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new oscillation criteria for the second order quasi-linear neutral delay equation of the form

(r(D)]2 )12 () + q(t) f(e(a(1) =0, t > to,

where z(t) = z(t) + p(t)z(7(t)), —1 < p1 < p(¢) <0, q(¢) > 0, > 0. The results obtained essentially improve and extent
the results in the cited literature.
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1. Introduction

Neutral delay equations appear in modelling of networks containing lossless transmission lines, in the study of vibrating
masses attached to an elastic bar, see the Euler equation in some variational problems, in the theory of automatic control
and in neuromechanical systems in which inertia plays an important role. In the last few decades, there has been increasing
interest in obtaining sufficient conditions for the oscillation and nonoscillation of solutions of different classes of second order
neutral delay differential equations [1-23]. Erbe et al.[3], Grammatikopoulos et al.[5], Gyori et al.[6], Jiang et al.[8], Ladas

et al.[10, 11], Li et al.[12], Sahiner[17], Yan[22] have studied the oscillation of the second order neutral differential equation
[z(t) = p()z(t =) +q(t)f(z(t —0)) =0,t >0, (1)

where 7,0 > 0,p,q € C(]|0,00), (—00,+0)),q(t) > 0, and f € C((—o0,+00), (—00,400)),zf(x) > 0,z # 0. They all

considered the case that p(t) < 0. The paper[5] studied the oscillation of second-order neutral delay differential equation

[(t) + p(t)z(t — 7)) + q(t)a(t — ) = 0, >0, 2)

* E-mail: guanhy8010@163.com


http://ijmaa.in/

Oscillation of Second Order Quasi-linear Neutral Delay Differential Equations

and obtained that if [ q(s)(1 — p(s — 7))ds = oo, then the solutions of Equation (2) is oscillatory. Wong[20] studied the
oscillation and nonoscillation for Equation (1) when p(t) = p,0 < p < 1. Lin[14] investigated the oscillation and nonoscillation
of Equation (1) when 0 < p(t) < p < 1.

Recently, Xu and Meng[21], Ye and Xu[23] considered the oscillation of the equations

Oy 1"y (1) +a() f(2(a(t))) = 0,¢ > to, ®3)

where y(t) = z(t) + p(t)z(7(¢)),0 < p(t) < 1, q(t) > 0, > 0. After that, in 2012, Han et al.[7] considered Equation (eqnl3)

in the case —1 < p(t) <p<0and f € C(R,R),zf(x) # 0,z # 0, and there exists a constant L > 0 such that |x|f<57f>1a; > L,

for x > 0. The authors obtained some conditions which guarantee that every solution z of Equation (3) oscillates. Grace

and Lalli[4] studied the equation

/

(r(®)[2() + p®)(t — 1)) +g()z(t — o) =0, >0, (4)

and subject to

K s o, [T,

and they gave an sufficient condition for the oscillation of Equation (4), that is, if there exists a function p € C*([to, o0], R)

such that

= (s =)y,
[ s = pts = o)) = ELGEE D~ o,

then Equation (4) is oscillatory. Paper[13] considered the oscillation of second-order Emden-Fowler neutral differential
equation

[r(®)2' ()] + a®)|z(o ()" 2(o(t)) = 0,t > to, ()

where z(t) = z(t) + p(t)z(7(t)),0 < p(t) < 1, q(¥) > 0,7 > 0. The authors established some new oscillation results. Agarwal
et al.[1], Chern et al.[2], Kusano et al.[9], Mirzov[16] and Sun and Meng[18] studied the oscillation of second order nonlinear
delay differential equation

(rOla’ ()1° 2/ (1)’ + a(®)2(r(6)* " a(r(t) = 0,1t > to. (6)

Especially, under the case ftzo £ —dt < 0o, Sun and Meng][18] obtained some results which guarantee that every solution x

ro(t)
of Equation (6) oscillates or tends to zero. Tiryaki[19] gave some oscillation criteria for the following equation

(r@)le' ()72 () + a() (7 ()" 2 (r(1) = 0,¢ > to.
Liu et al.[15] considered generalized Emden-Fowler equation with neutral type delays:
(r®)12' (712 () + a2 (o ()" (o () = 0,1 > to,

where z(t) = z(t) + p(t)z(7(t)),« > f > 0., In this paper, we use the generalized Riccati transformation and some specific
analytical skills to establish some new suffecient conditions for the oscillation of second order quasi-linear neutral delay

differential equation of the form

’ ’

(r()]2 ()72 (1) +a(O)f(2(o(t) =0, t>to, (7)
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where z(t) = z(t) + p(t)z(7(t)), —1 < —p1 < p(t) <0,¢(t) > 0,a > 0.

Throughout this paper, we assume that

(c1)r,p,q € C([0,),[0,00)),r(t) > 0,q(t) > 0, for all t € [0, 0),

(c2)o € C([to,0),R),0(t) < t,limyo0 0(t) = 00,7 € C([to,00),R), 7(t) < ¢,lim_00 7(t) = 00,
>

(e3)f € C(R,R),zf(z) # 0,z # 0, and there exists a constant L > 0 such that ‘I{,g(f)lz

L, for x # 0, where (8 is a positive

constant.

2. Main Results

In this section, we will give some new oscillation criteria for Equation (7) which extend and improve some known results.

First, in order to get our main results, we need to prove the following results:

Lemma 2.1. Suppose that (c1) — (c3) hold, and

If x(t) is an eventually positive solution of Equation (7), then there exists a t« > to such that
2(t) > 0,2'(t) > 0, (r(t)(2'(t))*) <0, fort > t. (9)

or limi—eox(t) = 0.

Proof. Let z(t) be an eventually positive solution of Equation (7). It follows from (c2) that there exists 1 > to such that

z(t) > 0,z(o(t)) > 0,z(7(¢t)) > 0 for all ¢ > t1. In virtue of Equation (7) and (c3), one can get that

(r(l= O* 'z () = —a()f(2(o(t))) < —La(t)(z(o(1))” <0,t > t1. (10)
Therefore r(t)|z (£)|* 2 (t) is a nonincreasing function and 2 (t) is eventually of one sign. It follows that there exists ty > £
such that z(t) > 0 or z(t) < 0 for ¢t > to. If 2(t) > 0 for ¢t > t2, we claim that there exists a t. > t2 such that 2’(t) > 0 for
t > t.. Otherwise, there exists a t3 > t2 such that z'(¢t) < 0 for ¢ > ¢3. Since r(t)|z'(t)\°‘71z/ (t) is a nonincreasing function,
we have

—r(t)(=2'(1)* < —r(tz) (=2 (t3))* = =K, for t > t3,

which implies that

1,1 (1
(1) < —K & (—)a for t > ts.
Z() (’f‘(t)) , Ior = U3

Integrating the above inequality from t¢3 to ¢ leads to

2(t) < 2(ts) — K* / (

1 1
))cllds—>—oo7 t — oo,
s

r(

a contradiction. Hence, there exists a ¢, > to such that (9) holds.
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Now suppose that z(t) < 0. By equation z(t) = z(t) + p(t)xz(7(t)), we assert =(t) is bounded. If it is not true, there exists

{kn} with k, — co as n — oo such that

z(kn) = max {z(s)}, lim z(kn) = co.
s€[ta,kn] n—oo

In light of 7(¢t) < t and 7(¢) — oo as t — oo, there exists enough large n such that k, > 7(ky) > t2. It follows that

o(r(kn)) < max {x(s)} = z(kn) = 2(kn) = p(kn)2(7(kn)) < —p(kn)a(7(kn)) < (7(kn)),

T s€[ta,kn]

which is a contradiction. This implies that x(¢) is bounded. It follows that

0 > limsup z(¢) > limsup z(¢) + litrn inf p(¢)z(7(t))
— 00

t—o0 t—o0

> limsup z(t) — p1 limsup z(7(¢))

t—o0 t— oo

= (1 — p1) limsup z(t)

t—o0
> (1 —py)liminfz(t) > 0,
t—o0
which implies that lim¢— o 2(¢) = 0. This completes the proof. O

Lemma 2.2. Suppose that (c1) — (c3) and (8) hold. If r'(t) > 0, and

/ " a(t)(o() dt = oo, (11)

to

further x(t) is an eventually positive solution of Equation (7) such that (9) holds, then there exists a T > to such that
2(t) > t2'(t), for t > T,

t) - ) .
and =2 is strictly decreasing eventually.
The proof of Lemma 2.2 is similar to the proof of Lemma 2.2 in [7], we omit it.

Theorem 2.3. Assume that (c1) — (cs), (8) and (11) hold. Furthermore, r'(t) > 0. If there exists a positive function

p € C*([to,00), RT) such that for any m € (0,1],

- o)y O
[ imoman @y - IO o

to
where py (t) = max{0, p'(t)}, A = min{w, B}, then every solution x(t) of Equation (7) oscillates or lim;_,o z(t) = 0.

Proof.  Assume that z(t) is a nonoscillatory solution of Equation (7). Without loss of generality, we assume that z(t) is
eventually positive. It follows that there exists a t; > to such that z(¢) > 0, z(o(t)) > 0,z(7(¢)) > 0 for all ¢t > ¢;. By Lemma

2.1, there exists a to > t1, such that (9) holds or lim;—« z(t) = 0. Now suppose (9) holds. Define Riccati function

w(t) = p(ty EO)" oy (12)
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Obviously, w(t) > 0. Differentiating (12), one can get that

) — £ ey 4 o TOE @Y B E @) 3)

2P (t) 2PH(t)

where

l,a=p
A =min{a, B}, cx =
0€(0,1),a # 8.
In fact, if 8 > «, by (10), we get that
(r()(= (1)) < —La(t)(z(a(1)’ < —La(t)(2(0(1)))” < 0, > t1. (15)

W) < Dy Loyt @ﬂ—il
(t) < (t) = Lo(t)a(t) (=) PO 0)

When « = g, it is obvious that

(1) < 20 0) — Lp(eyaey 2 (1)t >t (16)

Now we consider 3 > «. Since z(t) > 0,2(t) > 0 for t > to, we obtain that lim¢—o 2(t) = M < co. If M > 1, then there

exists t3 > t2 such that z(t) > 1, for ¢ > t3. It follows that

~

w(t) ~ Lo} D)7 -

w(t) ~ Loty )7 -

~—

ol atl
o

(p()r(t))=

It follows from the above inequalities that there exist ¢t > t2 and 67 € (0,1) such that

W' p;(t)w . Lt) B _ afi waTH *
(t) < o0 (t) = Lp(t)a(t)(—7) ) (), t = ts. (17)
If o > 8, by (11), (13), (15) and Lemma 2.2, we have
iy < P o)y B 1 jems s
0 < Zagte - 1oa @Y - — L T a2
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In virtue of (9) and 7'(¢) > 0, we get that
(r(OE' ()% =7 (O ()" + ar() (= (£))* 71" () <0, t > ta,

which implies that 2”(t) < 0, for t > t5. It follows that %(t) is increasing function and lim¢— o %(t) exists or lims_, oo %(t) =

oo. Using the similar technique in proof of the case 3 > «, we obtain that there exist 62 € (0,1) and ¢5 > 2 such that

/
W) < 200t~ Lp(tya(y( Wy - Py (19)
Pl N CORON
Combining (16)—(18), we obtain that (14) holds. Let A(z) = pj(g):n — e x%,x > 0. By calculating, one can get
(p(t)r () X
that
/ A+1
A(x) < r)gt)(p+(tz\) : .
()*A+DAPA(E)
It follows that
t) () (P () .
") < —I & B + >t
W) < =Le@®aO(Z2) + T s 2

Integrating the above inequality from t* to t leads to

* o(s) s T(S)(P;(S))/\ '
< _ — —
w(t) < w(t") /t* [Lop(t)q(s)( 5 ) CCEE )\(S)}ds — —o0 as t — 00,
which contradicts w(t) > 0. This completes the proof. O

Theorem 2.4. Assume that (c1) — (cs), (8) and (11) hold. Furthermore, r'(t) > 0. If there exists a positive function

u € C([to, 0),R") such that for any m € (0, 1],

[y -

0

™~ \

L (u (£2A+1]exp[()\ +1)m* t ul((s))ds]dt = 00, (19)

where A = min{a, B}, then every solution x(t) of Equation (7) oscillates or limi— oo z:(t) = 0.

Proof.  Assume that z(t) is a nonoscillatory solution of Equation (7). Without loss of generality, we assume that x(t) is
eventually positive. Then there exists a t; > to such that z(t) > 0,z(o(t)) > 0,z(7(t)) > 0 for all ¢ > ¢;. Lemma 2.1 ensures

that there exists a ta > t1, such that (9) holds or lim;_,c z(t) = 0. Suppose (9) holds. Define Riccati function

w(t) = 77"(7:)2(;;85))&715 > 1.

Then w(t) > 0, for ¢t > ¢2. Using the similar technique to prove inequality (14), we get that there exists a t** > t2 such that

w'(t) < qu(t)(&)B _ );cx w%(t)
t( ) A (tz(t) 1 (20)
= [FLaO(TE) + S - ST O + o™ .

From Young’s inequality, we have

A+1 .S >\+ A

W)+ dew ™ (1) = M E) M TTw®) T > (A Vet T u(t)w(t), >
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It follows from the above inequality and (20) that

W 1 cﬁu w _ o(t)\s , uM(t)
(t)+r§(t) [(A+Dex™ u®)w(t)] < —La(t) (=) T
that is,
ox C—Aj_l " u(s)ds Wit < — a(t)\s u (1) ox C—Ail tu(s)ds
pltr + 1™ [ IR @) < (a7 - el D [ U

for all ¢ > t**. Integrating the above inequality from ¢** to ¢, one can obtain by (19) that

exp[()\ﬂ-l)cﬁ/t 1:(;7238

.
e+l [ MR
to

)
_ ' v o(v) B,EM ox C%ﬂ Y u(s)ds ’
L e e L LRI B ol

It is a contradiction. This completes the proof. O
The following examples illustrate our main results.

Example 2.5. Consider the neutral delay differential equation

(o () 2(o(t)) = 0,t > to, (21)

(I2/ @) (0) +

s
where z(t) = z(t) — tz(t — 1), o(t) = VtInt, o > 0,8 > 0.

Let r(t) =1, p(t) = —3, q(t) = ﬁ, o(t) = Vtlnt, 7(t) =t — 1, p(t) = t°. Theorem 2.3 ensures that every solution z(t) of
e

Equation (21) oscillates or lim; o z(t) = 0.

Example 2.6. Consider the second order neutral delay differential equation

(#(0) = 52(5)) + g=lef —eF)a®(0) =0, t> 10, (22)

-
B

|
o~

Let a =1, 8=3,7(t) =1, p(t) = —%, q(t) = es —e2, o(t) = £, 7(t) = £, u(t) = 1. Theorem 2.4 ensures that every

solution z(t) of Equation (22) oscillates or lim¢_, o x(t) = 0.
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