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Abstract: The first and second zagreb indices of a graph G are defined as M1(G) = > [deg(u) + deg(v)] (or equivalently
weE(G)
S [deg(u)?] and Ma(G) = 3 [deg(u)deg(v)] respectively. In this paper, we have obtained the first and second
uweV(Q) wveE(G)

zagreb indices of the generalized complementary prisms Gm+n, Gm,n, Gy, m and Gﬁ}m.
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1. Introduction

Throughout this paper, all graphs we considered are simple and connected. For a vertex v € V(G), deg(v) denotes the

degree of v. The Zagreb indices have been introduced by Gutman and Trinajstic [3, 4] and are defined as:

Mi(G)= > [deg(u)+deg(v)] = > [deg(w)]’,Ma(G)= > [deg(u)deg(v)]

e=uve E(G) veV(G) e=uwvEE(G)

Further, so many authors have studied about Zagreb indices in graphs [1, 2, 6, 7]. Kathiresan and Arockiaraj introduced
some generalization of complementary prisms and studied the Wiener index of those generalized complementary prisms [5].
Let G and H be any two graphs on p; and ps vertices, respectively and let R and S be subsets of V(G) = {u1,uz2,...,up, }
and V(H) = {v1,v2,...,vp, } respectively. The complementary product G(R)OH(S) has the vertex set {(us,v;) : 1 <4 <

p1,1 < j <p2} and (u;,v;) and (un,vk) are adjacent in G(R)OH (S)
(1) if i = h,u; € R and vjvr, € E(H), or if i = h,u; ¢ R and vjv, ¢ E(H) or

(2) if j = k,v; € S and wyup € E(G), or if j =k, v; ¢ S and wju, ¢ E(G).
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In other words, G(R)OH (S) is the graph formed by replacing each vertex u; € R of G by a copy of H, each vertex u; ¢ R of G
by a copy of H, each vertex v; € S of H by a copy of G and each vertex v; ¢ S of H by a copy of G. If R = V(G) (respectively,
S = V(H)), the complementary product can be written as GOH (S) (respectively, G(R)OH). The complementary prism
GG obtained from G is GOK>(S) with |S| = 1. That is, GG has a copy of G and a copy of G with a matching between
the corresponding vertices. In GG, we have an edge v for each vertex v in G. The authors consider this edge as K> or
K11 or Py. By taking m copies of G and n copies of G, they generalize the complementary prism as a graph GOH(S),
where H = Kpmyn (or Kim,n) and S is a subset of V(H) having m vertices and H = Ca, (or Pam) whose vertex set is
{v1,v2,...,v2m} and S = {v1,v3,...,V2m—1}.

In this paper, we have obtained the first and second zagreb indices of the generalized complementary prisms

c P
Gm+n7 Gm,nv G'm,m and Gm,nL'

2. Main Results

Proposition 2.1. For any m,n > 1, Mi(Gmin) = (m 4+ n)M1(G) 4+ 4mg(m +n — 1) +mp(m +n — 1)> + np(m +n+p —

2)2 —dng(m+n+p—2).

Proof. In Gpgn,

dega(u) +m+n—1, if v is in a copy of G
deg(u) = _
m+mn+p—2—dega(u), if uis in a copy of G.
Therefore,
Ml (Gm+n) = Z [deg(u)]2
w€V(Gm+n)
=Y [deg) + Z Y ldeg(w)’®
=1 ygith copy of G =1 yeith copy of G
=m Y [deg)+n Y [deg(u))?
u€a copy of G u€a copy of G

=m Z [dega(u) +m+n—1]" +n Z [m 4+ n+p — dege(u) — 2)°
weV(Q) wev(@)

=m Z (dega(u))® + Z 2(m+n—1)dega(u)] + Z (m4+n-1)7°|+n Z (m+n+p—2)>
weV(Q) ueV(QG) ueV(G) ueV(G)

— Z 2(m +n+ p — 2)dega(u)] + Z [dega(u
weV(G) ueV(Q)

=mMi(G) +2m(m+n—1) Z degc(u) + mp(m +n — 1)
ueV(G)

+npm+n+p—2°—2n(m+n+p—2) Z dega(u) + nM1(G)
ueV(GQ)

= (m+n)Mi(G) +4mg(m +n — 1) + mp(m+n —1)> + np(m +n +p — 2)* —dng(m +n+p — 2).

Proposition 2.2. For any m,n > 1, M1(Gm ) = (m + n)M:1(G) + 4mng + mn®p + np(m +p — 1)> — dng(m +p — 1).
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Proof. In G n,
dega(u) + n, when v is in a copy of G
deg(u) = _
m+p—1—dega(u), when u is in a copy of G.

Therefore,

Mi(Gmn) = Y ldeg(w)]® =3 [ > (deg(U))2] + [ > (deg(U))2]

u€V (Gm,n) =1 |ucith copy of G =1 | yeith copy of G

=m Y ldege(w)+nl +n 3 [m+p—1- dega(u)

weV(G) weV(GQ)
=m Z (dege(u) 24 Z (2ndega (u)) + Z
weV(G) weV(G) ueV(G)

weV(G) ueV(G) weV(G)

+n[ Y (m+p—1)°= > [2m+p—1)dega(u)] + > [dega(u

I—I

= mMi(G) + d4mng + mn’p + np(m +p — 1)> —4dng(m +p — 1) + nM1 (G)

= (m + n)Mi(G) + 4mng + mn’p + np(m + p — 1)° — dng(m + p — 1).

Proposition 2.3. For any m > 1, M1(G7, ) = 2mMi(G) + mp® + 2mp? + 5mp + 4mq — dmpq.

Proof. In G5, m,

dega(u) + 2, when v is in a copy of G
deg(u) = _
p+1—dege(u), when w is in a copy of G.

Therefore,

Mi(Grm) = > [deg(u)]”

ueV(G§

m)

> Y. ldeg(w)’ +Z Y. ldeg(w)®

i=1 yeith copy of G =1 yeith copy of G

=m Z [deg(u)]® +m Z [deg(u)]?

u€ith copy of G u€ith copy of G

=m Z [degc(u)+2]2+m Z [p+1—degg(u)]2

weV(G) ueV(G)

:m[ Z [dega(u 24 Z [4degc (u Z ]

ueV(QG) ueV(G) ueV(G)

ueV(G) ueV(G) ueV(G)

+m[ D 1= Y 2+ Ddega(w)]+ Y [dega(u ]

= mM,(G) + 8mq + 4mp + mp(p + 1)*> + 4mq(p + 1) + mM:(G)

=2mM:(G) + mp® + 2mp> + 5mp + 4mq — 4mpq.
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Proposition 2.4. For any integer m > 1, My (Gi,m) =2mM;(G) + (m — 1)[p® + 2p* — 4pg + 5p — 4q] + p* — 4pq + p + 4q.

Proof.

Therefore, M, (GZ,m)

u€1st copy of G

For any vertex u in G£7m7

dega(u) + 1, if w is in the first copy of G

degc(u) + 2, if v is in the remaining copies of G
deg(u) = _

p — dega(u), if u is in the m‘" copy of G

p+1—dege(u), if u is in the remaining copies of G.

m—1

degP+3° | Y egP|+ | Y leg@P|+ Y [deg(w)

i=2 | ucith copy of G =1 | yecith copy of G u€mth copy of G

> ldego(w) + 117+ (m—1) > [dego(u) + 21>+ (m—1) > [degg(u) +2]°+ > [degg(u) +1]?

ueV(G) weV(G) weV(G)

Y ldega(w) + 17+ (m—1) Y [dego(u) +2* +(m—1) Y [(p+1) —dega(w)* + > [p— dega(u))?

ueV(QG) ueV(G) ueV(G)

D ldege)P+ D 1+2 Y dego(u)+(m—1) | Y [dega(w)*+ Y 444 D dega(u)

uweV(Q) ueV(G) ueV(G) uweV(Q) ueV(QG)

S+ 1)+ D ldegaw)® = D [2(p+ 1)dega(u)]

wEV(G) ueV(G)

+ Y PP+ Y [dege)? = Y [2p dega(w)]

ueV(G)

= Mi(G) +p+4q+ (m — 1)[M1(G) + 4p + 8q] + (m — D) [p(p + 1)* + M1(G) — A(p + 1)q] + p” + M1(G) — 4pq

= 2mM,(G) + (m — 1)[p® + 2p° — dpq + 5p — 4q] + p” — 4pq + p + 4q.

Theorem 2.5. For any m,n > 1,

M2(Gmin) = mM2(G) + nMa(G) + (m +n — 1)[mM;(G) + nM:(G)]

+(m+n—1)° {mq+n(@fq>]

+W[M1(G)+(m+n—1)2p+4(m+n—1)<ﬂ
+w {M(§)+(m+n—1)2p+4(m+n—1) (@—q)}

+mn2m+n+p—2)g+(m+n—1)(m+n+p—2)p— M(G)—2(m+n—1)q.
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dega(u) +m+n—1, where u is in a copy of G
Proof.  In Guyn,deg(u) = g6 (u) Y _ Therefore,
m+n+p — dega(u) — 2, where u is in a copy of G.
Mo(Grin) = Y ldeg(u) deg(v)]
uUeE(Gw1+n)
= > [deg(u)deg(v)] + > [deg(u)deg(v)]
uv€an edge of a copy of G wvEan edge of a copy of G
+ > [deg(u)deg(v)] + > [deg(u)deg(v)]
W€K,y 4y with u,veV(G) WVEK 4 with u,v€V(G)
> [deg(u)deg(v)]

w€K 4y with w€V(G) and veV(G)

=m Z [(dega(u) +m +n — 1)(dega(v) + m +n — 1)]

uwveE(G)
+n Y [(degg(u) +m+n —1)(degg(v) +m+n —1)]
uwv€E(G)
m 2
+<2> Z [dege(u) +m +n —1)]? +<) Z [dege(u) +m+n —1]
ueV(G) weV(G)

+mn Z (dega(u) +m+n—1)(m+n+p—2—dega(u))]
ueV(G)

—m [ S lego(wdega @]+ S [(m+n—ldego(u) + dega(@)]] + > (m+n— 1)2]

uwweE(G) uveE(G) uwveE(G)
+n[ Z [dega(u) )]+ Z [((m +n —1)[degg(u) + degg(v)] + Z (m+n-1) ]
uvEE(G) wveE(G) uv€E(G)

+m(";_1) [ 3o ldege*+ > (m4n—17+ > [2(m+n—1)dega(u ”]

ueV(G) ueV(G) uweV(Q)

ML) [ 3 ldegg@P + Y (mtn-1?+ > [2m+n- 1)de¢c(u)]]

ueV(G) ueV (G ueV(G)

+ [ Z [(m+n+p—2)dega(u)] + Z [(m+n—1)(m+n+p-—2)]
ueV(QG) ueV(G)

— Y ldega(w)* = Y [(m+n-— 1)degc(U)]]

ueV(G) ueV(G)

=m[M2(G)+ (m+n—1)M(G)+ (m+n— 1)2q]

+n Mz(G)+(m+n—1)M1(G)+(m+n—1)2<(72’>_qﬂ
+ m(m[ D [M1(G) + (m +n—1)°p+ (m +n — 1)(4g)]
+”(”2_1) M1(G)+(m+n—1)2p+4(m+n—1)( 7;)_(1)}

+mn2im+n+p—2)g+(m+n—-1)(m+n+p—2)p— M (G) —2(m+n—1)q]
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= mMa(G) +nMz(G) + (m +n — 1)[mMi(G) + nM:(G)] + (m +n — 1)° {mq—&—n (M — q)] +

m(m — 1)

2 2

M1(G)—l—(m—l—n—1)2p—|—4(m—&—n—l)q]—f—M M@G)+ (m+n—1>p+4(m+n—1) (M—q>]

2 2

+mn2m+n+p—2)g+(m+n—-1)(m+n+p—2)p— M(G)—2(m+n—1)q|.

Theorem 2.6. For any integer m,n > 1,

Proof.

MQ(Gm,n) =

O
= m[M2(G) + nM:i(G) + n2q]
+n | Ma(G) + mM,(G) + m® <Iy — q)} +mn2(m+p—1)g+ (m+p— 1)np — M1(G) — 2nq|
In Gy deg(u) = dega(u) + n, where u is in a copy off Therefore,
m+p—1—degs(u), where u is in a copy of G.
> [deg(u)deg(v)]
wvEE(Gm,n)
> [deg(u)deg(v)] + > (deg(u)deg(v)]
uv€an edge of a copy of G uv€an edge of a copy of G
3 [deg(u)deg(v)]
WEK 4y, with €V (G),weV(G)
—m Y [(degolu) + n)(dega(v) + )
wvEE(G)
+n Y [(degg(u) +m)(degg(v) +m)] +mn Y [(dega(u) +n)(m +p — 1 - dega (u))]
w€EE(G) wveV(G)
=m [ D> ldego(w)dega(v)] + Y [n(dega(u) + dega(v))] + > n2]
uv€EE(G) uwveEE(G) uwv€EE(G)
+n [ > (degg(u)degg(v)) + Y [m(degg(u) + degg(v)]+ > m2]
wvEE(G) weE(G) uww€eE(G)
+mn|: Z [(m+p—1)dega(u)] + Z n(m+p—1)]
ueV (G) ueV(G)
= > ldege@)’ = > [ndegc(U)]]
wEV(Q) weV(G)
= m[M2(G) + nM:1(G) + an]
+n | Mo(G) +mM, (G) +m? <<g> - q) +mn[(m +p —1)(29) + n(m +p — 1)p — M1(G) — n(2q)]
= m[Mz(G) + nMi(G) + n’q]
+n | Ma(G) + mM, (G) +m? (% - q)] +mn[2(m+p—1)g+n(m+p—1)p— Mi(G) — 2nqg|.
O
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Theorem 2.7. For any integer m > 1, M2 (G, ) = m[Mz(G) + M2(G) 4+ 2M1(G) +4(5)] + 4m[(p — 1)g + p(p + 1)].

dega(u) + 2, where u is in a copy of G
Proof. In Gy, ,,deg(u) = g6 (u) Y

p+ 1 —degc(u), where u is in a copy of G

Therefore,
My(Grm) = > [deg(u)deg(v)]
weE(Gy, )
= > [deg(u)deg(v)] + > [deg(u)deg(v)]
uv€an edge of a copy of G uvEan edge of a copy of G
+ > [deg(u)deg(v)]
uv€an edge of a copy of Cay,
= > [(dega (u) + 2)(dega (v) + 2)]
uv€an edge of a copy of G
+ > [(degg(u) + 2)(degg(v) +2)] +2m > [deg(u)deg(w)]
uvEan edge of a copy of G ueV(G)
= > [(dege (u) + 2)(dega (v) +2)]
uv€an edge of a copy of G
+ > [(degg(u) +2)(degg(v) +2)] +2m Y [(dega(u) +2)(p + 1 - dega (u))]
wv€an edge of a copy of G ueV(G)

=m[ > [dega(u)dega(v)] +2 Y [dega(u) + dega(v)] + > 4]

wveE(G) uweE(G) weE(G)

+m[ Z [dege(u)degs(v)] + 2 Z [dega(u) + degz(v)] + Z 4]

uv€E(G) uwv€E(G) uv€B(G)

+ 2m

Do M+ Ddeg)]+2 Y p+1) = Y [deg(w)]® 2 Y deg(u)]

weEV(G) weEV(G) weV(G) weEV(G)

= m[M2(G) + 2M1(G) + 4q] + m[M2(G) + 2M; (G) + 4( <§> —q@)]+2m[(p+1)(2q) +2(p+ 1)p — M1 (G) — 4q|
= m[Ma(G) + M2(G) + 2M1(G) + 4 @] +2m[2(p — 1)g + 2p(p + 1)].

O

Proposition 2.8. For any integer m > 1, Ma(G1, ) = m[M2(G) + M2(G)] + (2m — 1)M1(G) + (4m — 3)(5) + 4q(m —
D(p+1) + (4m = 5)p(p + 1) + 2pq + 2p* — 8mg + 64.

Proof. In (G, ),

dega(u) + 1, where u is in the first copy of G

+ 2, where u is in the remaining copies of G
deg(u) =
U

deg +1, where u is in the m*® copy of G

Ql

(
dega (u

(

(

P SN

u) + 2, where v is in the remaining copies of G.

degg
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Therefore,
My(Grm)= Y [deg(u)deg(v)]
uUGE(anﬁm)
= > [deg(u)deg(v)] + > [deg(u)deg(v)]
uv€an edge of a copy of G uv€an edge of a copy of G
+ S [deg(u)deg(v)]

uv€an edge of a copy of Py m

= Y [(dega(u) + 1)(dega(v) + 1)]

uwweE(G)

+(m=1) D [(dega(u) +2)(dega(v) +2)]+ > [(degg(u) + 1)(degg(v) + 1)]
uww€E(G) weE(G)

+(m—=1) Y [(degg(u) +2)(degg(v) +2)] + D [(dega(u) +1)(p+ 1 — dega(u))]
uww€E(G) ueV(G)

+(@2m—=3) Y [(dega(v) +2)(p+1—dega(w)]+ Y [(dega(u) +2)(p — dega(u))]

weV(G) u€eV(G)
= > ldegc(u)dega(w)] + > (dega(u) +dega(v))+ »_ 1

uwv€EE(G) wvEE(G) uwvEE(G)

+m-1)| 3 [dega(u)dege@)]+2 3 [dege(u) +dega(v)] + S 4

L uvEE(G) uwweE(G) weEB(G) |

+ Z [dege(u)degg (v Z [degea(u) + dege(v)] + Z 1

weE(G) weE(G) weE(G)

+(m=1)| Y [degg(u)degg(v)] +2 Y ldegg(u) +dega(v)] + > 4

luve E(G) uwveE(G) weEB(G) |
+ > (p+Ddege@)]+ Y (p+1)— D [degau)]’ = Y [dega(u)]
ueV(G) ueV(G) weV(Q) weV(Q)
+@m=3)| > [p+Ddegc@)]+ > Rp+1]— > [dege(u)® =2 Y dega(u)
weV(G) weV(G) weV(GQ) weV(G)
Y pdegel+ Y 2ol- Y [ege@)P-2 Y degalu)
ueV(G) ueV(G) ueV(G) ueV(Q)

= M2(G) + Mi1(G) + g+ (m — 1)[Ma(G) + 2M:1(G) + 4q] + M2(G) + M1 (G) + (@) —q)

+ (m — 1)[M2(G) + 2M1(G) + 4( (g) —q@))+2(p+1g+pp+1)— Mi(G) —2q
+(2m—3)2(p+ 1)g+ 2p(p + 1) — Mi(G) — 4q] + 2pg + 2p° — M1(G) — 4q
= m[Ma2(G) + Ma(G)] + (2m — 1) M1 (G) + (4m — 3) (g)

+4g(m —1)(p+ 1) + (4m — 5)p(p + 1) + 2pq + 2p” — 8mq + 64.
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Corollary 2.9. For any graph G, Mi(GG) = 2M:1(G) + p® — 4pq + p + 4q and M2(GG) = M1 (G) + M2 (G) + M2(G) +

(p—1)[%2 +2q].

Proof. By taking m = 1 in Propositions 2.4 and 2.8, the result follows. O
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