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Abstract: We discuss the symmetries and reductions of the two-dimensional Potential Burgers Equation. We classify the one-
and two-dimensional subalgebras of the symmetry algebra which is infinite-dimensional into conjugacy classes under the

adjoint action of the symmetry group. Invariance under one-dimensional subalgebras provides the reductions to lower-
dimensional partial differential equations (PDEs). Further reductions of these PDEs to second order ordinary differential

equations (ODEs) are obtained through invariance under two dimensional subalgebras.

Keywords: A (2+1)-dimensional Potential Burgers Equation, Symmetry algebra, Conjugacy class.

c© JS Publication.

1. Introduction

The Burgers Equation [1, 4, 5] ut = 2uux + uxx has attracted much attention since it was first proposed by “ Bateman ”.

Then Burgers gave some special solutions in 1940. Later on, Cole [2] and Hopf [3] independentely pointed out that any of

the solutions of the Heat equation ξt = ξxx can be mapped to a solution of the Burgers Equation

ut + uux =
δ

2
uxx. (1)

is the simplest second order non-linear PDE which balances the effect of non-linear convection and the linear diffusion. Hopf

and Cole have shown that (1) may be linearized to the heat equation

φt =
δ

2
φxx (2)

via the Cole-Hopf transformation

u = −δ φx
φ
. (3)

Here we consider a (2 + 1)-dimensional potential Burgers equation

ut + uux + u2
x −A(t)uxx −B(t)uyy = 0 (4)
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where A(t) and B(t) are the arbitrary functions.

In this paper, a symmetry classification of (4) is presented using the Lie Group method. We shall establish that the

symmetry generators form a closed Lie algebra and this allowed us to use the recent method due to Ahmad, Bokhari, Kara

and Zaman [6–8] to successively reduce (4) to (1+1)-dimensional PDEs and ODEs with the help of two-dimensional Abelian

and non-Abelian solvable subalgebras.

2. Derivation of Symmetries

In order to derive the symmetry generators of (4) and obtain the closed form solution for all A(t) and B(t), we consider the

one parameter Lie point transformation that leaves (4) invariant. This transformation is given by

x̄i = xi + ε ξi(x, y, t, u) +O(ε2), i = 1, 2, 3, 4. (5)

where ξi = ∂x̄i

∂ε
|ε=0 defines the symmetry generator associated with (5) given by

V = ξ
∂

∂x
+ η

∂

∂y
+ τ

∂

∂t
+ φ

∂

∂u
, (6)

In order to determine the four components ξ, η, τ, and φ, we prolong V to second order. This prolongation is given by

pr(2) = pr(1)V + φxx
∂

∂uxx
+ φxy

∂

∂uxy
+ φxt

∂

∂uxt
+ φyy

∂

∂uyy
+ φyt

∂

∂uyt
+ φtt

∂

∂utt
.

In the above expression every coefficients of the prolonged generator is a function of (x, y, t; u) can be determined by the

formulae

φi = Di(φ− ξux − ηuy − τut) + ξux,i + ηuy,i + τut,i

φij = DiDj(φ− ξux − ηuy − τut) + ξux,ij + ηuy,ij + τut,ij

Where Di represents total derivative and the subscripts of u are the derivatives with respect to the respective coordinates.

To proceed with reductions of (4) we now use the symmetry criterion for partial differential equations. For potential Burger’s

equation this criterion is expressed by the formula V (1)[ut + uux + u2
x −A(t)uxx −B(t)uyy] = 0 whenever ut + uux + u2

x =

A(t)uxx +B(t)uyy. Using this symmetry criterion with (5) in mind immediately yields

φt + 2φxux + φux + uφx −A(t)φxx −B(t)φyy −Atuxx −Btuyy = 0. (7)

At this stage, we now calculate the expressions

φx = Dx(φ− ξux − ηuy − τut) + ξuxx + ηuyx + τutx

= φx + uxφu − ξxux − u2
xξu − ηxuy − uyuxηu − utτx − utuxτu, (8)

φt = Dt(φ− ξux − ηuy − τut) + ξuxt + ηuyt + τutt

= φt + utφu − ξtux − uxutξu − ηtuy − uyutηu − utτt − u2
t τu, (9)
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φxx = DxDx(φ− ξux − ηuy − τut) + ξuxxx + ηuyxx + τutxx,

= Dx(φx + uxφu − uxxξ − ξxux − u2
xξu − ηuyx − ηxuy − uyuxηu −

τutx − utτx − utuxτu) + ξuxxx + ηuyxx + τutxx,

= φxx + (2φxu − ξxx)ux − ηxxuy − τxxut + (φu − 2ξx)uxx + (φuu

−2ξxu)u2
x − 3uxuxxξu − ξuuu3

x − 2uyxηx − 2uxyηx − 2uyuxηxu

−uyuxxηu − 2uxuyxηu − u2
xuyηuu − 2utxηx − 2utuxτxu − 2uxuxt

τu − u2
xutτuu, (10)

φyy = DyDy(φ− ξux − ηuy − τut) + ξuxyy + ηuyyy + τutyy,

= Dy(φy + uyφu − uxyξ − ξyux − uxuyξu − ηuyy − ηyuy − u2
yηu

−τuty − utτy − utuyτu) + ξuxyy + ηuyyy + τutyy,

= φyy + (2φyu − ξyy)uy − ξyyux − τyyut + (φu − 2ηy)uyy + (φuu − 2ηyu)u2
y

−3uyuyyηu − ηuuu3
y − 2uyxξy − 2uyuxξyu − uxuyyξu − 2uyuyxξu − u2

yuxξuu −

2utyτy − 2utuyτyu − 2uyuytτu − u2
yutτuu − utuyyτu. (11)

The determining Equations are obtained from V are as follows

τ = τ(t), (12)

ξu = ηu = 0, (13)

ξy = ηx = 0, (14)

φ− α(x, y, t)u− β(x, y, t) = 0, (15)

−ηt − 2Bφyu +Bηyy = 0, (16)

−ξt + 2φx + φ+ uτt − uξx − 2aφxu +Aξxx = 0, (17)

−Atτ + 2Aξx −Aτt = 0, (18)

−Btτ + 2Bηy −Bτt = 0, (19)

−2ξx + τt + φu = 0, (20)

φt + uφx −A(t)φxx −B(t)φyy = 0. (21)

3. Symmetry Analysis of ut + uux + u2
x −A(t)uxx −B(t)uyy = 0

We consider A(t) and B(t) are arbitrary functions of t.

Thus the determining Equations are

ξ = ξ(x, t), η = η(y, t), τ = τ(t) and φ = α(x , y , t)u + β(x , y , t).

After some manipulations one find that ξ and η becomes

ξ = c2t+ c1

and η = c3 + yc4. (22)
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The remaining equations can then be used to determine τ and φ as

τ = c5

and φ = c2. (23)

Where c1, c2, c3, c4, c5 are arbitrary constants. Thus, the Lie algebra of infinitesimal symmetries of the Potential Burgers

Equation is spanned by the five vector fields

V1 = ∂x,

V2 = t∂x + ∂u,

V3 = ∂y,

V4 = y∂y,

V5 = ∂t. (24)

It is easy to check that the symmetry generators found in (24) form a closed Lie algebra whose commutation relations are

given in the following table .

The one-parameter groups gi(ε) generated by the Vi where i = 1, 2, 3, 4, 5 are

g1(ε) : (x, y, t;u) → (x+ ε, y, t, u) ,

g2(ε) : (x, y, t;u) → (x+ tε, y, t, u+ ε) ,

g3(ε) : (x, y, t;u) → (x, y + ε, t, u) ,

g4(ε) : (x, y, t;u) → (x, y + yε, t, u) ,

g5(ε) : (x, y, t;u) → (x, y, t+ ε, u) ,

where exp(εVi) (x, y, t;u) = (x̄, ȳ, t̄; ū) and

(i)g1, g2, g3 and g4 are the space-invariant,

(ii)g5 is time translation of the equation.

The symmetry generators found in Eq.(24) form a closed Lie Algebra whose commutator table is shown below.

Commutator table

[Vi, Vj ] V1 V2 V3 V4 V5

V1 0 0 0 0 0

V2 0 0 0 0 −V1

V3 0 0 0 V3 0

V4 0 0 −V3 0 0

V5 0 V1 0 0 0

The commutation relations of the Lie algebra L, determined by V1, V2, V3, V4 and V5 are shown in the above table

[V2, V5] = −V1 and [V5, V2] = V1

For this two-dimensional Lie Algebra the commutator table for Vi is a (5 ⊗ 5) table whose (i, j)th entry express the Lie

Bracket [Vi, Vj ] given by the above Lie Algebra L. The table is skew-symmetric and the diagonal elements all vanish. The

coefficient Ci,j,k is the coefficient of Vi of the (i, j)th entry of the Commutator table and the related structure constants can

be easily calculated from the above table are as follows:
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C2,5,1 = −1, and C5,2,1 = 1

The Lie Algebra L is Solvable. The Radical of L is < V1 > ⊕ < V2, V3, V4, V5 >

In the next section, we derive the reduction of (4) to PDEs with two independent variables and ODEs. These are five

one-dimensional Lie subalgebras

Ls,1 = {V1} , Ls,2 = {V2} , Ls,3 = {V3} , Ls,4 = {V4} , Ls,5 = {V5}

and corresponding to each one-dimensional subalgebras we may reduce (4) to a PDE with two independent variables.

Further reductions to ODEs are associated with two-dimensional Subalgebras. It is evident from the commutator table

that there is only one two-dimensional solvable non-abelian Subalgebras. And there are eight two-dimensional Abelian

Subalgebras namely,

LNA,1 = {V3, V4}, LA,1 = {V1, V2}, LA,2 = {V1, V3}, LA,3 = {V1, V4},

LA,4 = {V1, V5}, LA,5 = {V2, V3}, LA,6 = {V2, V4}, LA,7 = {V3, V5},

LA,8 = {V4, V5}.

3. Reductions of ut+uux+u2x−A(t)uxx−B(t)uyy = 0 by One-dimensional
Subalgebra

Case A:

The Subalgebra V1 = ∂x.

The characteristic equation associated with V1 is

dx

1
=
dy

0
=
dt

0
=
du

0
.

On integrating the characteristic equation, we get these similarity variables,

y = s, t = r and u = w(r , s) (25)

Using these similarity variables in Eq.(4) which can be transformed in to the form

wr −B(r)wss = 0 (26)

where B(r) is a function of r.

Case B:

The Subalgebra V2 = t∂x + ∂u.

The characteristic equation associated with V2 is

dx

t
=
dy

0
=
dt

0
=
du

1
.

The characteristic equation with similarity variables,

y = s, t = r and w = tu − x . (27)
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Using these similarity variables in Eq.(4) which can be transformed in to the form

rwr + 1− r2B(r)wss = 0. (28)

where B(r) is a function of r.

Case C:

The Subalgebra V3 = ∂y.

The characteristic equation associated with V3 is

dx

0
=
dy

1
=
dt

0
=
du

0
.

Following the standard procedure we integrate the characteristic equation to get these similarity variables,

x = s, t = r and u = w(r , s). (29)

Using these similarity variables in Eq.(4) we obtain that

wr + wws + w2
s −A(r)wss = 0. (30)

where A(r) is a function of r.

Case D:

The Subalgebra V4 = y∂y.

The characteristic equation associated with V4 is

dx

0
=
dy

y
=
dt

0
=
du

0
.

Thus we integrate the characteristic equation to get these similarity variables,

s = x, t = r and u = w(r , s). (31)

Using these similarity variables in Eq.(4) we get

wr + wws + w2
s −A(r)wss = 0. (32)

where A(r) is a function of r.

Case E:

The Subalgebra V5 = ∂t.

The characteristic equation associated with V5 is

dx

0
=
dy

0
=
dt

1
=
du

0
.

Thus we integrate the characteristic equation to get these similarity variables,

s = x, y = r and u = w(r , s) . (33)

Using these similarity variables in Eq.(4) can be recast into the form

wws + w2
s −A(r)wss −B(r)wrr = 0. (34)

where A(r) and B(r) are functions of r.
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4. Reductions of ut+uux+u2x−A(t)uxx−B(t)uyy = 0 by Two-dimensional
Abelian Subalgebra

Case 1:

The subalgebra V1 and V3.

In this case, we find that the given generators commute [V1, V3] = 0. Thus either of V1 or V3 can be used to start the

reduction with. For our purpose we begin reduction with V1. The Transformed Equation is given in (26). At this stage, we

express V3 in terms of the similarity variables defined in (24). It is straight-forward to note that V3 in the new variables

takes the form

Ṽ3 = ∂s. (35)

The characteristic equation for Ṽ3 is

ds

1
=
dr

0
=
dw

0
.

Integrating this equation as before leads to new variables α = r, β(α) = w, which reduces (26) to a first order differential

equations

β
′

= 0. (36)

Case 2:

The subalgebra V3 and V5

In this case, we find that the given generators commute [V3, V5] = 0. Thus either of V3 or V5 can be used to start the

reduction with. For our purpose we begin reduction with V3. The transformed equation is given in Eq(30). At this stage,

we express V5 in terms of the similarity variables defined in (24). It is straight-forward to note that V5 in the new variables

takes the form

Ṽ5 = ∂r. (37)

The characteristic equation for Ṽ5 is

ds

0
=
dr

1
=
dw

0
.

Integrating this equation as before leads to new variables α = s, β(α) = w, which reduces (30) to a second order differential

equations

ββ
′

+ β
′2 −Aβ

′′
= 0. (38)

Similarly all the reductions are given in the form of Appendix.

Appendix

Algebra Reduction

[V1, V2] = 0 β′ = 0

[V1, V3] = 0 β′ = 0

[V1, V4] = 0 β′ = 0

[V1, V5] = 0 −Bβ′′ = 0

[V2, V3] = 0 αβ′ + 1 = 0

[V2, V4] = 0 αβ′ + 1 = 0

[V3, V5] = 0 ββ′ + β′2 −Aβ′′ = 0

[V4, V5] = 0 ββ′ + β′2 −Aβ′′ = 0

Also, the reductions of ut + uux + u2
x − A(t)uxx − B(t)uyy = 0 by two-dimensional Non-abelian Subalgebra satisfies the

equation.
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5. Conclusions

In this Paper,

(i) A (2 + 1)-dimensional potential Burgers equation ut + uux + u2
x − A(t)uxx − B(t)uyy = 0 where A(t) and B(t) are

functions of t, is subjected to Lie’s classical method.

(ii) Equation (4) admits a two-dimensional symmetry group.

(iii) It is established that the symmetry generators form a closed Lie algebra.

(iv) Classifications of Symmetry algebra of (4) into one- and two-dimensional abelian subalgebras are carried out.

(v) Systematic reductions to (1+1)-dimensional PDE and then to first- or second order ODEs are performed using one-

dimensional and two-dimensional solvable Abelian subalgebras.
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