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1. Introduction

Fuzzy sets were introduced in their modern form by Zadeh, L.A. in 1965 [12]. It provides natural way of dealing with
problems in which the source of imprecision and vagueness occurs and it can be applied in many fields such as artificial
intelligence, control system, decision making, expert system etc. The concept of fuzzy number has been defined as a fuzzy
subset of real line by Dubois, D and Prade, H [1]. A fuzzy number is a quantity whose values are precise, rather than exact
as in the case with single valued numbers [2, 5]. To deal imprecise in real life situation, many researchers used triangular
and trapezoidal fuzzy number [8, 10, 11, 14]. Also hexagonal, octagonal, decagonal fuzzy numbers have been introduced to
clear the vagueness [4, 6, 7, 9]. Most of the researcher has focused on uncertain linguistic term in group decision making
processes [3, 11, 13]. In decision making problem experts may provide uncertain linguistic term to express their opinion
when they have no clear idea and lack of information. The uncertain linguistic term is frequently used as input in decision
analysis activities. So far linguistic values are usually represented as fuzzy numbers such as triangular, trapezoidal. But it is
complex to restrict the membership functions to take triangular, trapezoidal when vagueness arises in nine different points.
Therefore, in this paper a new form of Nonagonal Fuzzy Number(NFN) is explored under uncertain linguistic environment.
This paper is organized as follows: section one presents introduction. Basic definition of fuzzy number and linguistic terms

are given in section two, section three provides nonagonal fuzzy number and it linguistic values. New operation for addition,
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multiplication, division of nonagonal fuzzy number on the basis of fuzzy extension principle and a—cut are proposed in section

four. Section five gives a numerical example of arithmetic operation on NFN. Finally, conclusion and future directions are

given.

2. Basic Definitions and Notations

In this section, some basic definitions of fuzzy set theory and fuzzy numbers are reviewed.

Definition 2.1. A fuzzy set A in X is characterized by a membership function pz(x) which associates each point in X,

to a real number in the interval [0,1]. The value of pz(x) represents “grade of membership” of x € KA (z)- More general

representation for a fuzzy set is A = {(=, ni(x))}

Definition 2.2. The a—-cut of the fuzzy set A of the universe of discourse X is defined as

Ay = {z € X/pz(x) > a}, where o € [0,1].

Definition 2.3. A fuzzy set A defined on the set of real numbers R is said to be a fuzzy number if its membership function

A:R —[0,1] has the following characteristics.

(i) A is convex

pxAzy + (1= Naz) > min(uz (1), pi(z2)), Vo € (0,1, A € [0,1]

(ii) A is normal

i.e. there exists an x € R such that if max pz(x) = 1.
(iii) A is piecewise continuous.

Definition 2.4. A triangular fuzzy number A denoted by (a1, az2,as), and the membership function is defined as

X — ay
, forar <z < a2
a2 — ai
as — &
pi(x) = , foras <z <as
as — a2
0, elsewhere.

Definition 2.5. A trapezoidal fuzzy number A can be defined as (a1, az,as,as), and the membership function is defined as

%, a1 <z < az
2 — a1
1, a2 <z < as
pi(w) = )
%, as3 <z < aq
4 — a3
0, otherwise.

Definition 2.6. A linguistic variable/term is a variable whose value is not crisp number but word or sentence in a natural
language.
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3. Nonagonal Fuzzy Number (NFN)

Definition 3.1. A Nonagonal fuzzy number N denoted as (a1, a2, as, aa, as, as, az, as, ag), and the membership function

is defined as
(z —a1)

1
- <z <
4(@2—@1)’ a1 ST X a2
1 1 (z—a2)
I eV <z<
4+4((13—a2)7a2_:€_a3
1 1 (x—as)
I e <z<
2+4(a4—a3)’a3_x_a4
3 1 (xz—aa)
= T <z <
4+4(a57a4)’a4_x_a5
1 _
py(z) = 1—*7@ a5)7 as <z <ag
4 (as — as)

3 1 (x—as)
S_ -2 a6 <z<
4 4(a7—a6)’a6 v=an
1 1 (zx—ar)
ST <z<
2 4(ag—a7)’a7_x_a8
1 (ag — x)
- <z <
4(@9—0,8)’ a8 == a0
0, otherwise.

0.25

Figure 1. The Nonagonal fuzzy number

Figure 2. The Nonagonal fuzzy number from uncertain linguistic term [s;, 5,]

Furthermore, in light of the research work by Kaufman, A [5] and Zadeh, LA [13], we provide the operations of uncertain

linguistic terms in the following.
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Table 1. Nonagonal Fuzzy linguistic scale

Linguistic terms H Linguistic values ‘
No influence (0, 0,0, 0,0, 0.04, 0.08, 0.12, 0.16)
Very Low influence (0, 0.04, 0.08, 0.12, 0.16, 0.20, 0.24, 0.28)
Low influence (0.16, 0.2, 0.24, 0.28, 0.32, 0.36, 0.4, 0.44, 0.48)
Medium (0.32, 0.36, 0.4, 0.44, 0.48, 0.52, 0.56, 0.6, 0.64)
High influence (0.48, 0.52, 0.56, 0.6, 0.64, 0.68, 072, 0.76, 0.8)
Very High influence (0.64, 0.68, 072, 0.76, 0.8, 0.84, 0.88, 0.92, 0.96)
Very Very High influence (0.8, 0.84, 0.88, 0.92, 0.96, 1, 1, 1, 1)

4. Arithmetic Operations of Nonagonal Fuzzy Numbers (NFN)

In this section, arithmetic operations of NFN based on fuzzy extension principle and a-cut method.

4.1. Arithmetic Operation on Extension Principle

Definition 4.1. Let f: X — Y be a mapping from a set X to a set'Y, then the extension principle define the Fuzzy Set B

'Y and induced by the fuzzy set Ain X through as follows,

Supy=s@nz(@) = 7 (y) #0
ngly) = »
0 ) =0
Definition 4.2. The arithmetic operation (*) of two Fuzzy Numbers is a mapping an input vector X = [x1,x2]" define in
the cartesian product space R X R onto an output y define in the real space R. If Ay and Az are Fuzzy Numbers then their

outcome of arithmetic operation is also a fuzzy number determined with the formula.

(Aq * A2)(y) = {(% SUPy=zywzs [Min(pg pgz )], Vo, @,y € R}

4.2. Arithmetic Operation on a-cut

Definition 4.3. A Nonagonal fuzzy number N can also be defined as N = Py(t),Qi(u), Ri(v), Si(w), Pu(t), Qu(uw),

R, (v), Su(w), t € 0,0.25], u € [0.25,0.5], v € [0.5,0.75] and w € [0, 1], where

Pl(t) = i((al;:aall))’ Ql(’u) = i + i (((Z:CZ;)) Rl(U) = % + i((ai _6;53))’ Sl(w) = Z + i(i:(j]:)):
Here,

o Pi(t),Q1(u), Ri(v), S1(w), is bounded and continuous incresing function over [0,0.25], [0.25,0.5], [0.5,0.75] and [0, 1]
respectively.

o Po(t),Q2(u), Ra(v), Sa(w), is bounded and continuous decresing function over [0,0.25], [0.25,0.5], [0.5,0.75] and [0, 1]
respectively.
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Definition 4.4. The a-cut of the fuzzy set of the universe of discourse X is defined as Dy = {r € X/uz(x) > a}, where
a€0,1].

[P (), P2()], for a €[0,0.25)

[Ql(a)v QQ(O‘)L fOT (O RS [025, 05)

[Ri(a), R2(a)], for a € ]0.5,0.75)

[S1(a), S2(a)], for a €[0.75,1]
Definition 4.5. If Pi(z) = o and Pa(z) = o, then o cut operations interval Do is obtained as

1. [Pi(), Px(a)] = [4a(az — a1) + a1, —4a(ag — as) + ag)]
Similarly, we can obtain a— cut operations interval Do for [Q1(a), Q2()], [Ri(a), Ra(a)] and [Si(a), Sa(a)] as

follows;
2. [Q1(a), Q2(a)] = [4a(as — az2) + 2a2 — a3, —4a(as — a7) + 2as — a7]
3. [Ri(a), R2(a)] = [4a(aa — a3) + 3as — 2a4, —4a(ar — as) + 3a7 — 2as]
4. [S1(a), S2(a)] = [4a(as — as) + 4as — 3as, —4a(as — as) + 4as — 3as]
Hence, a-cut of Decagonal Fuzzy Number

[da(az — a1) + a1, —4a(ag — as) + ag)], for a € ]0,0.25)

[dAa(as — a2) + 2a2 — as, —4a(as — ar) + 2as — a7],  for a € [0.25,0.5)

o
=
Il

[da(as — a3) + 3as — 2a4, —4a(ar — as) + 3ar — 2ae], for a € [0.5,0.75)

[da(as — a4) + 4as — 3as, —4a(as — as) + 4as — 3as], for a € [0.75, 1]

Theorem 4.1. If E:(al, az, a3, a4, as, as, a7, as, ay) and E:(bl, b2, bs, ba, bs, be, bz, bs, bg) are the Nonagonal Fuzzy
Numbers, then C=A [a) B is also Nonagonal Fuzzy Numbers g@ E:(al + b1, a2 + b2, az + b3, as + ba, as + bs, as + bs,
a7 + bz, as + bs, ag + by)

Proof. The membership function of NFN C=A® B can be found by a—cut method with the transform z = x 4+ y, a—cut

membership function of A(z) is,

[da(az — a1) + a1, —4a(ag — as) + ag)], for a € [0, 0.25)

[da(as — a2) + 2a2 — a3, —4a(as — ar) + 2as — ar), for @ € [0.25,0.5)
S
[Aa(as — a3) + 3as — 2a4, —4a(ar — as) + 3a7 — 2a6], for o € [0.5,0.75)

[dAa(as — as) + 4as — 3as, —4a(as — as) + 4as — 3as), for a € [0.75,1]

a—cut membership function of B(z) is,
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Yy e

S0,

z=x+tye

[4a(b2 — b1) + b1, —40é(b9 — bs) + bg)], for a € [O, 0.25)
[4a(b3 — bg) + 2bg — b3, —404(bg — b7) + 2bg — 57], for a € [0.25, 0.5)
[40((1)4 — bg) + 3bs — 2b4, —4a(b7 — be) + 3b7 — 2b6], for o € [0.5, 075)

[4a(b5 — b4) + 4by — 3b5, —40t(b6 — b5) + 4bg — 3b5], for o € [075, 1]

[da(az —a1) + a1, —4a(ag — as) + ag)]+

[40&(()2 — bl) + b1, —40((1)9 — bg) + bg)], for a € [070‘25)
[4a(as — a2) + 2a2 — a3, —4a(as — a7) + 2as — a7]+

[40(([)3 — bg) + 2by — b3, 74&([)8 — b7) + 2bg — b7] for o € [0.25, 05)
[da(as — a3) + 3as — 2a4, —4a(ar — as) + 3a7 — 2a6]+

[40((1)4 — bg) + 3b3 — 2by, —40((2)7 — bﬁ) + 3b7 — 2b6} for o € [0.5, 075)
[da(as — as) + 4as — 3as, —4a(as — as) + dag — 3as]|+

[40&([)5 — b4) + 4bs — 3b5, —40é(b6 — b5) + 4bg — 3()5] for a € [0.757 1]

the membership function of C=A® B is,

z — (a1 +4 b1)

ez —a1) + Gz — b0

z —2(az + b2) + (a3 + b3)
4[(az — az) + (bs — b2)]

z — 3(as + bs) + 2(as + bs)
4[(as — as) + (ba — b3)]

z — 4(as + ba) + 3(as + bs)
4[(as — as) + (bs — ba)]

z — 4(as + be) + 3(as + bs)

a1 +b1 <z<as+be

a2 +b2 <z<az+b3

a3 +bz3 <z<as+ by

as+bs <z<as+bs

pe(z) = as +bs < z<ae+bs

4[(as — ag) + (bs — be)]

z — 3(0,7 + b7) =+ 2(0,6 + be)
4[(as — ar) + (bs — b7)]

z — 2(ag + bs) + (ar + br)
4[(as — as) + (bs — bs)]

z — (ag -+ bg)
4[(as — ag) + (bs — bo)]

as +bs < z < ar+ by

a7 +b7 <z<ag+bs

ag +bg < z < ag+ by

0, otherwise.

Hence, addition rule is proved. Therefore we have Z@ Ez(al + b1, a2 + b2, as + b3, as + ba, as + bs, as + bs, ar + b7, ag + bs

ag + bg) is a Nonagonal Fuzzy Number. O

Theorem 4.2. If g:(al, az, as, a4, as, as, ar, as, ag) and E:(bl, bz, bs, ba, bs, bs, bz, bs, bg) are the Nonagonal Fuzzy

Numbers, then ﬁzﬁ@ B is also Nonagonal Fuzzy Numbers Z@ E:(albl, a2bz, asbs, asbs, asbs, acbe, arbr, agbs, agby)
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Proof. The membership function of NFN P=A® B can be found by a—cut method with the transform z = z X y,

[da(az — a1) + a1, —4a(ayg — ag) + ag)] X

[40z(b2 — bl) + b1, —40é(b9 — bs) + bg)], for o € [070.25)
[4da(as — a2) + 2a2 — a3, —4a(as — a7) + 2as — a7] X

[4&(1)3 - b2) + 2by — b3, 74a(b3 - b7) + 2bg — b7] for a € [0.25, 05)
zZ=xXYyE
[da(as — a3) + 3as — 2a4, —4a(ar — ag) + 3a7 — 2a6] ¥

[40((()4 — b3) + 3bs — 2by4, —40[(1)7 — bg) + 3by — Qba} for o € [0.5,0.75)

[da(as — as) + 4as — 3as, —4a(as — as) + 4as — 3as] ¥

[40(((75 — b4) + 4by — 3b5, 74a(b6 — b5) + 4bg — 355} for a € [075, 1]

So, the membership function of P=A®B is,

—~B1 + /B? 2—A4A1(albl — 2) a1br < z < asbe
1
—~By+/B? - 4A2(4a2b22;12(a2b3 + asbz) + aszbs — z) asbs < z < asbs
2
—Bs + /B3 — 4A5(9asbs ;A6(a3b4 + a4b3) 4 4asby — 2) asbs < z < asba
3
—Ba+ /Bf — 444(16a4bs 2—A12(a4b5 ~asba) £ 905h 7 2) b < < ass
4
pp(x) = Bs — /B2 — 4A5(16a5bs —21}12(05176 — acbs) + 9asbe — 2) asbs < z < agbe
Bs — /B — 4As(9agbs —22(%67 + arbs) + dazby - z) asbs < z < arbr
3
By — /B2 — 4A7(4arby ;422(’17178 + asbr) + asbs — 2) arbr < z < agbs
Bs — /B2 ;3A8(09b9 —2) agbs < z < agbg
8
0, otherwise.

where 4; = 16(ai+1 — a;)(bit1 — b;), i=1,2---,8 Bi =4[bi(az —a1) + a1(b2 — b1)], B; = 4[(aj+1 — a;)(jbj — bj+1) +
(bj+1 = bj)(Ja; — (G — D)aj41)l, j=2,3,4, Bs = —4[(as — as)(4bs — 3bs) + (bs — b5)(4das — 3ae)], Bs = —4[(a7 — as)(3bs —
2b7) + (b7 — bs)(3as — 2ar)], Br = —4[(as — a7)(2by — bg) + (bs — b7)(2b7 — as)], Bs = —4[bs(as — as) + as(bo — bs)], Hence,
multiplication rule is proved. Therefore we have Z@ §:(a1 b1, a2ba, asbs, asba, asbs, asbs, a7br, asbs, agby) is a Nonagonal
Fuzzy Number.

O

Theorem 4.3. If /I:(al, az, a3, a4, as, as, a7, as, ay) and E:(bl, b2, bs, ba, bs, be, bz, bs, bg) are the Nonagonal Fuzzy

ay a2 a3 a4 Aas Ge A7 ag a9

Numbers, then D=A® B is also Nonagonal Fuzzy Numbers Ao §:< ————————— )
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Proof. The membership function of NFN D=A® B can be found by a—cut method with the transform z = z X y,

[da(az — a1) + a1, —4a(ag — as) + ag)]+
[40&(()2 — bl) + b1, —40((1)9 — bg) + bg)], for o € [070.25)

[da(as — a2) + 2a2 — a3, —4a(as — ar) + 2as — a7]+
[40((()3 — bg) + 2by — bg, —4a(b8 — b7) + 2bg — b7] for o € [0.257 0.5)

Z=x+yE€
[Aa(as — a3) + 3as — 2a4, —4a(ar — ag) + 3a7 — 2a6]+

[40&([)4 — bg) + 3bs — 2by4, —40é(b7 — bg) + 3by — 2()6} for o € [045,0.75)

[da(as — as) + 4as — 3as, —4a(as — as) + dag — 3as]|+
[405(b5 — b4) =+ 4b4 — 3b5, —40é(b6 - b5) + 466 — 3()5} fOI‘ [ RS [0.757 1]

So, the membership function of P=A®B is,

zbg — a1 ay a2
N 22
A(az —a) + 2(bs —bs)] b0 =~ " bs
Z(?bg — b7) — (a2 — ag) az as
—<z< =
4[(as — a2) + z(bs — b7)] bs = T br
Z(3b7 — 2b6) (3&3 — 20,4) as <a< a4
4[(@4 — 113) + Z(b7 - ba)] b = T bs
Z(4b6 — 3b5) (4(14 — 30,5) aq <p< as
4[(as —as) + z(bs —bs)] b —  ~ bs
_ 4bg — 3(15) — Z(4b4 — 3b5) ai az
npe) = Mo
B Af(as —as) + 2(bs —b2)] Do — "~ " bs
(3az — 2a¢) — z(3bs — 2b4) a2 3
4[(ar —as) + 2(bas — b3)] bs — T b
(208 — a7) — Z(sz — b3) % <z< %
4[(ag — a7) + z(b3 —b2)] b7 bs
ag — zby a4 as
M <D
A(as —as) + 2(b2 —b1)] b~ bs
0, otherwise.
Hence, division rule is proved. Therefore we have Ao B= E, %, %, %, E, %, ﬂ, %, 9 s a Nonagonal Fuzzy
bg bg b7 b6 bs b4 b3 b2 bl
Number. O

5. Numerical Example of Arithmetic operation on Nonagonal Fuzzy
Number

Here, numerical example of arithmetic operation of NFN based on fuzzy extension principle and on a- cut method is

presented.
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5.1. Addition of Two NFN by Fuzzy Extension Principle
Let us consider two NFN A = (1.5,2,2.5,3,3.5,4,4.5,5,5.5) and B = (2,3,4,5,6,7,8,9,10) and C = A® B. Then,
pe(z) = sup{min (uz(2), pp(y)) s o +y = 2}

In order to show the computational procedure involve in the above equation for membership function, first choose a value
for z, then evaluate min (,uA (), pp (:c)) for x and y which add up to 5.5. It is done for certain value for z and y as shown
in table-2, where the maximum occurs at x = 2.5 and y = 3. Hence, p15 = 0.5. By doing the sameway for others values of

z, finally we get as C = A@® B = (3.5,5,6.5,8,9.5,11,12.5,14,15.5) a NFN.

Table 2. Finding membership function of sum of two NFN

[x Jea @)y g @i (1), 15 ()]

1.5 0 |[4] 0.5 0
2 | 0.25 |3.5/0.375 0.25
25| 0.5 |3]0.25 0.5
3 | 0.75 |2.5/0.125 0.125
3.45 1 |2| O 0
4 1075 |15/ O 0

Using theorem 4.2, the addition of these two NFN is defined as C = A @ B = (3.5,5,6.5,8,9.5,11,12.5,14,15.5) with

membership function as follows

5.2. Addition of Two NFN by a—cut method

Let us consider two NFN A = (1.5,2,2.5,3,3.5,4,4.5,5,5.5) and B = (2,3,4,5,6,7,8,9,10). Using theorem 4.6, the addition
of these two NFN is defined as A ® B = (3.5,5,6.5,8,9.5,11,12.5, 14, 15.5) with membership function as follows

i(“s;sﬁ), 35<z<5
i(x;sf)), 5<z<6.5
%7(””;53'5), 6<z<8
iw §8<z<95

pa(x) = %w 95 <z <11
%%, 11<z<125
%1(33_171555) 125<x<14
%w 14<2z<155
0, otherwise.
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5.3. Multiplication of Two NFN by a—cut method

Let us consider two NFN A = (1.5,2,2.5,3,3.5,4,4.5,5,5.5) and B= (2,3,4,5,6,7,8,9,10). Using theorem 4.7, the multi-

plication of these two NFN is defined as A ® B = (3, 6,10, 15,21, 28, 36,45, 55) with membership function as follows

i(mg3)7 3<z<6
%(‘”;2), 6<z<10
%%, 10<z<15
3(1“6“3), 15<z<21
pp(z) = _41(5”_749), 21 <z <28
_71(3“852), 28 <z < 36
_Tl(x_954)7 36 < <45
%(“1045), 45 < & < 55
0, otherwise.

5.4. Division of Two NFN by a—cut method

Let us consider two NFN A = (1.5,2,2.5,3,3.5,4,4.5,5,5.5) and B = (2,3,4,5,6,7,8,9,10). Using theorem 4.8, the mul-
tiplication of these two NFN is defined as A@ B = (0.15,0.2,0.31,0.43,0.58,0.8,1.13,1.67,2.75) with membership function

as follows

i%, 0.15 <2 < 0.2
i+i(x0_.%2), 0.2<z<031
%4&%, 0.31 <z < 0.43
%J&%’ 043 < 2 < 0.58

ng (@) = 1737@&%8), 058 < < 0.8
2_2%, 0.8 <z <113
%_2%7 113 <z < 1.67
i%, 1.67 <z < 2.75
0, otherwise.

6. Conclusion

In this paper, nonagonal fuzzy number and its arithmetic operations have been proposed on the basis of fuzzy extension
principle of and a—cut. Also, linguistic value of NFN is introduced. Therefore, decision making techniques such as DEMA-

TEL and TOPSIS method can be extended by representing linguistic variable in to nonagonal fuzzy number under uncertain
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liguistic environment will be the further research.
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