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1. Introduction

The Burgers Equation [1, 4, 5] us = 2uue + use has attracted much attention since it was first proposed by “ Bateman 7.
Then Burgers gave some special solutions in 1940. Later on, Cole [2] and Hopf [3] independentely pointed out that any of

the solutions of the Heat equation & = &,, can be mapped to a solution of the Burgers Equation

Ut + Uy = —Uge- (1)

is the simplest second order non-linear PDE which balances the effect of non-linear convection and the linear diffusion. Hopf

and Cole have shown that (1) may be linearized to the heat equation

)
via the Cole-Hopf transformation
P
u=—0—. 3
" 3)

Here we consider a (2 + 1)-dimensional potential Burgers equation

e + Uty + us — A(t)Uze — B(t)uyy = 0 (4)
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where A(t) and B(t) are the arbitrary functions.

In this paper, a symmetry classification of (4) is presented using the Lie Group method. We shall establish that the
symmetry generators form a closed Lie algebra and this allowed us to use the recent method due to Ahmad, Bokhari, Kara
and Zaman [6—8] to successively reduce (4) to (141)-dimensional PDEs and ODEs with the help of two-dimensional Abelian

and non-Abelian solvable subalgebras.

2. Derivation of Symmetries

In order to derive the symmetry generators of (4) and obtain the closed form solution for all A(¢) and B(t), we consider the

one parameter Lie point transformation that leaves (4) invariant. This transformation is given by
=2 +e&(z,ytiu) +O(€), i=1,2,34. (5)

where ¢’ = 22 «=o defines the symmetry generator associated with (5) given by
Oe

0 0 19} 0
V—f%ﬁ‘naﬁy'ﬁ"ra-f'(ﬁ%, (6)

In order to determine the four components &, 7, 7, and ¢, we prolong V' to second order. This prolongation is given by

pr® =prOV 46 o 4 ™

Ug OUzy

0 gy O

auzt (b Buy +

Uyt Ouy

=+ (bact

yt
PR

In the above expression every coefficients of the prolonged generator is a function of (z, y, ¢; u) can be determined by the

formulae

(bi
¢”

Di(¢p — Euy — Nuy — Tut) + EUg i + NUy,i + TUL;

DiDj(¢ — Eux — quy — Tur) + Eua,ij + Nity,ij + T,

Where D; represents total derivative and the subscripts of u are the derivatives with respect to the respective coordinates.
To proceed with reductions of (4) we now use the symmetry criterion for partial differential equations. For potential Burger’s
equation this criterion is expressed by the formula V" [uy + wt, + u2 — A(t)uze — B(t)uy,y] = 0 whenever ug + uu, + u2 =

A(t)uzz + B(t)uyy. Using this symmetry criterion with (5) in mind immediately yields

O+ 20" Uy + Pus + ug® — At)d™* — B(t)¢¥Y — Aptigs — Biuy, = 0. (7)

At this stage, we now calculate the expressions

¢(I,‘

D, (¢ —&uy — nuy — TUt) + EUgr + NUyz + TUte

2
- x
¢z + uz¢u gzuz —Uu fu - nzuy - uyuznu — UtTx — utuzTu7 (8)

gbt = Di(¢p — Euz — Nuy — Tut) + EUat + Nuys + TUse

2
Dt + Uty — EtUe — UgUt&u — MUy — UyUsThy — UtTe — Up Tu, 9)
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@ = DzpDg(¢p — Eup — Nuy — TUt) + Elgze + Nyas + TUtaz,
= Du(s + tedu — o€ — Eotic — Unbu — Nitys — Nolly — UyUaT)y —
TUte — UtTe — UtUaTy) + EUzaz + NUyze + TUtze,
= ¢zz + (200w — &aa)Ua — Neally — Tt + (Pu — 262 )Uaa + (Puu
—260u) U5 — BUalzabu — Euullh — 2Uyale — 2UayNe — 2UyUaTou
Uy Uy — 2UpUya Ty — UdUyTuu — 2Utae — 2UsUs Tow — 2UgUat

Tu — UiutTuu7 (10)

Y = DyDy(¢ — Eua — uy — TUL) + Eayy + Nyyy + Tliyy,
= Dy(¢y + uydu — Uzy€ — §yUia — UsUy&u — Niyy — NyUy — uinu
—TUty — UtTy — UtlyTu) + EUayy + Nyyy + Ty,
= dyy + 2dyu — Lyy)uy — Eyytia — Tyyur + (du — 20y ) uyy + (Puu — 277%)“3
—3UyUyyNu — nuuuz — 2Uya &y — 2UyUsyu — UzUyy§u — 2UyUysEu — “iuzfuu -

2
Uty Ty — 2UtUy Tyu — 2Uy Uyt T — Uy Ut Ty — UtUyy T (11)

The determining Equations are obtained from V are as follows

T = 7(t), (12)

Su=nu = 0, (13)

&y=n2 = 0, (14)

¢ —a(z,y,tyu— B(z,y,t) = 0, (15)

—1 = 2B¢yu + Bnyy = 0, (16)

—& 4 200 + ¢+ uT — uEp — 2a¢py + Abyy = 0, (17)
— AT 4 246, — ATy = 0, (18)

—B;T+2Bn, — Br, = 0, (19)

—2%s+ T+ du = 0, (20)

bt + upe — A(t)poe — B(t)dyy = 0. (21)

3. Symmetry Analysis of u; + uuy, +u2 — A(t)uz, — B(t)uy, =0

We consider A(t) and B(t) are arbitrary functions of t.

Thus the determining Equations are
§=&(x,t), n=n(y,t), 7=7(t) and ¢ = a(z,y, t)u+ B(z,y, 1).
After some manipulations one find that £ and 1 becomes

£ = ct+a

and n = c3+ yca. (22)
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The remaining equations can then be used to determine 7 and ¢ as

T

and ¢

= C2. (23)

Where c1, c2, c3, c4, s are arbitrary constants. Thus, the Lie algebra of infinitesimal symmetries of the Potential Burgers

Equation is spanned by the five vector fields

Vi
Va
V3
Vi

Vs

= Oq,

t0z + Ou,
8?47
yayv

o (24)

It is easy to check that the symmetry generators found in (24) form a closed Lie algebra whose commutation relations are

given in the following table .

The one-parameter groups g;(€) generated by the V; where i =1,2,3,4,5 are

g1(¢) :
g2(€) :

gs(e) :

where exp(eV;) (z,y, t;u) = (T, ¥, t;4) and
(1)g1, g2, g3 and gs4 are the space-invariant,

(ii)gs is time translation of the equation.

(z,y,t;u)
(z,y,t;u)

(@, y,t;u)

s (x,y,tu)

Sz, y, )

(z+ey,tu),
(z+te,y, t,ute),
(z,y + e t,u),
(z,y +ye,t,u),

(x7y7t+6’u) y

The symmetry generators found in Eq.(24) form a closed Lie Algebra whose commutator table is shown below.

Commutator table
Vi, V]|V |Va| Va |Va|Vs
Vijoj0 0 (0|0
V2|0(0] 0 |0 |-V
Vz310|0| 0 [V3]|0
Vi|0|0[=V3| 0|0
Vs 0|Vi| O | 0|0

The commutation relations of the Lie algebra L, determined by Vi, Va2, V3, Vi and V5 are shown in the above table

[V2,V5] = =Vi and [V5, V2] = W1

For this two-dimensional Lie Algebra the commutator table for V; is a (5 ® 5) table whose (7, j)th entry express the Lie

Bracket [V;, V;] given by the above Lie Algebra L. The table is skew-symmetric and the diagonal elements all vanish. The

coefficient C; ; i is the coefficient of V; of the (i, j)th entry of the Commutator table and the related structure constants can

be easily calculated from the above table are as follows:
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02,571 = —17 and 05,2,1 =1

The Lie Algebra L is Solvable. The Radical of L is < Vi > & < Va, V3, Vy, V5 >
In the next section, we derive the reduction of (4) to PDEs with two independent variables and ODEs. These are five

one-dimensional Lie subalgebras
Ls,l = {‘/1} B LS,2 = {VQ} 5 Ls,3 = {V3} 5 Ls,4 = {‘/4} 5 Ls,5 = {V5}

and corresponding to each one-dimensional subalgebras we may reduce (4) to a PDE with two independent variables.
Further reductions to ODEs are associated with two-dimensional Subalgebras. It is evident from the commutator table
that there is only one two-dimensional solvable non-abelian Subalgebras. And there are eight two-dimensional Abelian
Subalgebras namely,

Lnax=A{Vs,Va}, Laqs ={Vi,Va}, Lao={V1,V3}, Las={Vi,Va},
Laa={V1,V5}, Las={Va,Va}, Lae ={Vo,Va}, Laz={Vs,Vs},
Las={Va, Vs}.

3. Reductions of us+uuy +u2 — A(t)uz, — B(t)uy, = 0 by One-dimensional
Subalgebra

Case A:
The Subalgebra Vi = 0.

The characteristic equation associated with Vi is

On integrating the characteristic equation, we get these similarity variables,
y=s, t=rand u= w(r,s) (25)
Using these similarity variables in Eq.(4) which can be transformed in to the form
wy — B(r)wss =0 (26)

where B(r) is a function of r.
Case B:
The Subalgebra Vo = t0; + Ou.

The characteristic equation associated with Vs is

The characteristic equation with similarity variables,

y=s, t=rand w=tu—z. (27)
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Using these similarity variables in Eq.(4) which can be transformed in to the form

rw, +1 — 7‘2B(r)w55 =0.

where B(r) is a function of r.
Case C:
The Subalgebra Vi = 0,.

The characteristic equation associated with V3 is

Following the standard procedure we integrate the characteristic equation to get these similarity variables,

x=s, t=rand u=w(r,s).
Using these similarity variables in Eq.(4) we obtain that

wr 4+ wws + w2 — A(r)wss = 0.
where A(r) is a function of r.
Case D:

The Subalgebra Vi = y0,.

The characteristic equation associated with Vj is

Thus we integrate the characteristic equation to get these similarity variables,
s=uz, t=rand u=w(r,s).
Using these similarity variables in Eq.(4) we get
Wy + wws + w? — A(r)wss = 0.

where A(r) is a function of r.
Case E:
The Subalgebra Vs = 0;.

The characteristic equation associated with Vs is

Thus we integrate the characteristic equation to get these similarity variables,
s=z, y=rand u=w(r,s).

Using these similarity variables in Eq.(4) can be recast into the form

wws +w? — A(r)wss — B(r)wy, = 0.

where A(r) and B(r) are functions of r.

(29)

(32)

(33)

(34)
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4. Reductions of us+uuy+u2— A(t)uz, — B(t)uy,, = 0 by Two-dimensional
Abelian Subalgebra

Case 1:
The subalgebra Vi and V3.
In this case, we find that the given generators commute [V1, Vg} = 0. Thus either of Vi or V3 can be used to start the
reduction with. For our purpose we begin reduction with Vi. The Transformed Equation is given in (26). At this stage, we
express V3 in terms of the similarity variables defined in (24). It is straight-forward to note that Vi in the new variables
takes the form
Vs = 8s. (35)

The characteristic equation for Vs is

ds _dr _du

1 0 0°

Integrating this equation as before leads to new variables a = r, 3(a) = w, which reduces (26) to a first order differential

equations
g =o. (36)
Case 2:
The subalgebra V3 and Vs
In this case, we find that the given generators commute [V, V5] = 0. Thus either of V3 or V5 can be used to start the

reduction with. For our purpose we begin reduction with V3. The transformed equation is given in Eq(30). At this stage,
we express Vs in terms of the similarity variables defined in (24). It is straight-forward to note that Vs in the new variables
takes the form

Vs = Or. (37)

The characteristic equation for \75 is
@ dr _ dw

Integrating this equation as before leads to new variables o = s, 8(a) = w, which reduces (30) to a second order differential
equations

BB +8%—48" =o. (38)
Similarly all the reductions are given in the form of Appendix.

Appendix

Algebra Reduction

[Vi,V2] =0|8" =0

[Vi,Vs] =0{8"=0

Vi, Va] =0[8' =0

[Vi,Vs] =0|-Bp" =0

Vo, V3] =0|aB’ +1=0
[Vao,Va] = 0laf +1=0

[Vs,Vs] = 0|88 + 87 — AB" =0
[Va, V5] = 0|BB" + B — AB” =0

Also, the reductions of u; + uuy + u2 — A(t)uzs — B(t)uy, = 0 by two-dimensional Non-abelian Subalgebra satisfies the

equation.
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5. Conclusions

In this Paper,

1 + 1)-dimensional potential Burgers equation u; + vwu, + uy — Ugr — t)uyy, = 0 where t) an t) are
i) A (2 + 1)-di ional ial B i 2 A B(t)uyy = 0 where A d B

functions of ¢, is subjected to Lie’s classical method.
(ii) Equation (4) admits a two-dimensional symmetry group.
(iii) It is established that the symmetry generators form a closed Lie algebra.
(iv) Classifications of Symmetry algebra of (4) into one- and two-dimensional abelian subalgebras are carried out.

(v) Systematic reductions to (1+1)-dimensional PDE and then to first- or second order ODEs are performed using one-

dimensional and two-dimensional solvable Abelian subalgebras.
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