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Abstract: Let p be a regular Borel measure on X, where X is locally compact Hausdrof space. Let ¢ be defined on £(X) such that
6(f) = [ fdp, where f € L(X). d(af + Bg) = [(af + Bg)du = a [ fdu+ B [ gdu = ad(f) + Bé(g) then ¢ is a positive
linear functional on £(X). Thus every regular Borel measure defines a positive linear functional on £(X). Where £(X) is
the a-algebra of py-measurable functions on X. Here we wish to discuss the converse of this, that for every Positive linear
functional ¢ on £(X) there exist a unique regular Borel measure on X such that ¢(f) = [ fdu, Vf € L£(X). The result is
known as Reisz Markov Theorem.
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1. Introduction

If ¢ be a real valued function of £(X) such that ¢(af + Bg) = ad(f) + Bo(g) for all f,g € L(X) and for all o, 8 € R. Then
¢ is called linear functional on £(X). If ¢(f) > 0 for f > 0 then ¢ is called a Positive Linear Functional on £(X). It is easy

to say that a positive linear functional is monotone.
Definition 1.1. Let AC X and f € L(X). If Ca < f then we say A is contained in f and we write A C f.
Remark 1.2. If f € L(X) and there exist a set A C X such that A C f then f > Ca = f > 0.

Remark 1.3. Let C is any compact set. Then by Baire Sandwich Theorem we can find an open set V such that C C V.
Then there ezist a function f € L(X) such that f=1o0on Cand f=00on X -V, 0< f <1. Clearly x. < f = C C f.Thus

given any compact set there exist a function f € L(X) such that C C f.

Theorem 1.4. Let ¢ be Positive linear functional on L(X). For a compact set C we define \(C) = inf{¢(f)/C C f € L(X)},

then X is a regular content.

Proof.
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(1) Let C be any compact set and f be any function in £(X) such that C C f. Then f > 0= ¢(f) > 0= inf{¢(f)} > 0=
A(C) > 0. By remark (1.3) there exist a function g € £(X) such that C C g = A\(C) < ¢(g) and ¢ is real valued. Hence

0 < X\(C) < o for every compact set C.

(2) Let C and D be two compact sets such that C C D. Let f be any function in £(X) such that D C F. Then

Xe<xp < f=CCf=XC)<¢(f)=XC) <inf{o(f)} = MC) < X(D) proves that A Is monotone.

(3) Let C and D be any two compact sets and f and g be two functions in £(X) such that C C f and D C g. Xecup =
Xe+ XD —XenD < Xe+ XD < f4+9g=CUDC f+g. Since xans < xa + x5 for all A and B it follows that CU D C
f+9=MCUD) < ¢(f+g) = AMCUD) < ¢(f)+¢(g9) = MCUD) < inf{¢(f)} +inf{d(g)} = A(CUD) < AMC)+A(D)

Shows that A is sub-additive.

(4) Let C and D be any disjoint compact sets. Let h be any functional in £(X) such that CUD C h. Let U and V be open
disjoint sets such that C C D and D C V. Let f € £(X) such that f =1onCand f=0on X —U and 0 < f < 1. Let

g€ L(X)suchthatg=1onDand g=00on X —V & 0 < g < 1. Since U and V are disjoint it follows immediately that

0<f+g<1=0<h(f+g)<h (1)

From C C hand C C f we get C C hf = A(C) < ¢(hf). By the same argument we get A(D)

¢(hf) + ¢(hg) = ¢(hf + hg) < ¢(h). From (1) = A(C) + A(D) < inf{p(h)} = A(C) + A(D)
have A(C) + XA(D) > A(C U D). Thus A(C) + A(D) = A(C U D) shows that A is a content.

< ¢(hg) = AMC)+ (D) <
<

A(C U D). From (3) we

(5) Let C be ant compact set and € > 0, by the definition of infimum of A we can find a function f € £(X), such that

C C fand ¢(f) < AM(C)+e. As A >0 wehave 0 < A(C)+e < AMC)+2=0< A’\((g))j;ﬁ < 1. Let o € R such

that Q(CC)T;E < a < 1. Define U = {f > a} and D = {f > a}, then U is open and D is compact. Let z € C

then f(z) > xc(z) =1 >a = fz) >a=2ze€U. ThusC CU&U CD=CCUCD=C <D and
DcCclf=XD)<o(Lf)=20(f) <LINC)+e<AC)+2¢= A(D) < A(C) + 2¢. Shows that A is regular.

O
Definition 1.5. Let ¢ be any positive linear functional on L(X), Let X be defined on compact sets by A(C) = inf{¢(f)/c C

f € L(X)} then X is a regular content. Then this \ is known as the content induced by ¢.

2. Main Result

Theorem 2.1. Let ¢ be any positive linear functional on L(X), then there exist a unique reqular Borel measure i on X

such that ¢(f) = [ fdp, Vf € L(X).
For the proof of the theorem we are required the following Lemmas.

Lemma 2.2. Let ¢ be any positive linear functional on L(X), X is the content induced by ¢. And p is the Borel measure

induced by \. Let C be any compact set and € > 0 then there ezist a function f € L(X) such thatc C f and ¢(f) < [ fdu+e.
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Proof. By definition of A\ we can find a function f € £(X) such that ¢ C f and ¢(f) < A(c) + .

= o(f) < ple)+e [Because p is extension of A as A is regular]
= / Xedit + €
< /fd,qu €. [Because x. < f]

O

Lemma 2.3. Let ¢ be any positive linear functional on L(X), g be a function which is finite linear combination of charac-
teristic functions of mutually disjoint compact Gs sets, f € L(X) and 0 < g < f then [ gdp < ¢(f) where p is the regular

Borel measure induced by A and A is the reqular content induced by ¢.

n

Proof. Let g = Y aixp;, a; > 0, where D; are mutually disjoint compact Gs sets. We can find disjoint open sets
i=1

v1,V2,...,V, such that D; C v;. Let h; € L£(X) such that h; = 1 on D; & h; = 0 on X — v;. It is easy to see that

aixp; < hig and hig < hif = aixp;, < hif = xp, < O%hif =D; C a%hif = \D;) < ¢ (aihlf) = L%iqb(hif)

= aiA(D;) < ¢(hif) = aip(Ds) < ¢(hif) [1 is an extension of A]

= Z aip(D;) < Z p(hif) = / gdp < ¢(Z hif) = o(f Zhi) <@(f)  [because f(_Z hi) < f]

O

Lemma 2.4. Let ¢ be any positive linear functional on £(X), f € L(X) and f > 0 then [ fdu < ¢(f), where p is the

regular Borel measure is induced by A\ and A is the reqular content induced by ¢.

Proof. Let v be the Baire measure restriction of p then f € I!(v). Let S* denote the class of functions which are finite
linear combination of characteristics function of mutually disjoint compact Gs sets. As S* is dense in I (v). Hence for every
natural number n there exist g, € S* such that||g, — f|| < % and we can take 0 < g, < fas f > 0.

| J(gn = Ndpl < [lgn = fldp = llgn — fl = 0 as n = 00 = lim [(gn — fldp = 0 = [gndp = [[(gn = f) + fldp =
Jlgn — fldp + [ fdp. Taking limit as n — oo we get T}er;ofgndp = [ fdu, from lemma (2.3) = [gndp < ¢(f) =
Jim [ gndp < ¢(f) = [ fdp < &(f)- O

Lemma 2.5. Let ¢ be any positive linear functional on L£(X) and X\ is the content induced by ¢ and p the regular Boral
measure induced by A. Let f € L(X) and 0 < f <1 then [ fdu = ¢(f).

Proof.  As f is zero outside a compact set, Let C be a compact set such that f =0 on X — C. Let € > 0. By lemma (2.2)
there exist a function g € £(X) such that ¢ C f and ¢(g) < [ gdu +e.

It is easy to verify that f < g = g — f > 0. Hence by lemma (2.4) we get [(g — f)du < ¢(g — f) = [gdu — [ fdp <
o(9) — ¢(f) = ¢(f) — [ fdu < ¢(9) — [ gdp = ¢(f) — [ fdu < ¢, taking € — 0, we get ¢(f) — [ fdu < 0=

6(f) < / fdy @)
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By lemma (2.4) we have
[ fan< o) 3)
Thus we have from (2) and (3), ¢(f) = [ fdu. Proved. O

Proof of Theorem (2.1) as follows.

Proof. Let X is the regular content induced by ¢ and p be the regular Borel measure is induced by .
Case(1): Let f € L£(X), f > 0, Since f = 0 outside a compact set and f is continuous on X, it follows that f is
bounded on X. Let M > 0 be a constant such that f < M on X. This gives 0 < f < M = 0 < ﬁf < 1 on X. De-

fine h = ;; f, then 0 < h <1 & h € £L(X) from lemma (2.5) we obtain ¢(h) = [hdp = ¢ (55f) = [ 25 fdu = o(f) = [ fdp.

Case(2): Suppose f is any function in £(X), then f*, f~ are non-negative functions belonging to £(X), then by case(1)
o(f7) = [ frdpand ¢(f7) = [ fTdu= o(f*) = o(f) = [frdu— [ fTdu= o(f* = f7) = [ fdu = &(f) = [ fdp.

Uniqueness: Assume that p1 and p2 be two regular Borel measures such that ¢(f) = [ fdp1 and ¢(f) = [ fdus for all
f€L(X)= [ fdur = [ fdus for all f € L(X) = p1 = pz. This proves the theorem. O
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