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1. Introduction

Generalizing Banach contraction principle in various ways has become a recent research interest and has been studied by
many authors. For example, One may refer [2, 3, 7, 10, 12] and [14]. [1] has proved a generalization for weakly contractive
mapping in Hilbert space which was proved by [10] in the setup of complete metric space.

On the other hand, [7] and [9] proved fixed point theorem for a self mapping by altering distances between the point and
using a control function, whereas [12] extended the concept for weakly commuting pairs of self mapping and proved common
fixed point theorem in a complete metric space by using the control function.

More recently, [3] have obtained a fixed point result by generalizing the concept of control function and the weakly contractive
mapping. [4] proved a common fixed point theorem for commuting mapping generalizing the Banach’s contraction principle.
[13] introduced, “Weakly commuting mapping” which was generalized by [5] as, “Compatible mapping” [8] coined the notion
of, “R-weakly commuting mapping”, whereas [6] defined a term called, “weakly compatible mapping”.

In this paper we prove some fixed point theorems using generalized expansion principal with control function and generalize

the work of [11].

2. Definition and Preliminaries

Definition 2.1. Two self mappings T and F of a metric space (X, D) are said to be weak compatible, if TFx = FTx

whenever Fox = Tx for all x € X.
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Definition 2.2 ([7, 9]). A control function ¢ is defined as ¢ : RY — Rt which is continuous at zero, monotonically

increasing and ¢(t) = 0 if and only if t = 0.

Definition 2.3 ([2]). A self mapping T of metric space (X, D) is said to be weakly contractive with respect to a self mapping
f:X — X, for each z,y € X, d(Tz,Ty) < d(fz, fy) — ¢(d(fz, fy)), where ¢ : [0,00) — [0,00) is continuous and

nondecreasing function such that ¢ is positive on (0,00), ¢(0) =0 and tlim o(t) = 0.
— 00

If F = I, the identity mapping, then the Definition 2.3 reduces to the definition of weakly contractive mapping given by [1]
and [10]. Combining the generalization of Banach contraction principle given by [7] and the generalization given by [3] and

[10] obtained the following result.

Theorem 2.4 ([3]). Let (X, D) be a complete metric space and T : X — X be a self map mapping satisfying o(d(Tz, Ty)) <
o(d(fz, fy)) — ¢(d(fz, fy)), where ¢, : [0,00) — [0,00) are both continuous and monotone decreasing functions with

o(t) =0 = ¢(t) if and only if t =0. Then T has a unique fived point.
Here we see a following lemma which helps us to prove main result.

Lemma 2.5. Let (X, D) be a complete metric space and T : X — X or F : X — X be continuous self map satisfying
ed(Tz, Ty) > ed(Fx, Fy))+¢d(Tz, Ty), where ¢, ¢ : [0,00) — [0, 00) are both continuous and monotone increasing functions

with o(t) =0=¢(t) & t=0. If (F,T) is semi compatible then T, F have unique common fized point.

3. Main Results

Theorem 3.1. Let TandF be self mapping of metric space (X, D) with
(a) T(X) C F(X)

(b) ¢ld(Tz, Ty)] = pld(Tx, Fx)) + d(Tz, Fy)|p[d(Tx, Ty)]

(c) Either T or F is continuous function.

(d) (T, F) is semi compatible and weak compatible.

If ¢ and ¢ are monotonic increasing function such that ¢, : [0,00) — [0,00) and ¢(t) =0 = ¢(t) < t =0 then z is unique

common fized point of F' and T.

Proof. Let 29 € X is an arbitrary point. Since T(X) C F(X). Then 1 € X such that Tz1 = Fzo. Inductively we can
define a sequence Txynt1 = Fxy,.

Using (b) with = Zn, Yy = Zny1

¢[d(Txn7Txn+1)] > d’[d(Tmm F:En)) + d(T‘Tm an+1)} + ‘p[d(Tmeanrl)

2 ¢ld(Ten, Tzni1)) + d(Ton, Txni2)] + Qd(TTn, Tony1)]
By triangle inequality we have [d(TZn+1, TZn+2)] < [d(T%n+1,TTn)) + d(TZn, TTnt2)]. Then

Old(Txrn, Txng1)] 2 Pld(TTni1, Tny2)] + @d(TTn, TTrny1)] 1)

Hd(Txy, Trns1)] > Pld(TTp41, Tons2)]-
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Since ¢ is an increasing function then we have d(Tzn, TZnt+1) > d(TZnt1, T%n+2). Therefore the sequence d(Txn, TTn+1)

will be decreasing. Let r > 0 such that

lim d(Tan, Tani1) =7 (2)

n—r00

Hence on taking limn — co we have by (1) ¢(r) > ¢(r) + ¢(r). It is only possible whenr = 0. Then by (2)

lim d(Tzn, TTn+1) =0 (3)

n—r oo
Now we shall show that {T'z,} is Cauchy sequence. Let we assume contrary. Then there exist € > 0 such that for m,n — oo

and for m; < n; < m;41,

d(Txm;,Txn,) > € and (4)

A(Txm;, TTn,_,) <€
Then it follows that

€ < [d(Txm;, Trn,;)] < dTTm;, Txn; ) +dTxn, ,Txn,) <e+dTxn, |, Ton,)d(TTm,;, Ttyn;) <€+ d(Txn;, ,,Tan,;)

lim d(Txm;, Tan;) < €+ lim d(Txn,_,,Tzn,;)
1—> 00

1—> 00

By (3)
lim d(Txm,;, Txn,) < € (5)
1—> 00

By (4) and (5)
lim d(Txm,;, Tan,) =€ (6)
1—> 00

Now by using (b) with = zpm,, ¥ = Tn,

¢[d(Tmmi ) Txm)} 2 ¢[d(Txmi ) F'Tmz') + d(Txmw ani)} + ‘pd(Txmi ) Txm)

¢[d(Txmi ) Txnl)} > (b[d(Txmz‘ ) Txmi+1) + d(Txmi ) Tmnz‘+1)] + ‘pd(Txmi ) Txni)

lim and by (3) & (6) we have ¢(g) > ¢() + p(e). It is only possible when e = 0. Which is contradiction to our assumption
1—> 00
that € > 0. Therefore for all m,n — oo we have d(Txn,, TTm,;) < €. Therefore {T'z,} is a Cauchy sequence. Since (X, D)
is complete metric space, then it will be converge at some point z € X, or lim Tz, = z. So all of its subsequence also
n—oo
converge to z or lim Txp41 = 2z, lim Fx, = z.
n—o0 n—oo
Case (1): When T is continuous map
Since lim Tz, = z, therefore lim TTxz, = Tz. Also lim Fz, = z, therefore lim TFz, = Tz. Since pair (T, F) is semi
n—oo n— o0 n—oo n— o0

compatible map then since lim Fz, = lim Tz, = z, therefore lim FTxz, = Tz. Now using (b) with z = Tz, y = =,
n—oo n—o0o n— oo

Old(TTxn, Txn)] > Qld(TTzy, FTxy)) + d(TTxn, Frn)] + o[d(TTxn, Txy)
Now limiting lim we have
n— oo

old(T'z,2)] > ¢ld(T'2,Tz) + d(T'z,2)] + ¢d(T'2, 2)]
old(Tz,2)] > ¢[d(Tz,z)] + ¢d(Tz, 2)

pld(Tz,2)] <0
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It is only possible when, Tz = z. Since T'(X) C F(X). Then let u € X such that Tz = Fu = z. Now by using (b) with
T=U Y =Tn

old(Tu, Tzy)] > ¢ld(Tu, Fu) + d(Tu, Fx,)] + od(Tu, Txy)]

Taking limn — oo

old(Tu, )] > ¢[d(Tu, z) + d(Tu, )] + @d(Tu, z)

old(Tu, z)] > ¢[2d(Tu, 2)] + pd(Tu, z)

Since ¢ and ¢ are increasing function therefore obtained inequality is only possible when d(Tu,z) = 0 = Tu = z or
Tz = Fu = z. Since (F,T) is weak compatible then FTu = TFu = z or Tz = Fz = z. Therefore z is common fixed point
of F and T.

Case (2): When F is continuous map

Since lim Tz, = z, therefore lim FTxz, = Fz. Also lim Fz, = z, therefore lim FFz, = Fz. Since pair (T, F) is semi
n— oo n—oo n—oo n—»o00

compatible map then since lim Fz, = lim,—oo T'zn = 2, therefore lim, oo TFx, = Fz. Now using (b) with, x = Fx,,
n— oo

Yy==2Tn

Gld(TFzyn,Txyn)] > ¢ld(TFzy, FFzy,)) + d(TF2n, Fxy)] + @ld(TFan, Txy)
Now limiting n — oo we have
Gld(Fz,2)] > ¢[d(Fz,Fz) + d(Fz,z)] + @d(Fz,z)

Pld(Fz,2)] 2 ¢ld(Fz,2)] + pd(Fz, 2)

wd(Fz,2)] <0

It is only possible when Fz = z. Again using (b) with z = z, y = z,,

Old(Tz, Txn)] > ¢ld(Tz, Fz) + d(Tz, Fxpn)| + od(Tz, Txy)

Limiting n — oo

old(T'z,2)] > ¢ld(Tz, z) + d(Tz, z)| + pd(Tz, z)

old(Tz, 2)] > ¢[2d(T'z, 2)] + pd(T'z, z)

Since ¢ and ¢ are increasing function therefore obtained inequality is only possible when d(Tz,2) = 0 = Tz = z or
Fz=Tz=z

Uniqueness: Let w be another fixed point of F and T, then Fw = Tw = w. By using (b) with z = 2z, y = w we have

¢ld(Tz, Tw)] > ¢[d(Tz, Fz) + d(Tz, Fw)] + od(Tz, Tw)
Bld(zw)] > 9ld(z, 2) + d(z,w)] + (2, w)
Pld(z,w)] = ¢ld(z, w)] + pd(z, w)

pld(z,w)] <0=z=w

Hence z is a unique common fixed point of F and T. This completes the proof. O
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Corollary 3.2. Let T,F and S be self mapping of metric space (X, D) with
(o) T(X) C F(X), S(X) C F(X),

(b) Bld(Tw, Sy)] > Bld(Tw, Fz) + d(Tx, Fy)] + ¢ld(Tx, Sy)]

(¢) Either T or F is continuous function.

(d) (T, F) is semi compatible and weak compatible.

(e) TS=ST, FS =SF.

If ¢ and ¢ are monotonic increasing function such that ¢, ¢ : [0,00) = [0,00) and ¢(t) = 0= ¢(t) & t =0 then z is unique

common fized point of F and T.

Theorem 3.3. Let T and F be self mapping of metric space (X, D) with
(a) T(X) C F(X)

(b) ¢ld(Tz, Ty)] = ¢min[d(Fz, Fy), d(Ty, Fy) + d(Fz,Ty)] + ¢[d(Tz, Ty
(¢) Either T or F is continuous function.

(d) (T, F) is semi compatible and commute.

If ¢ and ¢ are monotonic increasing function such that ¢,p : [0,00) — [0,00) and ¢(t) = 0 = ¢(t) & t =0, if T? is an

identity map then z is unique common fized point of F and T.

Proof. Let o € X is an arbitrary point. Since T'(X) C F(X). Then x1 € X such that Tx; = Fzo. Inductively we can

define a sequence Txn4+1 = Fzp. Using (b) with 2 = 2, y = Tn41 we have

Old(Txn, Txnt1)] > dmin[d(Fan, Frnt1), d(TTnt1, Font1) + d(Fxn, Tony1)] + @[d(TTn, TZnt1)
Ad(Trn, Trnt1)] > ¢min[d(Tznt1, TTnt2), dTTnt1, TTnr2) + A(TTpt1, TTnt1)] + @[d(Txn, TTni1)]
Ad(Tn, Trn+1)] > Old(Txnt1, TTnt2)] + @d(Tn, TTn2)] (7)

Old(Tzn, Trni1)] > ¢ld(TTni1, TTni2)]

Since ¢ is an increasing function therefore d(Txn, Txn+1) > d(TTn+1, TTnt2). Therefore the sequence d(Tzy, Txn41) will
be decreasing. Let r > 0 such that

lim d(Tzn, TTnt1) =1 (8)

n—o0

Hence on taking limn — co we have by (7) ¢(r) > ¢(r) + ¢(r). It is only possible when r = 0. Then by (8)

lim d(T2n, Toni1) =0 9)

n— o0

Now we shall show that {T'z,} is Cauchy sequence. Let we assume contrary. Then there exist ¢ > 0 such that for m,n — oo

and for m; < n; < mit1

Ad(Txm,;, Txn,) > € (10)

Ad(Txm;, Ten;_,) <€
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Then it follows that

e< [d(Txmi ) Txnl)} < d(Txmi7Txni—l) + d(Tmni—l ) Tx”i) <e+ d(Tmni—1 y Txni)d(Twmi ) T"Eni) <e+ d(Txni—l ) Tmni)

lim d(Txm,;, Txn,) < €+ lim d(Txn, ,,TTn;). By (9)

1— 00 i— 00

lim d(Txm,;, Tan,) < € (11)
1—> 00

By (10) and (11)
lim d(Tam,, Tan,) = € (12)
12— 00

by using (b) with £ = Zpm,,, ¥y = Tn,

Od(Txm;, Txn,)] > ¢min[d(Fxm,, Fan, ), {d(TTn;, Ftn,) + A(FTm;, Tzn;)}] + od(TTm;, T2n;)

¢[d(Twmi s Txnl)} > min[d(T‘rmi+1 s Tmni+1 )a {d(T"Eni ) Twnz‘+1 )] + d(Tmeia Txm)} + Sad(Twmi ) T:Eni)

lim and By (9) & (12) we have

n—oo

6(e) > pmine, e+ p(e)

p(e) = ¢(e) + (o).

It is only possible when € = 0. Which is contradiction to our assumption that € > 0. Therefore for all m,n — oo we have
d(Txn;, Ttm,;) < €. Therefore {Tx,} is a Cauchy sequence. Since (X, D) is complete metric space, then it will be converge
at some point z € X, or nh_}n;o Tx, = z So all of its subsequence also converge to z or nh_}rr;o Trpi1 = 2, nll{rolo Fxp, = 2.

Case (1): When T is continuous map

Since lim Tz, = z, therefore lim TTz, = Tz. Also lim Fx, = z, therefore lim TFxz, = Tz. Since pair (T, F)is semi
n— 00 n— 00 n—oo n—0o0

compatible map then since lim Fz, = lim Tz, = z, therefore lim FTxz, = Tz. Now using (b) with z = Tz, y = =,
n— oo n— oo n— oo

Old(TTxn, Try)] > dmin[d(FTxn, Fx,),d(Txn, Frn) + d(FTxn, Tzn)] + @[d(TTxn, Txy)
limiting n — oo we have

9ld(Tz,2)] = $min[d(Tz, 2), {d(z, ) + d(Tz 2)} + @d(Tz, 2)
9ld(Tz,2)] > gmin[d(Tz, 2),d(Tz, 2)] + @d(Tz, )

¢ld(Tz, z)] > ¢d(Tz, z) + od(T'z,z) it is only possible when, d(T'z,z) =0 Tz = z.
Again by using (b) with z = 2z, y = Zn4+1
Old(Tz, Txny1)] > ¢min[d(Fz, Frpt1), {d(TTnt1, Fxni1) + d(Fz, Tani1)}] + @ld(Tz, Toni1)

Liming n — oo

old(z, z)] > ¢min[d(Fz,z),{d(z,2) + d(Fz,2)}] + ¢d(z,2)0 > ¢pd(Fz,z) = Fz = z

Therefore Tz = Fz = z. z is common fixed point of F and T.
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Case (2) - When F is continuous map

since lim Tz, = z, therefore lim FTx, = Fz. Also lim Fx, = z, therefore lim FFz, = Fz. Since pair (T, F) is semi

n—r00 n—r00 n— 00 n—oo

compatible map then since lim Fz, = lim,— oo TTn = z, therefore lim TFz, = Fz. Now using (b) with, x = Fz,, y = z»
n— oo n—o0

Old(TFxy, Txy)] > ¢min[d(FFxy,, Fx,),{d(Txn, Fx,) + d(FFzn, Tan)} + @[d(TFxn, Txy)
Now limiting n — oo

Old(Fz,2)] > ¢min[d(Fz,z),{d(z,2) + d(Fz,z)}| + pd(Fz, z)
Pld(Fz,2)] > ¢min[d(Fz, z),d(Fz,2)| + @d(Fz, z)

Pld(Fz,2)] = ld(Fz, 2)] + d(Fz, 2)
It is only possible when, d(Fz,z) =0 = Fz = z. By using (b) with z =Tz, y =z,
Ald(T?2, Txy)] > ¢min[d(FTz, Fxy), {d(Txn, Fxy) + d(FTz, Tzn)}] 4+ @d(T?z, Txy),
since T = I and pair(F,T) is commute also limit n — oo

old(z,2)] > ¢min[d(TFz,z2),{d(z,2) + d(TFz,2)}| + pd(z, z)
0> ¢min[d(Tz,2),d(T'z, z)]

0> ¢d(Tz, =)
Which is possible when d(T'z,z) = 0 = Tz = z. Therefore Fz = Tz = z. z is common fixed point of T and F. Uniqueness
can be proved easily. O
Theorem 3.4. Let T,F,S and A be self mapping of metric space (X, D) with
(o) T(X) C F(X),S(X) C A(X),
(b) ¢ld(Tx, Sy)] = ¢ld(Tx, Fz)) + d(Tz, Ay)] + pld(T, Sy]
(¢) Either T or F is continuous function.
(d) (T, F) is semi compatible and weak compatible.
(e) TS=ST,FS=SF.

If ¢ and ¢ are monotonic increasing function such that ¢, ¢ : [0,00) — [0,00) and ¢(t) = 0= ¢(t) < t =0 then z is unique

common fized point of F and T.

Proof. Let zo € X is an arbitrary point. Since T(X) C F(X),S(X) C A(X). Then there exist z1,z2 € X such that
Tx1 = Fxo and sx2 = Azxi. Inductively we can define a sequence Txn4+1 = Fx,, = yn and Stni2 = ATpt1 = Ynt1. Using

(b) with = zpn, y = Tnt1

O[T, Swuir)] > Sld(Tn, Fan)) + d(Tan, Azoir)] + 9ld(Tn, Stn)

O[T, Tni1)] > Gd(Tn, Tani1)) + (T2, Tansa)] + pld(Tan, Tni)]
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By triangle inequality we have
[d(T2ni1, Tens2)] < [d(Toni1, Ton)) + d(Tan, Tnio)]
Then

Old(Txn, Txnt1)] > Pld(Txnt1, TTny2)] + 0d(Txn, TTni2)] (13)

Ad(Tzn, Tnt1)] > Old(Txnt1, TTni2)]

Since ¢ is an increasing function then we have d(Tzn, Ton+1) > d(TTpt1, TTnt2). Therefore the sequence d(Txn, TTny1)
will be decreasing. Let > 0 such that

lim d(Tzn, TTnt1) =1 (14)

n—r00

Hence on taking lim we have by (13) ¢(r) > ¢(r) + ¢(r). It is only possible when r» = 0. Then by (14)
n— oo

lim d(Tzn, TTn+1) =0 (15)

n—oo

From Theorem 3.1 it can be easily shown that {Tx,} is Cauchy sequence. Since (X, D) is complete metric space, then it

will be converge at some point z € X, or lim Tz, = z So all of its subsequence also converge to z. Or lim Tz,4+1 =
n—oo

z, lim Fx, =z, lim Sty+2 =z and lim Az,41 = 2.
n—r oo n—r o0 n—oo

Case (1) - When T is continuous map

Since lim Tz, = z, therefor lim TTx, = Tz. Also lim Fz, = z, therefore lim TFxz, = Tz. Since pair (T, F) is semi
n—o0 n— oo n— oo n—o0

compatible map then since lim Fz, = lim Tz, = z, therefore lim FTz, = Tz. Now using (b) with x = Tzn,y = zn
n—oo n—oo n— oo

Gld(TTxn, Stn)] > Gld(TTan, FTzyn)) + d(TTxn, Azn)] + @ld(TTTn, Sxr)
Now limiting limn — oo we have

Old(Tz,2)] > ¢[d(Tz,Tz) + d(Tz,2)] + od(Tz, z))
Pld(Tz,2)] = ¢ld(Tz,2)] + d(Tz, 2)

Pld(T2, )] < 0.

It is only possible when, Tz = z. Since T'(X) C F(X). Then let v € X such that Tz = Fu = z. Now by using (b) with
T=U Y =Tn

Taking limn — oo

old(Tu, z)] > ¢[d(Tu, z) + d(Tu, 2)] + pd(Tu, z)

o[d(Tu, )] > [2d(Tu, 2)] + @d(Tu, )

Since ¢ and ¢ are increasing function therefore obtained inequality is only possible when d(Tw,z) = 0 = Tu = z or
Tz = Fu = z. Since (F,T) is weak compatible then FTu = TFu = Fz = Tz or Fz = Tz = z. Now by using (b) with

x = Sz and y = x, we have

@[d(TSz,Sxyn)] > ¢ld(TSz, FSz) + d(T'Sz, Axy)| + @d(TSz, Sxy)]
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Since T'S = ST and F'S = SF and limiting n — oo we have

@ld(STz,2)] > pld(STz,SFz) 4+ d(STz,2)] + ¢d(ST'z, z)
¢ld(Sz,2)] > ¢|d(Sz,Sz) + d(Sz,2)] + pd(Sz, 2)
@[d(Sz, 2)] > ¢ld(Sz, 2)] + @d(Sz, z)

pld(Sz,2)] <0= Sz ==z

By using (b) with © = zn, y = 2

¢ld(Txn, Sz)] > Pld(Txn, Fxn) + d(Tzn, A2)] + od(Txr, S2))

Now liming n — oo

Pld(z,2)] = ¢ld(z, 2) + d(z, A2)] + d(2, 2)

old(z,A2)] <0=>Az=2z2 or Sz=Tz=Fz=Az=~z.

Therefore z is common fixed point T, F, S and A.
Case (2) - When F is continuous map

since lim Tz, = z, therefore lim FTx, = Fz. Also lim Fx, = z, therefore lim FFz, = Fz Since pair (T, F) is semi

n—oo n—00 n— oo n—00

compatible map then since lim Fz, = limp_ oo T2y = 2z, therefore lim TFxz, = Fz Now using (b) with, z = Fx,, y = xn
n—oo n—oo

Old(TFxn, Szn)] > Qld(TFan, FFxy)) + d(TFxn, Azy)] + [d(TFzyn, Szr)

Now limiting n — oo we have

Old(Fz,2)] > ¢ld(Fz, Fz) + d(Fz,z)] + ¢d(Fz, z)
Pld(F'z,2)] 2 ¢ld(Fz,2)] + pd(Fz, 2)

pd(Fz,2)] <0

It is only possible whend(F'z,z) = Fz = z. Again using (b) with z = 2z, y = z,,

¢ld(Tz,Sxn)] > Pld(Tz, Fz) + d(Tz, Azy)] + @d(Tz, Sxy)

Limiting n — oo

old(Tz,2)] > ¢[d(Tz,z) + d(Tz, z)] + pd(Tz, 2)

old(Tz, 2)] > ¢[2d(T'z, 2)] + pd(Tz, z)

Since ¢ and ¢ are increasing function therefore obtained inequality is only possible when d(Tz,z) = 0 = Tz = z Or

Fz =Tz = z. Now by using (b) with x = Sz and y = x, we have

@[d(TSz,Sxn)] > ¢ld(TSz, FSz) + d(T'Sz, Axy)| + @d(TSz, Sxy)]
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Since T'S = ST and F'S = SF and limiting n — oo we have

¢ld(STz, z)] > ¢[d(STz,SFz) + d(STz,2)] + @d(ST'z, z)
Bld(S72)] > Gld(S7, 52) + (57, 2)] + (57, 2)
¢ld(Sz, 2)] = ¢ld(Sz,2)] + d(S2, 2)

pld(Sz,2)] 0= Sz =2
By using (b) with 2 = x,, y = 2
¢ld(Txn, Sz)] > dld(Trn, Fan) + d(Tzn, Az)] + od(Tzn, S2))
Now liming n — 0o

¢ld(z,2)] = ¢ld(z, 2) + d(z, Az)] + ¢d(z, 2)

dld(z,A2)] <0=>Az=z or Sz=Tz=Fz=Az==z

Therefore z is common fixed point of T, F, S and A. Uniqueness can easily proved. O
Theorem 3.5. Let T and F be self mapping of metric space (X, D) with

(a) T(X) C F(X)

(b) ¢ld(Tz, Ty)] = ¢ld(Ty, Fx)) + d(Ty, Fy)] + [d(Tz, Ty)]

(c) Either T or F is continuous function.

(d) (T, F) is semi compatible and weak compatible.

If ¢ and ¢ are monotonic increasing function such that ¢, ¢ : [0,00) — [0,00) and ¢(t) = 0= ¢(t) =t = 0 then z is unique

common fized point of F and T.

Proof. Let o € X is an arbitrary point. Since T'(X) C F(X). Then z; € X such thatTzy = Fzo. Inductively we can

define a sequence Txn4+1 = Fzp,. Using (b) with £ = xn, ¥y = Tnt1

Pld(Txn, Trny1)] = Pld(Tenir, Fan)) + d(Txnir, Fonia)] + old(Tan, Tang1)
> Pld(Trni1, Ton+1)) + d(TTn41, Tons2)] + Qld(TTn, TTni1)]
Pld(Txn, Trni1)] = Hd(TTni1, Tng2)] + @d(TTn, TTns1)] (16)

Pld(Tzn, Trns1)] > ld(TTntr, TTni2)]

Since ¢ is an increasing function then we have d(Tzn, Ton+1) > d(TTpt1, TTnt2). Therefore the sequence d(Txn, TTny1)
will be decreasing. Let r > 0 such that

lim d(Tzn, TTni1) = 7. (17)

n—r00

Hence on taking lim we have by (16), ¢(r) > ¢(r) + ¢(r). It is only possible when r» = 0. Then by (17)
n—s

oo

lim d(Tapn, Tni1) =0 (18)

n—r00
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Now we shall show that {T'z,} is Cauchy sequence. Let we assume contrary. Then there exist € > 0 such that for m,n — co
and for m; < ni < mit1

d(Txm,;, Txn,) > € (19)

and d(T%m,, Txn, ,) < €. Then it follows that

€ < [d(Txm;, Trn,)] < ATTm;, TTn;_ ) + d(TTn,_,,T2n,) <&+ dTTn,_,,TTn,;)
A(Txm;, Txn;) < e+ d(Txn,_,,Tan,;)

lim d(Txm;, Tan,) < e+ lim d(Tzn,_,,Txn,;)

1—00 1—>00

By (18)
lim d(Txm,;, Tan,) <€ (20)
1—> 00

By (19) and (20)
lim d(Txm,;, Tan,) =€ (21)
n— o0

Now by using (b) with @ =z, y = xn,

¢[d(Txmi ) Txnz)} > ¢[d(T‘T”i ) F‘rmi) + ¢[d(Txm s Fan, -+ ‘p[d(Twmi ) T‘Tm)}

¢[d(T‘Tmi ) Tx"z)} > ¢[d(Tx"i ) Txmi+1) + ¢[d(Txanxm+1 )” + ‘pd(Txmi ) Tx"i)

ll;n;lc and By (18) and (21) we have ¢(g) > ¢(e) + ¢(¢).s. It is only possible when e = 0. Which is contradiction to our
assumption that € > 0. Therefore for all m,n — co we have d(Tzn,;, T@m,) < €. Therefore {T'z,} is a Cauchy sequence.
Since (X, D)is complete metric space, then it will be converge at some point z € X, or nh_}rr;o Tx, = z So all of its subsequence
also converge to z. Or nhﬁrr;o TThnt1 = 2, nhﬁngo Fz, = z.

Case (1) When T is continuous map

Since lim Tz, = z, therefore lim TTxz, = Tz. Also lim Fz, = z, therefore lim TFz, = Tz. Since pair (T, F) is semi

n—oo n—o0 n—oo n— o0

compatible map. since lim Fz, = lim Tz, = z, therefore lim FTx, = Tz. Now using (b) with z = Tzp, y = n
n—oo n—oo n—o00

Old(TTzn, Txn)] > Sld(Txn, FTxyn) + d(Txn, Fxn) + [d(TTzy, Txy)
Now limiting n — co we have

Bld(T2, )] > Bld(,T2) + d(z, 2)] + pd(T, )]
old(Tz,2)] > ¢d(z,Tz) + ¢d(T'z, z)

pd(Tz,2) <0

It is only possible when d(T'z,z) = 0 = Tz = z. Since T(X) C F(X). Then let v € X such that Tz = Fu = z. Now by
using (b) with z =z, y = u

Old(Txyn, Tu)] > ¢pd(Tu, Fxy,),d(Tu, Fu) + o[d(Tzn,u).

Taking lim

n—o00

old(z, Tu)] > ¢[d(Tu, z) + d(Tu, z)] + pd(z, Tu)

old(z, Tu) > ¢[2d(Tu, 2)] + @d(z, Tu).
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Since ¢ and ¢ are increasing function therefore obtained inequality is only possible when d(Tu,z) = 0 = Tu = z or
Fu=Tu = z. Since (F,T) is weak compatible then FTu = TFu = Fz =Tz or Fz = Tz = z. Therefore z is common fixed
point of F and T.

Case (2) - When F is continuous map

since lim Tz, = z, therefore lim FTz, = Fz. Also lim Fx, = z, therefore lim FFx, = Fz Since pair (T7 F) is semi
n— oo n—o0o n—oo n—o00

compatible map then since lim Fz, = lim Tz, = z, therefore, lim TFx, = Fz. Now using (b) with, x = Fz,, y = 2,
n— oo n—oo n—o0
Old(TFxn, Txn)] > ¢ld(Txn, FFzy)) + d(Txn, Fon)] + @[d(TFxn, Txy)

Now limiting n — co we have

O[d(Fz,z)] > ¢ld(z, Fz) + d(z, z)] + pd(Fz, z)
o[d(Fz,2)] > Pld(z, Fz)] + @d(F'z, z)

wd(Fz,2)] <0.
It is only possible when d(F'z,z) = 0 = Fz = z. Again using (b) with z = z,, y = z
Old(Txn, T2)] > pld(Tz, Fxn) + d(Tz, Fz)] + ¢d(Txn, Tz)
Taking liTrln — 00

old(z,Tz)] > ¢[d(Tz,z) + d(T'z, z)] + pd(z,Tz)

old(Tz, 2)] > ¢[2d(T'z, 2)] + pd(2,T'z)

Since ¢ and ¢ are increasing function therefore obtained inequality is only possible when d(Tz,z) = 0 = Tz = z Or
Fz=Tz=z.

Uniqueness: Let w be another fixed point of F and T. Then Fw = Tw = w. By using (b) with z = 2z, y = w we have

old(Tz, Tw)] > ¢[d(Tw, Fz) + d(Tw, Fw)] + ¢d(Tz, Tw)
old(z,w)] > ¢ld(w, z) + d(w,w)] + pd(z, w)
old(z, w)] > ¢ld(w, )] + pd(z, w)

pd(z,w) <0= 2z =w.

Hence z is a unique common fixed point of F and T. This complete the proof. O
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