfies the contractive condition:

q(fx, fy) = arq(z,y) + asq(x, fx) + asq(y, fy) + aslq(fr,y) + q(fy,2)] (2.1)

for all z,y € X, where a1, az,as, a4 are nonnegative real numbers such that ay + as + az + 2a4 < 1. Then
f has a fized point x* € X and for any x € X, iterative sequence {f"x}converges to the fized point. If
9 = fo then q(9,9) = 0. The fized point is unique.

Proof. Choose x, € X. Set x1 = fxg, 22 = fr1 = f?T0,...,Tpni1 = fTn = f" . Then we have

Q(xn»xn+1) = Q(fxnflafxn) (22)

= alq@:n—la xn) + a2Q(:Cn—1,a fxn—l) + GSQ(Inv fxn) + CL4[Q(f$n_1, 'Tn) + Q(fxna xn—l)]

- alQ(xn—la an) + GQQ(xn—l,a an) + Cl3¢]($n7 xn—i—l) + ay [Q(l‘n, an) + Q(xn-‘rla -rn—l)]~

So
a1 + ag + ay

1—as —ay Q(xn—laxn)

q(Tn,; Tri1) 2
= hq(xnflvfn)ywhere h = w < 1
— a3 — a4
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Let m > n > 1. Then it follows that

q(xn,v xm) j Q(xm xn+1) + Q($n+17 xn+2) + -+ Q(Cﬁ‘mfl, Im)

< (R + R+ W g, 1) (2.4)

n
<
_l—hq

Thus, Lemma 1.7 shows that {z,} is a Cauchy sequence in X. Since X is complete, there exists a* € X

(zo, 1)

such that x,, — z* as n — oo. Since f is continuous, then z* = limx,1 = lim f(z,) = f(limz,) =

f(x*). Therefore z* is a fixed point of f. Suppose that ¥ = fo), then we have
q(9,9) = q(f0, f0)
=2 a1q(9,9) + azq(V, f9) + azq(V, f9) + as[q(f9,9) + q(f9, 9)] (2:5)
= (Cl,l +as +asg + 2a4)q(19, 19)

Since aj + ag + az + 2a4 < 1, Lemma 1.4 shows that ¢(d,4) = 6. Finally, suppose that, there is another
fixed point of y* of f, then we have

q(z*,y*) = q(fz*, fy*)
= a1q(z*,y*) + azq(x”, f2*) + azq(y”, fy*) + aslg(f2*,y") + q(fy*, 27)]
= (a1 + 2a4)q(z*, y*)

=< (a1 + a2 + az + 2a4)q(z*, y*).

Since a; + as + a3 + 2a4 < 1, then by Lemma we have g(z*,y*) = 6 and also we have g(a*,2*) = 6.
Hence by Lemma (1), * = y*. Therefore the fixed point is unique. O

Remark 2.2.
(1) Put ay =0 in Theorem[2.1] we get the result of Theorem 3.3 of Fadail et al. [18].

(2) If we put a; = ag =0 and ag = a3 in Theorem we get the result of Corollary 3.4 of Fadail et al.
[18].

Theorem 2.3. Let (X, d) be a complete cone metric space and q is a c-distance on X . Suppose that the

mapping [ : X — X is continuous and satisfies the contractive condition:

q(fz, fy) 2 arq(z,y) + azla(z, fy) + q(y, fr)] + azla(z, fr) + q(y, fy)] (2.6)

for all x,y € X, where a1, as, a3 are nonnegative real numbers such that a1 + 2as + 2a3 < 1. Then f has
a fized point * € X and for any x € X, iterative sequence {f"x} converges to the fized point. If 9 = fo
then q(9,9) = 6. The fized point is unique.

Proof. Choose z, € X. Set 11 = fxg, 20 = fz1 = f220,...Tn11 = fTn, = f"Tlxg. We have the following:

Q(Tn, Tpy1) = q(frn—1, frn) (2.7)

j alq(wn—la xn) + ag [q(zn—l,v f‘rn) + Q(%L, f‘rn—l)] + as [q(xn—la fxn—l) + Q($m fxn)}
= al‘](l'n—laxn) + a2[Q($n—1,7xn+1) + Q(xvuxn)] + a3[‘1($n—1axn) + Q(znaxn+1)}

= (a1 + a2+ a3)q(xn—_1,2,) + (a2 + a3)q(Tn, Tni1).
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So
al —|—CL2 —|—a3

Q(mn,vxn-i-l) =14y —as Q(xn—lv xn) (2 8)
= hq(xp—1,2,), where h = G102 tas <1
— ag — as
Let m > n > 1. Then it follows that
Q(xn,a xm) j q(l‘ny anrl) + Q($n+1, mn+2) + -+ (I(ﬂﬁmfl, xm)

< (" + A" B g (o, @) (2.9)
h'fb

= 17, 4(@0,21)

Thus, Lemma shows that {x,} is a Cauchy sequence in X. Since X is complete, there exists z* € X
such that x, — a* as n — oo. Since f is continuous, then z* = limx,11 = lim f(x,) = f(limx,) =

f(@*). Therefore z* is a fixed point of f. Suppose that ¢ = f1J, then we have
q(0,9) = q(f0, f9)
= (a1 + 2as + 2a3)q(9, V).

Since a1 + 2as + 2a3 < 1, Lemma 1.4 shows that ¢(¢,9) = 0. Next we prove that the uniqueness of the
fixed point. Suppose that, there is another fixed point of y* of f, then we have the following:

q(z*,y*) = q(fz*, fy*)
< arq(x*, y*) + azlq(2”, fy*) + q(y*, fo*)] + asla(z™, f2*) + q(y*, fy*)

= (a1 + 2a2)q(z", y")

(2.11)

= (a1 + 2ag + 2a3)q(x*, y*).

Since a4+ 2as +2a;3 < 1, then by Lemmal[l.4] we have g(z*, y*) = 6 and also we have g(z*, z*) = 6. Hence
by Lemma (1), 2* = y*. Therefore the fixed point is unique. O
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