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Abstract: Let G = (V,E) be a graph with p vertices and q edges. A graph G is said to have an odd mean labeling if there exists a

function f : V (G)→ {0, 1, 2, . . . , 2q− 1} satisfying f is 1-1 and the induced map f∗ : E(G)→ {1, 3, 5, . . . , 2q− 1} defined

by

f∗(uv) =

{
f(u)+f(v)

2
if f(u) + f(v) is even

f(u)+f(v)+1
2

if f(u) + f(v) is odd.

is a bijection. A graph that admits an odd mean labeling is called an odd mean graph. In this paper, we prove that the
graphs slanting ladder SLn for n ≥ 2, Qn �K1 for n ≥ 1, TW (P2n) for n ≥ 2, Hn �mK1 for all n ≥ 1,m ≥ 1 and mQ3

for m ≥ 1 are odd mean graphs.
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1. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V,E) be a graph with p vertices

and q edges. For notations and terminology we follow [3].

Path on n vertices is denoted by Pn and a cycle on n vertices is denoted by Cn. K1,m is called a star and it is denoted

by Sm. The bistar Bm,n is the graph obtained from K2 by identifying the center vertices of K1,m and K1,n at the end

vertices of K2 respectively. Bm,m is often denoted by B(m). The H-graph of a path Pn, denoted by Hn is the graph

obtained from two copies of Pn with vertices v1, v2, . . . , vn and u1, u2, . . . , un by joining the vertices vn+1
2

and un+1
2

if

n is odd and the vertices vn
2
+1 and un

2
if n is even. If m number of pendant vertices are attached at each vertex of G,

then the resultant graph obtained from G is the graph G � mK1. When m = 1, G � K1 is the corona of G. A Twig

TW (Pn), n ≥ 3 is a graph obtained from a path by attaching exactly two pendant vertices to each internal vertices of the path.

The slanting ladder SLn is a graph obtained from two paths u1, u2, . . . , un and v1, v2, . . . , vn by joining each ui with

vi+1, 1 ≤ i ≤ n− 1. The graph K2 ×K2 ×K2 is called the cube, and it is denoted by Q3. The union of two graphs G1 and

G2 is the graph G1 ∪ G2 with V (G1 ∪ G2) = V (G1) ∪ V (G2) and E(G1 ∪ G2) = E(G1) ∪ E(G2). The union of m disjoint

copies of a graph G is denoted by mG.
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The graph T
(n)
p is a tree formed from n copies of path on p vertices by joining an edge uu0 between every pair of consec-

utive paths where u is a vertex in the ith copy of the path and u0 is the corresponding vertex in the (i+1)th copy of the path.

The graceful labelings of graphs was first introduced by Rosa in 1961[1] and R.B. Gnanajothi introduced odd graceful

graphs [2]. The concept mean labeling was first introduced by S. Somasundaram and R. Ponraj [7]. Further some more

results on mean graphs are discussed in [5, 6, 8, 9]. The concept of odd mean labeling was introduced and studied by K.

Manickam and M. Marudai [4]. Also, odd mean property for some graphs are discussed in [10, 11].

A graph G is said to have an odd mean labeling if there exists a function f : V (G)→ {0, 1, 2, . . . , 2q− 1} satisfying f is l− 1

and the induced map f∗ : E(G)→ {1, 3, 5, . . . , 2q − 1} defined by

f∗(uv) =


f(u)+f(v)

2
if f(u) + f(v) is even

f(u)+f(v)+1
2

if f(u) + f(v) is odd

is a bijection. A graph that admits an odd mean labeling is called an odd mean graph.

An odd mean labeling of B4,4 is given in Figure 1.

b b b b b b b b

b b

2 6 10 14 4 8 12 16

0 17

Figure 1.

In this paper, we prove that the graphs slanting ladder SLn for n ≥ 2, Qn �K1 for n ≥ 1, TW (P2n) for n ≥ 2, Hn �mK1

for n ≥ 2, Hn �mK1 for all n ≥ 1,m ≥ 1 and mQ3 for m ≥ 1 are odd mean graphs.

2. Odd Mean Graphs

Theorem 2.1. The graph slanting ladder SLn is an odd mean graph, n ≥ 2.

Proof. Let u1, u2, . . . , un and v1, v2, . . . , vn be the vertices of the path of length n− 1. The graph SLn has 2n vertices and

3(n− 1) edges.

Define f : V (SLn)→ {0, 1, 2, . . . , 2q − 1 = 6n− 7} as follows:

f(ui) = 4n + 2i− 6, 1 ≤ i ≤ n− 1

f(un) = 6n− 7

f(vi) = 2i− 2, 1 ≤ i ≤ n.

The induced edge labeling f∗ is obtained as follows:

f∗(uiui+1) = 4n + 2i− 5, 1 ≤ i ≤ n− 1

f∗(vivi+1) = 2i− 1, 1 ≤ i ≤ n− 1

f∗(uivi+1) = 2n + 2i− 3, 1 ≤ i ≤ n− 1.
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Thus, f is an odd mean labeling. Hence, the graph SLn is an odd mean graph for n ≥ 2.

For example, an odd mean labeling of SL9 is shown in Figure 2.

b b b b b b b b b

b b b b b b b b b

0 2 4 6 8 10 12 14 16

32 34 36 38 40 42 44 46 47

Figure 2.

Theorem 2.2. Qn �K1 is an odd mean graph, for n ≥ 1.

Proof. Let Qn be the quadrilateral snake obtained from a path u1, u2, . . . , un+1 by joining ui, ui+1 to new vertices vi, wi

respectively and joining vi and wi, 1 ≤ i ≤ n.

Let G = Qn�K1 be the graph obtained by joining a pendant edge to each vertex of Qn. Let u′i : 1 ≤ i ≤ n+1, v′i : 1 ≤ i ≤ n

and w′i : 1 ≤ i ≤ n be the new vertices made adjacent with ui, vi and wi respectively. The graph G has 6n + 2 vertices and

7n + 1 edges.

Let V (Qn �K1) = V (Qn) ∪ {u′1, u′2, . . . , u′n+1} ∪ {v′1, v′2, . . . , v′n}

∪ {w′1, w′2, . . . , w′n}

and E(Qn �K1) = E(Qn) ∪ {uiu
′
i : 1 ≤ i ≤ n + 1} ∪ {viv′i, wiw

′
i : 1 ≤ i ≤ n}.

Define f : V (Qn �K1)→ {0, 1, 2, . . . , 2q − 1 = 14n + 1} as follows:

f(u1) = 4

f(ui) = 14i− 14, 2 ≤ i ≤ n + 1

f(v1) = 2

f(vi) = 14i− 8, 2 ≤ i ≤ n

f(wi) = 14i− 2, 1 ≤ i ≤ n

f(u′1) = 6

f(u′i) = 14i− 13, 2 ≤ i ≤ n + 1

f(v′1) = 0

f(v′i) = 14i− 10, 2 ≤ i ≤ n

f(w′i) = 14i− 4, 1 ≤ i ≤ n.

The induced edge labels are given by

f∗(u1u2) = 9

f∗(uiui+1) = 14i− 7, 2 ≤ i ≤ n

f∗(u1u
′
1) = 5

f∗(uiu
′
i) = 14i− 13, 2 ≤ i ≤ n + 1

3
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f∗(u1v1) = 3

f∗(uivi) = 14i− 11, 2 ≤ i ≤ n

f∗(ui+1wi) = 14i− 1, 1 ≤ i ≤ n

f∗(v1v
′
1) = 1

f∗(viv
′
i) = 14i− 9, 2 ≤ i ≤ n

f∗(wiw
′
i) = 14i− 3, 1 ≤ i ≤ n

f∗(v1w1) = 7

f∗(viwi) = 14i− 5, 2 ≤ i ≤ n.

Thus, f is an odd mean labeling and hence Qn �K1 is an odd mean graph for n ≥ 1.

For example, an odd mean labeling of Q7 �K1 is shown in Figure 3.

b b b b b b

b b b b b b

b b b b b b b b b b

b b b b b b b b b b
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10 18
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43

8456

57 99

70

8571

24 32 38 46 52 60 66

54

888074

20
26

34

98

40
48

94

62 76

68 82
90

96

b b

b b b b

b b b b

b b

Figure 3.

Theorem 2.3. TW (P2n), n ≥ 2 is an odd mean graph.

Proof. Let u1, u2, . . . , u2n be the vertices of the path P2n and let v
(i)
1 , v

(i)
2 be the pendant vertices at each vertex ui for

2 ≤ i ≤ 2n− 1.

Let V (TW (P2n)) = V (P2n) ∪
{
v
(i)
1 , v

(i)
2 : 2 ≤ i ≤ 2n− 1

}
and E(TW (P2n)) = E(P2n) ∪

{
uiv

(i)
1 , uiv

(i)
2 : 2 ≤ i ≤ 2n− 1

}
.

Define f : V (TW (P2n))→ {0, 1, 2, . . . , 2q − 1 = 12n− 11} as follows:

f(ui) =


6i− 6, 1 ≤ i ≤ 2n and i is odd

2, i = 2

6i− 11, 4 ≤ i ≤ 2n and i is even

f
(
v
(i)
1

)
=

 6i− 12, 3 ≤ i ≤ 2n− 1 and i is odd

6i− 8, 2 ≤ i ≤ 2n− 1 and i is even

f
(
v
(i)
2

)
=

 6i− 8, 3 ≤ i ≤ 2n− 1 and i is odd

6i− 4, 2 ≤ i ≤ 2n− 1 and i is even
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For the vertex labeling f, the induced edge labeling f∗ is obtained as follows:

f∗(uiui+1) = 6i− 5, 1 ≤ i ≤ 2n− 1

f∗
(
uiv

(i)
1

)
= 6i− 9, 2 ≤ i ≤ 2n− 1

f∗
(
uiv

(i)
2

)
= 6i− 7, 2 ≤ i ≤ 2n− 1.

Thus, f is an odd mean labeling of TW (P2n), n ≥ 2. Hence, TW (P2n) is an odd mean graph for n ≥ 2.

For example, an odd mean labeling of TW (P8) is shown in Figure 4.

b b b b b b b b b b b b

b b b b b b bb

4 8 6 10 16 20 18 22 28 32 30 34

0 2 12 13 24 25 36 37

Figure 4.

Theorem 2.4. The graph Hn �mK1 is an odd mean graph for all positive integers m and n.

Proof. Let u1, u2, . . . , un and v1, v2, . . . , vn be the vertices on the path of length n − 1. Let xi,k and yi,k, 1 ≤ k ≤ m be

the pendant vertices at ui and vi respectively for 1 ≤ i ≤ n. The graph Hn�mK1 has 2n(m+ 1) vertices and 2n(m+ 1)− 1

edges.

Define f : V (Hn �mK1)→ {0, 1, 2, 3, . . . , 2q − 1 = 4n(m + 1)− 3} as follows:

For 1 ≤ i ≤ n,

f(ui) =

 2i + 2m(i− 1), i is odd

2i(m + 1)− 4, i is even

f(vi) =


f(ui) + 2n(m + 1) + 2m− 4, i is odd and n is odd

f(ui) + 2n(m + 1)− 2m + 4, i is even and n is odd

f(ui) + 2n(m + 1), n is even.

For 1 ≤ i ≤ n and 1 ≤ k ≤ m,

f(xi,k) =

 2(m + 1)(i− 1) + 4k − 4, i is odd

2(m + 1)(i− 2) + 4k + 2, i is even

f(yi,k) =



f(xi,k) + 2n(m + 1)− 2m + 4, i is odd, 1 ≤ k ≤ m− 1

and n is odd

f(xi,k) + 2n(m + 1) + 2m− 4, i is even and n is odd

f(xi,k) + 2n(m + 1), n is even, 1 ≤ k ≤ m− 1

f(yn,m) =

 f(xn,m) + 2n(m + 1)− 2m + 3, n is odd

f(xn,m) + 2n(m + 1)− 1, n is even.

The induced edge labels are obtained as follows:
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For 1 ≤ i ≤ n− 1,

f∗(uiui+1) = 2i(m + 1)− 1

f∗(vivi+1) = f∗(uiui+1) + 2n(m + 1).

For 1 ≤ i ≤ n and 1 ≤ k ≤ m,

f∗(uixi,k) = 2(m + 1)(i− 1) + 2k − 1

f∗(viyi,k) = f∗(uixi,k) + 2n(m + 1)

f∗
(
un+1

2
vn+1

2

)
= 2n(m + 1)− 1, if n is odd

f∗
(
un

2
+1vn

2

)
= 2n(m + 1)− 1, if n is even.

Thus, f is an odd mean labeling. Hence the graph Hn �mK1 is an odd mean graph for all positive integers m and n.

For example, an odd mean labeling of H4 � 5K1 and H5 � 4K1 are shown in Figure 5.
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H4 ⊙ 5K1

H5 ⊙ 4K1

Figure 5.

Corollary 2.1. For any positive integer m, the bistar graph B(m) is an odd mean graph.

Proof. By taking n = 1 in Theorem 2.4, the result follows.

Theorem 2.5. The graph mQ3 is an odd mean graph, m ≥ 1.

Proof. For 1 ≤ j ≤ m, let vj1, v
j
2, . . . , v

j
8 be the vertices in the jth copy of Q3. The graph mQ3 has 8m vertices and 12m

edges.

We define f : V (mQ3)→ {0, 1, 2, . . . , 2q − 1 = 24m− 1} as follows:
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For 1 ≤ j ≤ m,

f
(
vji

)
= 24(j − 1) + 2i− 2, i = 1, 2, 4

f
(
vj3

)
= 24(j − 1) + 8

f
(
vji

)
= 24(j − 1) + 2i + 6, i = 5, 6, 8

f
(
vj7

)
= 24(j − 1) + 23.

The label of the edges of the graph are 1, 3, 5, . . . , 24m− 1. Thus, f is an odd mean labeling. Hence, the graph mQ3 is an

odd mean graph for all m ≥ 1.

For example, an odd mean labeling of 5Q3 is shown in Figure 6.
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Figure 6.

Theorem 2.6. For all positive integers p and n, the graph T
(n)
p is an odd mean graph.

Proof. Let v
(j)
i , 1 ≤ i ≤ p be the vertices of the jth copy of the path on p vertices, 1 ≤ j ≤ n. The graph T

(n)
p is formed

by adding an edge v
(j)
i v

(j+1)
i between jth and (j + 1)th copy of the path at some i, 1 ≤ i ≤ p.

Define f : V (G)→ {0, 1, 2, 3, . . . , 2q − 2, 2q − 1 = 2np− 3} as follows:

For 1 ≤ j ≤ n− 1,

f
(
v
(j)
i

)
=

 2p(j − 1) + 2i− 2, 1 ≤ i ≤ p and j is odd

2pj − 2i, 1 ≤ i ≤ p and j is even.

For n is odd,

f
(
v
(n)
i

)
=

 2p(n− 1) + 2i− 2, 1 ≤ i ≤ p− 1

2pn− 3, i = p.

For n is even,

f
(
v
(n)
i

)
=

 2pn− 3, i = 1

2pn− 2i, 2 ≤ i ≤ p.

For the vertex labeling f, the induced edge labeling f∗ is given as follows:

For 1 ≤ j ≤ n and 1 ≤ i ≤ p− 1,

f∗
(
v
(j)
i v

(j)
i+1

)
=

 2p(j − 1) + 2i− 1, j is odd

2pj − 2i− 1, j is even

f∗
(
v
(j)
i v

(j+1)
i

)
= 2pj − 1.
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Thus, f is an odd mean labeling of the graph T
(n)
p . Hence, T

(n)
p is an odd mean graph for all positive integers p and n. For

example, an odd mean labeling of T
(5)
7 and T

(4)
6 are shown in Figure 7.
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Figure 7.
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