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1. Introduction

In [10] Guo and Lakshmikantham defined the notion of coupled fixed point for single-valued mappings. Thenafter,
Bhaskar and Lakshmikantham [2] introduced mixed monotone property and with the help of it presented some coupled
fixed point theorems on ordered metric spaces. After sometime, Lakshmikantham and Ciric [17] defined the notion of
mixed g-monotone property by extending the notion of mixed monotone property and by applying it, they established some
coupled fixed/coincidence point results, which generalized the results of Bhaskar and Lakshmikantham [2]. Subsequently,
Choudhury and Kundu [4] modify the results of Lakshmikantham and Ciric [17], by defining the notion of compatibility
in coupled coincidence point context. These studies applicable to initial value problems defined by differential or integral
equations.

Hussain et al. [13] defined a new concept of generalized compatibility of a pair of mappings F, G': X* — X and presented
some coupled coincidence point results. Following this paper, Erhan et al. [8], announced that the results obtained in
Hussain et al. [13] can be easily derived from the coincidence point results in the literature.

On the other hand, Samet et al. [22] thrown light on the fact that most of the coupled fixed point theorems on ordered
metric spaces can be derived from well-known fixed point theorems.

Recently Ciric et al. [3] proved coupled fixed point theorems for mixed monotone mappings satisfying a generalized

Mizoguchi-Takahashi condition in the setting of ordered metric spaces. Main results of Ciric et al. [3] extended and
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generalized the results of Bhaskar and Lakshmikantham [2], Du [7] and Harjani et al. [11]. Our basic references are
[3, 5-8, 11, 13-16, 20-22].

The main objective of this article is to construct coincidence point result for g-non-decreasing mappings satisfying Mizoguchi-
Takahashi contraction on ordered metric spaces. By using our result, we formulate a coupled coincidence point result of
generalized compatible pair of mappings F, G : X2 — X. We give an example and an application to integral equation to
show the usability of the obtained results. The established results generalize, modify, improve and sharpen the results of

Bhaskar and Lakshmikantham [2], Ciric et al. [3], Du [7], and Harjani et al. [11].

2. Preliminaries

In the sequel, we denote by X a non-empty set. Given a natural number n € for n > 2, let X" be the nth Cartesian product

X X X X...x X (n times). Let g : X — X be any mapping, if x € X, we denote g(z) by gz.

Definition 2.1 ([10]). Let F: X? — X be a given mapping. An element (x, y) € X? is called a coupled fized point of F if
F(z,y) =z and F(y,z) = y. (1)

Definition 2.2 ([2]). Let (X, <) be a partially ordered set. Suppose F: X?> — X be a given mapping. We say that ' has

the mized monotone property if for all x, y € X, we have
131,!7526X,!I}1j$2 = F(x17y)jF(x27y)7 (2)

and

Y1,Y2 € Xayl = Y2 — F($7y1) = F(:B7y2) (3)

Definition 2.3 ([17]). Let F : X? — X and g : X — X be given mappings. An element (x, y) € X? is called a coupled

coincidence point of the mappings F and g if

F(xz,y) = gz and F(y,z) = gy. (4)

Definition 2.4 ([17]). Let F: X®> — X and g : X — X be given mappings. An element (z, y) € X2 is called a common

coupled fixed point of the mappings F and g if

= F(z,y) = gz andy = F(y,z) = gy. (5)
Definition 2.5 ([17]). The mappings F : X*> — X and g: X — X are said to be commutative if

gF (z,y) = F(gz, gy), for all (z,y) € X*. (6)

Definition 2.6 ([17]). Let (X, <) be a partially ordered set. Suppose F: X* = X and g : X — X are given mappings. We

say that F has the mized g-monotone property if for all x, y € X, we have
z1,22 € X, gr1 X gr2 = F(21,y) 2 F(22,Y), (M)

and

y1,y2 € X, 9y1 2 gy2 = F(x,y1) = F(x,y2). (8)

If g is the identity mapping on X, then F satisfies the mized monotone property.
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Definition 2.7 ([4]). The mappings F : X* — X and g: X — X are said to be compatible if

nlinéod(gF(xn,yn),F(gxn,gyn)) = 0, 9)
Jim_d(gF (yn, n), F(gyn, gon)) = 0,

whenever {x,} and {yn} are sequences in X such that

lim F(zn,yn) = lim gz, ==, (10)

n—oo n—oo

lim F(Yn,zn) = nh_}ngo gYn =y, for somexz,y € X.

n—oo

Definition 2.8 ([13]). Suppose that F, G : X*> — X are two mappings. F is said to be G-increasing with respect to < if for
all x, y, u, v € X, with G(z, y) = G(u, v) we have F(z, y) <X F(u, v).

Definition 2.9 ([13]). Let F, G : X? — X be two mappings. We say that the pair {F, G} is commuting if
F(G(z,y),G(y,z)) = G(F(z,y), F(y,z)), for all z,y € X. (11)

Definition 2.10 ([13]). Suppose that F, G : X?> — X are two mappings. An element (z, y) € X? is called a coupled

coincidence point of mappings F' and G if
F(z,y) = G(z,y) and F(y,z) = G(y,z). (12)

Definition 2.11 ([13]). Let (X, <) be a partially ordered set, F : X* — X and g: X — X are two mappings. We say that

F is g-increasing with respect to < if for any x, y € X,
gr1 = gry implies F(x1,y) = F(x2,y), (13)

and

gyr 2 gys implies F(z,y1) 2 F(z,y2). (14)
Definition 2.12 ([13]). Let (X, =) be a partially ordered set, F : X* — X be a mapping. We say that F is increasing with
respect to X if for any z, y € X,

x1 =X x2 implies F(z1,y) 2 F(z2,y), (15)
and
y1 2 y2 implies F(z,y1) < F(x,y2). (16)

Definition 2.13 ([13]). Let I, G : X? — X are two mappings. We say that the pair {F, G} is generalized compatible if

lim d(F(G(mn,yn),G(yn, xn)),G(F(xn,yn),F(yn,xn))) =0,

n—oo

lim d(F(G(yn,:cn),G(:cn, yn)),G(F(yn,xn),F(ﬂcn,yn))) =0,

n—00

whenever (x,) and (yn) are sequences in X such that

lim G(xn,yn) = lm F(zn,yn) =z € X, (17)

n—o0o n—oo

lim G(Yn,zn) = lim F(yn,zn) =y € X.

n—r oo n—oo

Obviously, a commuting pair is generalized compatible but not conversely in general.
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Definition 2.14 ([1, 9]). A coincidence point of two mappings T, g : X — X is a point x € X such that Tz = gz.
Definition 2.15 ([8]). An ordered metric space (X, d, <) is a metric space (X, d) provided with a partial order =< .

Definition 2.16 ([2, 13]). An ordered metric space (X, d, =) is said to be non-decreasing-reqular (respectively, non-
increasing-reqular) if for every sequence {xn} C X such that {zn} — = and xn, = Tny1 (respectively, T, > Tpi1) for

all n, we have that ., < x (respectively, T, = x) for all n. (X, d, <) is said to be regular if it is both non-decreasing-regular

and non-increasing-regular.

Definition 2.17 ([8]). Lel(X, <) be a partially ordered set and let T, g : X — X be two mappings. We say that T is (g,
<)-non-decreasing if Tx < Ty for all x, y € X such that gx = gy. If g is the identity mapping on X, we say that T is

=<-non-decreasing.

Remark 2.18 ([8]). If T is (g, %) -non-decreasing and gz = gy, then Tx = Ty. It follows that

gr = gy, Tr X Ty,
gr = gy = = = Tx="Ty. (18)
9y 2 gx Ty 2Tz

Definition 2.19 ([20]). Let (X, <) be a partially ordered set and endow the product space X? with the following partial

order:

(u,v) C (z,y) © x> u and y<v, for all (u,v),(z,y) € X°. (19)

Definition 2.20 ([4, 12, 19, 20]). . Let (X, d, X) be an ordered metric space. Two mappings T, g : X — X are said to be
O-compatible if

lim d(¢Tzn,Tgzs) =0, (20)

=00
provided that {zn} is a sequence in X such that {gxn} is <-monotone, that is, it is either non-increasing or non-decreasing
with respect to X and

lim Tz, = nl;n;o gTn € X. (21)

n—o00

3. Main results

Lemma 3.1. Let (X, d) be a metric space. Suppose Y = X? and define § : Y x Y — [0, 4+00) by

5((z,y), (u,v)) = max {d(z,u),d(y,v)}, for all (z,y),(u,v) €Y. (22)

Then § is metric on'Y and (X, d) is complete if and only if (Y, §) is complete.

Let @ denote the set of all functions ¢ : [0, +00) — [0, +00) satisfying

(iy) ¢ is non-decreasing,

(iip) (t) = 0 t =0,

(#41,) limsup,_,o, ﬁ < o0.

Let W denote the set of all functions v : [0, +00) — [0, 1) which satisfies lim, ;4 ¥ (r) < 1 for all ¢ > 0.

Theorem 3.2. Let (X, d, <) be an ordered metric space and let T, g : X — X be two mappings such that the following
properties are fulfilled:

(i) T(X) € g(X),
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(i) T 1is (g, X)-non-decreasing,
(313) there exists xo € X such that gro < Txo,

(iv) there exist ¢ € ® and ¢ € ¥ such that

@ (d(Tz, Ty)) < ¥ (e (d(gz, gy))) ¢ (d(gz, 9y)) ,

for all x, y € X such that gx < gy. Also assume that, at least, one of the following conditions holds.
(a) (X, d) is complete, T and g are continuous and the pair (T, g) is O-compatible,

b) (X, d) is complete, T and g are continuous and commuting,
)

¢) (9(X), d) is complete and (X, d, <) is non-decreasing-regular,

e

(
(
(d) (X, d) is complete, g(X) is closed and (X, d, =) is non-decreasing-regular,

(e) (X, d) is complete, g is continuous and monotone-non-decreasing, the pair (T, g) is O-compatible and (X, d, <) is

non-decreasing-regular.

Then T and g have, at least, a coincidence point.

Proof. We divide the proof into four steps.

Step 1. We claim that there exists a sequence {z,} C X such that {gz.} is <-non-decreasing and gxn+1 = Txn, for
all n > 0. Starting from zo € X given in (4ii) and since Tzo € T(X) C g(X), therefore there exists 1 € X such that
Txzo = gx1. Then gxo = T'xo = gx1. Since T is (g, <)-non-decreasing, Txo < Tz1. Now Tz, € T(X) C g(X), so there exists
22 € X such that T'z1 = gx2. Then gz1 = Taxo = Tx1 = gxs. Since T is (g, <) -non-decreasing, Txz1 < Txz2. Repeating this

argument, there exists a sequence {z, }n>0 such that {gz,} is < -non-decreasing, gzrnt1 = Txn = TTpi1 = gZTn42 and
gTni1 = Txy for all n > 0. (23)
Step 2. We claim that {gz,}no is a Cauchy sequence in X. Now, by contractive condition (iv) and (i,), we have

¢ (d(gzn, gTni1))

= ¢ (d(Ten-1,Tn))

IA

Y (@ (d(gTn-1,92x))) ¢ (d(gTn—1, gTs)),

which, by the fact that ¥ < 1, implies
¢ (d(gzn; gTni1)) < ¢ (d(gTn—1,97n)). (24)
Now (24) shows that the sequence {¢ (d(gzn,gTnt+1))} is non-increasing. Therefore, there exists some § > 0 such that
Jim ¢ (d(gzn, gzn+1)) = 0. (25)

Since 1 € ¥, we have lim, 51 9(r) < 1 and 9(§) < 1. Then there exists o € [0, 1) and £ > 0 such that ¢(r) < « for all
r €[, 6 +¢). From (25), we can take ng > 0 such that § < ¢ (d(gzn, gtnt1)) < 0 + € for all n > np. Then from contractive

condition (iv) and (i), for all n > ng, we have

@ (d(9n, gTni1))

= @(d(Tzn-1,Tzy))

IA

Y (¢ (d(grn-1,97n))) ¢ (d(gTn-1,g2n))

< ap (d(gmn—l ) gwn)) .
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Thus, we have

o (d(gxn, gTnt1)) < ap (d(gxn-1,9xxs)), for all n > ne. (26)

Letting n — oo in the above inequality and using (25), we obtain that é < ad. Since a € [0, 1), therefore § = 0. Thus

lim ¢ (d(g92n, grn+1)) = 0. (27)

n—o0o

Since {¢ (d(gzn,gTn+1))} is a non-increasing sequence and ¢ is non-decreasing, then {d(gzn, gzn+1)} is also a non-increasing

sequence of positive numbers. This implies that there exists § > 0 such that

lim d(gxn,gTn+1) = 0. (28)

n—oo

Since ¢ is non-decreasing, we have

@ (d(gzn, gTn+1)) = ¢(0).

Letting n — oo in this inequality, by using (27), we get 0 > ¢[f] which, by (ii,), implies that # = 0. Thus, by (28), we get

lim d(gxn,gxn+1) =0. (29)
n—oo
Suppose that d(gxn, gxnt+1) = 0, for some n > 0. Then, we have gz, = gtn+1 = Txn, that is, z, is a coincidence point of

F and g. Now, suppose that d(gzn, grnt+1) # 0, for all n > 0. Denote
an = ¢ (d(gTn, gTn+1)), for all n > 0.

From (26), we have

an < aan—1, for all n > ng.

Then, we have
no

ian < Zan + i a" "™ ay, < oco. (30)
n=0 n=0

n=ng+1
On the other hand, by (éii,), we have

lim sup _dgTn, gTni1) < oo. (31)

n—oo @ (A(gTn, gTn+1))
Thus, by (30) and (31), we have > d(gxn, gznt1)} < co. It means that {gz, }n=g is a Cauchy sequence in X.
Step 3. We claim that T" and ¢ have a coincidence point distinguishing between cases (a) — (e).
Suppose now that (a) holds, that is, (X, d) is complete, T and g are continuous and the pair (7, g) is O-compatible. Since
(X, d) is complete, therefore there exists z € X such that {gzn} — 2. Now Tz, = gxn4+1 for all n, we also have that
{Tzn} — 2. As T and g are continuous, then {T'gz,} — Tz and {ggzn} — gz. Since the pair (T, g) is O-compatible, we

have that lim,— e d(¢TTn, Tgx,) = 0. In such a case, we conclude that
d(g9z,Tz) = lim d(g9zn+1,T9zn) = lim d(¢gTzn, Tgzs) =0,
n— oo n—00

that is, z is a coincidence point of T and g.

Suppose now that (b) holds, that is, (X, d) is complete, T and g are continuous and commuting. Clearly (b) implies (a).
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Suppose now that (¢) holds, that is, (g(X), d) is complete and (X, d, <) is non-decreasing-regular. As {gz,} is a Cauchy
sequence in the complete space (g(X), d), so there exist y € g(X) such that {gz,} — y. Let z € X be any point such
that y = gz. In this case {gx»} — gz. Indeed, as (X, d, <) is non-decreasing-regular and {gz,} is < -non-decreasing and

converging to gz, we deduce that gz, < gz for all n > 0. Applying the contractive condition (iv) and (i),

@ (d(grnt1,T2)) = @ (d(Txn, T2)) < (¢ (d(gzn, g2))) ¢ (d(gTn, g2))

which, by the fact that ¥ < 1, implies

@ (d(gznt1,T2)) < ¢ (d(gzn, g2)) -

Since ¢ is non-decreasing, we have

d(gzns+1,Tz) < d(gzn, g2).

Letting n — oo in the above inequality, using lim, . gz» = gz, we get d(gz, T'z) = 0, that is, z is a coincidence point of T’
and g.

Suppose now that (d) holds, that is, (X, d) is complete, g(X) is closed and (X, d, <) is non-decreasing-regular. It follows
from the fact that a closed subset of a complete metric space is also complete. Then, (g(X), d) is complete and (X, d, <)
is non-decreasing-regular. Thus (c) is applicable.

Suppose now that (e) holds, that is, (X, d) is complete, g is continuous and monotone-non-decreasing, the pair (T, g) is
O-compatible and (X, d, <) is non-decreasing-regular. As (X, d) is complete, so there exists z € X such that {gz,} — 2.
Since Txyn = gxn+1 for all n, we also have that {T'z,} — 2. As T and g are continuous, then {T'gz,} — Tz and {ggxn} — gz.

Since the pair (7, g) is O-compatible, we get that lim,— oo d(¢7%n, T'9zn) = 0. In such a case, we conclude that
d(g9z,Tz) = lim d(99xn+1,T9zn) = lim d(¢gTzn,Tgzs) =0,
n— oo n—oo

that is, z is a coincidence point of T and g. Indeed, as (X, d, <) is non-decreasing-regular and {gz,} is < -non-decreasing

and converging to gz, we deduce that gz, < gz for all n > 0. Applying the contractive condition (iv) and (i,),

@ (d(9zni1,T2)) = @ (d(Txn, Tz)) < ¢ (¢ (d(g2n, g2))) ¢ (d(9Zn, 92)) ,

which, by the fact that ¥ < 1, implies
¢ (d(gznt1,Tz)) < ¢ (d(g2n, 92)) -
Since ¢ is non-decreasing, we have
d(gxn+1,T2) < d(gzn,gz).

Letting n — oo in the above inequality, using lim, .« gz» = gz, we get d(gz, T'z) = 0, that is, z is a coincidence point of T’
and g.

Next, we obtain the coupled version of Theorem 3.2. Given the ordered metric space (X, d, <), let us consider the ordered
metric space (X2, §, C), where § was defined in Lemma 3.1 and C was introduced in (19). We define the mappings T,

Te : X* — X2, for all (z, y) € X2, by,
Tr(z,y) = (F(z,y), F(y,z)) and Ta(z,y) = (G(z,y), G(y, 2)).

Under these conditions, the following properties hold: O
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Lemma 3.3. Let (X, d, X) be an ordered metric space and let F, G : X?% = X be two mappings. Then

(1) (X, d) is complete if and only if (X2, §) is complete.

(2) If (X, d, =) is regular, then (X2, 8, C) is also regular.

(8) If F is d-continuous, then Tr is §-continuous.

(4) If F is G-increasing with respect to =, then Tr is (Tc, C)-non-decreasing.

(5) If there exist two elements xo, yo € X with G(zo, yo) = F(zo, yo) and G(yo, xo) = F(yo, To), then there exists a point
(zo, yo) € X? such that Ta(zo, yo) E Tr(zo, Yo).

(6) For any z, y € X, there exist u, v € X such that F(z, y) = G(u, v) and F(y, x) = G(v, u), then Tp(X?) C Ta(X?).

(7) There exist ¢ € ® and ¢ € ¥ such that

e (d(F(z, y), F(u, v))) (32)
< w(@ [max{d(G(ac, y)7 G(u, 1}))7 d(G(y, x)> G(v, u))}])

x¢ max {d(G(z, y), G(u, v)), d(G(y, z), G(v, w))},
for all z, y, u, v € X, where G(z, y) <X G(u, v) and G(y, z) = G(v, u), then

(p((S(TF(:E, y)7 TF(u7 U)))

< Yl (6(TG(I7 Y)s Ta(u, U))))‘P((S(TG(-Ta y), Tc(u, v))),

for all (z, y), (u, v) € X2, where Tg(x, y) C Ta(u, v).
(8) If the pair {F, G} is generalized compatible, then the mappings Tr and Te are O-compatible in (X2, 6, C).

(9) A point (z, y) € X? is a coupled coincidence point of F and G if and only if it is a coincidence point of Tr and Tg.

Proof. Ttem (1) follows from Lemma 3.1 and items (2), (3), (5), (6) and (9) are obvious.
(4) Assume that F is G-increasing with respect to < and let (z, y), (u, v) € X? be such that Tg(z, y) C Te(u, v). Then

G(z,y) X G(u, v) and G(y, =) = G(v, u). Since F' is G-increasing with respect to <, we deduce that F(z, y) = F(u, v) and
F(y, x) = F(v, u). Therefore Tr(x, y) C Tr(u, v), which means that Tr is (T, C)-non-decreasing.

(7) Suppose that there exists ¢ € ® and ¥ € ¥ such that

@ (d(F(z, y), F(u, v)))
< P (pmax{d(G(z, y), G(u, v)), d(G(y, ©), G(v, u))}])
X max{d(G(z, y), G(u, v)), dG(y, ), G(v, u))}],

for all x, y, u, v € X, where G(z, y) < G(u, v) and G(y, =) = G(v, u) and let (z, y), (u, v) € X? be such that Te(z,
y) C T (u, v). Therefore G(z, y) < G(u, v) and G(y, =) = G(v, u). Using (32), we have

¢ (d(F(z, y), F(u, v))) (33)
< Y (pmax{d(G(z, y), G(u, v)), d(G(y, ©), G(v, u))}])
X max{d(G(z, y), G(u, v)), d(G(y, ), G(v, u))}].

Furthermore since G(y, ) = G(v, u) and G(z, y) < G(u, v), therefore the contractive condition (32) also guarantees that

¢ (d(F(y, ), F(v, u))) (34)
< Y (pmax{d(G(z, y), G(u, v)), d(G(y, ©), G(v, u))}])

X max{d(G(z, y), G(u, v)), d(G(y, ), G(v, u))}].
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Combining (33) and (34), we get

max {¢ (d(F(z, y), F(u, v))), ¢ (d(F(y, x), F(v, u)))}
< P (e [max{d(G(z, y), G(u, v)), d(G(y, z), G(v, u))}])

xp [max {d(G(z, y), G(u, v)), d(G(y, x), G(v, u))}].

Since ¢ is non-decreasing, therefore

p (max {d(F(z, y), F(u, v)), d(F(y, =), F(v, u))}) (35)

IN

¥ (@ [max {d(G(z, y), G(u, v)), d(G(y, z), G(v, u))}])

X max{d(G(z, y), G(u, v)), dG(y, ), G(v, w))}].

Thus, it follows from (35) that

¢ (6(Tr(z, y), Tr(u, v)))
= ¢ (6 ((F(z, y), Fly, ©)), (F(u, v), F(v, u))))
= ¢ (max{d(F(z, y), F(u, v)), d(F(y, z), F(v, u))})
¥ (¢ [max{d(G(z, y), G(u, v)), d(G(y, =), G(v, w))}])

X max{d(G(z, y), G(u, v)), d(G(y, z), G(v, u))}]

IN

IN

(e (6(Ta(z, y), Te(u, v)))) ¢ (6(Ta(z, y), Ta(u, v))).

(8) Let {(zn, yn)} C X? be any sequence such that Tr(zn, yn) RN (z, y) and Ta(xn, yn) RN (z, y) (notice that we do not

need to suppose that {T¢(2n, yn)} is C-monotone). Therefore,

(F(Zn, Yn)y Fyn, ©n)) > (z, y)

= F(zn, Yn) 4 & and F(yn, ©n) LN Y,

and

(C(2ns Yn)y Cyn, Tn)) > (z, y)

= G(Tn, yn) 2 2 and G(yn, Tn) 4 .
Therefore

lim F(zn, yn) = lim G(xn, yn) =z € X,

n— oo n— oo
lim F(yn, xn) = lim G(yn, z,) =y € X.
n—o0 n—o0

Since the pair {F, G} is generalized compatible, we deduce that

lim d(F(G(iL‘n, yn)? G(ynv :L'n)), G(F(chv yn)v F(yn7 CL‘n))) =0,

n—oo

lim d(F(G(yn, ), G(@n, yn)), GF (Yn, Tn), F(Tn, yn))) = 0.

n—00
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In particular,

lim §(TcTr(xn, Yn), TrTc(Tn, yn))

= nlggo S(Tc(F(xn, yn); F(Yn, ), Tr(G(Tn, yn), G(yn, Tn)))
— b s (G(F(zn, yn), F(Yn, zn)); G(F(Yns z0), F(zn, yn))),

e (F(G(%n, yn)y, G(Yn, ®n)); F(G(yn, T0), G(xn, yn)))

AG(F(@n; yn), Flyn, xn)), F(G(n, yn), Glyn, Tn))),

= lim max
n—oo
A(G(F(yn, Tn), F(Tn, yn)), F(G(Yn, Tn), G(Tn, yn)))
= 0.
Hence, the mappings Tr and T are O-compatible in (X2, 6, C). O

Theorem 3.4. Let (X, d, X) be a complete ordered metric space. Assume F, G : X% — X be two generalized compatible
mappings such that F is G-increasing with respect to <, G is continuous with mired monotone property and there erist two

elements xo, yo € X with
G(zo, yo) = F(zo, yo) and G(yo, o) = F(yo, o).

Suppose that there exist p € ® and ¢ € ¥ satisfying (32) and for any z, y € X, there exist u, v € X such that

F(z, y) = G(u, v) and F(y, =) = G(v, u). (36)

Also suppose that either
(a) F is continuous or
(b) (X, d, X) is regular.

Then F and G have a coupled coincidence point.

Proof. Applying Theorem 3.2 for the mappings T = Tr and g = T in the ordered metric space (X2, 0, C) with the help
of Lemma 3.3. O

Corollary 3.5. Let (X, d, <) be a complete ordered metric space. Assume F, G : X* — X be two commuting mappings
satisfying (32) and (36) such that F' is G-increasing with respect to <, G is continuous with mized monotone property and

there exist two elements xo, yo € X with

G(zo, yo) = F(zo, yo) and G(yo, zo) = F(yo, o).

Also suppose that either

(a) F is continuous or

(b) (X, d, X) is regular.

Then F' and G have a coupled coincidence point.

Now, we obtain result without using mized g-monotone property of F.

Corollary 3.6. Let (X, d, <) be a complete ordered metric space. Assume F : X% 5 X and g: X — X be two mappings

such that F' is g-increasing with respect to < and there exist p € ® and ¥ € ¥ such that

¢ (d(F(z, y), F(u, v))) (37)

< ¥ (p[max{d(gz, gu), d(gy, gv)}]) ¢ [max{d(gz, gu), d(gy, gv)},
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for all z, y, u, v € X, where gr = gu and gy > gv. Suppose that F(X2) C g(X), g is continuous and monotone increasing
with respect to < and the pair {F, g} is compatible. Also suppose that either

(a) F is continuous or

(b) (X, d, X) is regular.

If there exist two elements xo, yo € X with
gzo = F(zo, yo) and gyo = F(yo, o).

Then F' and g have a coupled coincidence point.

Corollary 3.7. Let (X, d, <) be a complete ordered metric space. Assume F : X% 5 X and g: X — X be two mappings
such that F is g-increasing with respect to =, satisfying (37). Suppose that F(X?) C g(X), g is continuous and monotone
increasing with respect to < and the pair {F, g} is commutng. Also suppose that either

(a) F is continuous or

b) (X, d, X) is regular.

If there exist two elements xo, yo € X with
gro = F(zo, yo) and gyo = F(yo, o).

Then F and g have a coupled coincidence point.
Next, we obtain result without mixed monotone property of F.

Corollary 3.8. Let (X, d, <) be a complete ordered metric space. Assume F : X?> — X be an increasing mapping with

respect to X and there exist ¢ € ® and i € ¥ such that

@ (d(F(z, y), F(u, v))) (38)

< ¢ (pmax{d(z, u), d(y, v)}])p[max{d(z, u), d(y, v)}],

Jor allz, y, u, v € X, where x X u and y = v. Also suppose that either
(a) F is continuous or
b) (X, d, %) is regular.

If there exist two elements xo, yo € X with
zo X F(zo, yo) and yo = F(yo, zo).

Then F' has a coupled fixed point.
If we put ¢(t) =1— @ for all t > 0 in Theorem 3.4, then we get the following result:

Corollary 3.9. Let (X, d, =) be a complete ordered metric space. Assume F, G : X?% = X be two generalized compatible
mappings such that F is G-increasing with respect to =, G is continuous with mized monotone property and there erist two

elements xo, yo € X with

G(zo, yo) = F(zo, yo) and G(yo, xo) = F(yo, o).
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Suppose that there exist p € ® and {/; € VU such that

¢ (H(F(z, y), F(u, v))) (39)
< pmax{d(G(z, y), G(u, v)), d(G(y, z), G(v, u))}]

—4 (p [max{d(G(z, y), G(u, v)), d(G(y, z), G(v, w)}]),

for all z, y, u, v € X, where G(z, y) = G(u, v) and G(y, =) = G(v, u). Suppose that for any x, y € X, there exist u, v € X
satisfying (36). Also suppose that either

(a) F is continuous or

(b) (X, d, R) is regular.

Then F' and G have a coupled coincidence point.

Corollary 3.10. Let (X, d, <) be a complete ordered metric space. Assume F, G : X% = X be two commuting mappings
satisfying (36) and (39) such that F is G-increasing with respect to <, G is continuous with mized monotone property, and

there exist two elements xo, yo € X with

G(IE(), yo) = F(IEo, yO) and G(y07 mo) = F(y07 Io).

Also suppose that either
(a) F is continuous or
(b) (X, d, X) is regular.

Then F and G have a coupled coincidence point.
If we put (t) = 2t for all ¢ > 0 in Theorem 3.4, then we get the following result:

Corollary 3.11. Let (X, d, <) be a complete ordered metric space. Assume F, G : X2 — X be two generalized compatible
mappings such that F' is G-increasing with respect to <, G is continuous with mixed monotone property, and there exist two

elements xo, yo € X with

G(zo, yo) X F(zo, yo) and G(yo, zo) = F(yo, o).

Suppose that there exist 1 € ¥ such that

H(F(z, y), F(u, v)) (40)
< ¢ (2max{d(G(z, y), G(u, v)), d(G(y, z), G(v, u))})

x max {d(G(z, y), G(u, v)), d(G(y, =), G(v, u))},

forall z, y, u, v € X, where G(z, y) X G(u, v) and G(y, z) = G(v, u). Suppose that for any x, y € X, there exist u, v € X
satisfying (36). Also suppose that either

(a) F is continuous or

(b) (X, d, X) is regular.

Then F and G have a coupled coincidence point.
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Corollary 3.12. Let (X, d, <) be a complete ordered metric space. Assume F, G : X?% — X be two commuting mappings
satisfying (36) and (40) such that F is G-increasing with respect to =<, G is continuous with mized monotone property and

there exist two elements xo, yo € X with

G(zo, yo) = F(zo, yo) and G(yo, xo) = F(yo, o).

for all z, y, u, v € X, where G(z, y) < G(u, v) and G(y, =) = G(v, u). Suppose that for any x, y € X, there exist u, v € X

such that

F(z, y) = G(u, v) and F(y, z) = G(v, u).

Also suppose that either
(a) F is continuous or
(b) (X, d, X) is regular.

Then F' and G have a coupled coincidence point.
If we put 9(t) = k where 0 < k < 1, for all £ > 0 in Corollary 3.11, then we get the following result:

Corollary 3.13. Let (X, d, <) be a complete ordered metric space. Assume F, G : X? — X be two generalized compatible

mappings such that F' is G-increasing with respect to <, G is continuous with mizxed monotone property satisfying

d(G(x, y), G(u, v)),
H(F(z, ), F(u, v)) < kmax (G, y), Glu, v, | (41)

d(G(y, z), G(v, u))
forallz, y, u, v € X and 0 < k < 1, where G(z, y) <X G(u, v) and G(y, =) = G(v, u). Suppose that for any x, y € X, there

exist u, v € X satisfying (36). Suppose there exist two elements xo, yo € X with

G(wo, yo) = F(zo, yo) and G(yo, o) = F(yo, o).

Also suppose that either
(a) F is continuous or
(b) (X, d, X) is regular.

Then F and G have a coupled coincidence point.

Corollary 3.14. Let (X, d, <) be a complete ordered metric space. Assume F, G : X2% — X be two commuting mappings
satisfying (36) and (41) such that F is G-increasing with respect to <, G is continuous with mized monotone property, and

there exist two elements xo, yo € X with

G(zo, yo) X F(zo, yo) and G(yo, xo) = F(yo, o).

Also suppose that either
(a) F is continuous or
(b) (X, d, %) is regular.

Then F and G have a coupled coincidence point.
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Example 3.15. Suppose that X = [0, 1], furnished with the usual metric d : X% - [0, +00) with the natural ordering of
real numbers. Let F, G : X? — X be defined as

2 2
z°—y .
4 ZfUCZ%

F(z, y) =
0, ifr <y,
and
$2—y27 mezyv
G(z, y) =
0, ifz <y.
Define ¢ : [0, +00) — [0, +00) by
In(t + 1), fort#1,
o(t) =

%, fort=1,
and ¢ : [0, +00) — [0, 1) defined by

P(t) = @, for allt > 0.

First, we shall show that F' is G-increasing. Let (z, y), (u, v) € X x X with G(z, y) < G(u, v). We consider the following
cases:

Case 1: If z < y, then F(z, y) =0 < F(u, v).

Case 2: If 2 > y and u > v, then G(z, y) < G(u, v) = 2% —y® <u® —v? = x21y2 < “22”2 = F(z, y) < F(u, v). But if

u < v, then G(z, y) < Gu, v) 2 0< 2 -2 <0=> 22 =y? = F(z, y) =0 < F(u, v).

Thus F' is G-increasing. Now, we prove that for any x, y € X, there exist u, v € X such that
F(z, y) = Gu, v) and F(y, 7) = G(v, u).

Let (z, y), (u, v) € X X X be fixed. We consider the following cases:

Case 1: If z = y, then we have F(z, y) = 0= G(z, y) and F(y, ) = 0= G(y, z).
2 2
(

Case 2: If > y, then we have F(z, y) = =¥ G

Case 3: If ¢ < y, then we have F(z, y) = 0= G(

5, 5) and F(y, ) = 0=G(3,

2

(NI
—

2

2z
» 5) and F(y, ) = == = G(

SIS

[NIE]
[NIE)
—

Now we prove that G is continuous and has the mixed monotone property. Clearly G is continuous. Let (z, y) € X x X be
fixed. Suppose that x1, z2 € X are such that z1 < x2.

Case 1: If 21 < y, then we have G(z1, y) = 0 < G(z2, y).

Case 2: If 1 > y, then we have G(z1, y) = 27 — y* < 23 —y* = G(z2, y).

Similarly, we can show that if y1, y2 € X are such that y1 < y2, then G(z, y1) > G(z, y2).

Now, we prove that the pair {F, G} satisfies the generalized compatibility hypothesis.

Let (z5) and (y») be two sequences in X such that

lim G(zn, yn) = lim F(xn, yn) = t1,

n—o0 n—o0
lim G(yn, zn) = lim F(yn, zn) = to,

then we must have t; = t2 = 0 and it is easy to see that

lim d(F(G(iL‘n, yn)? G(ynv xn))7 G(F(chv yn)v F(yn7 CL‘n))) =0,

n—oo

lim d(F(G(Yn, n), G(@n, yn)), GF (Yn, Tn), F(Tn, yn))) = 0.

n—00
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Now we prove that there exist two elements zo, yo € X with
G(zo, yo) < F(zo, yo) and G(yo, z0) > F(yo, o).

Since we have G(0, 1) =0 = F(0,1) and G(3, 0) = ; > 15 = F(3, 0). Next, we shall show that the mappings F and G
satisfy the condition (32). Let z, y, u, v € X such that G(z, y) < G(u, v) and G(y, ) > G(v, u). Then

d(F(z, y), F(u, v))
2 — 2 w2

1 1
In([(2* = y*) = (u* =) + 1)

IN

< In(|G(z, y) = G(u, v)|+1)

IA

In(d(G(z, y), G(u, v))+1)
d(G(z, y), G(u, v)),

In | max +1
d(G(y, z), G(v, u))

IN

)
which implies that

¢ (d(F(z, y), F(u, v)))

= In[d(F(z, y), F(u, v)) +1]
< In |[In |max d(G(x, y), Glu, U))7 +1(+1
d(G(y, z), G(v, u))

In [In |max

IA

In | max Glu, v)), +1
G(v, u))
X In | max d(G ), Gla, U)), +1
d(G(y, z), G(v, u))

d(G(z, y), Gu, v)),
d(G(y, x), G(v, u))

< Y | ¢ |max

d(G(z, y)? G(u, v)),
d(G(y, z), G(v, u))

X | max

Thus the contractive condition (32) is satisfied for all z, y, u, v € X and z = (0, 0) is a coupled coincidence point of F' and

G.

4. Application to Integral Equations

As an application of the results established in previous section of our paper, we study the existence of the solution to a

Fredholm nonlinear integral equation. We shall consider the following integral equation

b
/ (Ki(p, q) + Ks(p, 0)) [F(@> 2(0)) + 9(a, 2(a))] dg + h(p), (41)
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forall p e I = [a, b].

Let © denote the set of all functions 6 : [0, +00) — [0, +00) satisfying

(i9) 0 is non-decreasing,

(iig) 6(p) = In(p + 1).

Assumption 4.1. We assume that the functions K1, Ka, f, g fulfill the following conditions:
(3) Ki(p, q) > 0 and Ka(p, q) <0 for allp, q € I.

(i1) There exist positive numbers A, p and 0 € © such that for all z, y € R with x » y, the following conditions hold:

0 < flg, )= flg, y) < N(z —y), (42)

—pf(x—y) < g(g, ) —g(q, y) <0, (43)

(i)

max{\, p} f;léll)/[Kl(IL q) — Ka(p, ¢q)]dg <

a

. (44)

N

Definition 4.2 ([18]). A pair (a, f) € X x X with X = C(I, R), where C(I, R) denote the set of all continuous functions

from I to R, is called a coupled lower-upper solution of (42) if, for allp € I,

IN

a(p) / Ki(p, @) [f(a, (@) +g(a, B())dg

+/K2(p7 q) [f(q, B(0) + 9(q, a(q))]dq + h(p),

a
b

and f(q) > / Ki(p, 9)[f(@: B@) +9(a, o)) dg

a

b

+ / Ka(p, 9)[f(a, (@) +9(a, B())]dq+ h(p).

a

Theorem 4.3. Consider the integral equation (42) with K1, Ko € C(IxI,R), f, g € C(I xR, R) and h € C(I, R). Suppose
that there exists a coupled lower-upper solution («, 8) of (42) and that Assumption 4.1 is satisfied. Then the integral equation
(42) has a solution in C(I, R).

Proof. Consider X = C(I, R), the natural partial order relation, that is, for =, y € C(I, R),
v Xy <=z(p) <ylp), Vpel.
It is well known that X is a complete metric space with respect to the sup metric

d(z, y) = Sup lz(p) — y(p)] -

The partial order on X? is define as follows: for (z, y), (u, v) € X x X,

(z, y) 2 (u, v) <= x(p) < u(p) and y(p) > v(p), for allp € I.
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Define ¢ : [0, +00) — [0, +00) by
In(t+ 1), fort #1,
p(t) = {

3 —
g, fort =1,

and 9 : [0, +00) — [0, 1) defined by
P(t) = @, for all ¢ > 0.

Define the mapping F : X? — X, for all p € I, by

b
F(z, y)(p) = /Kl(n q) [f (g, =(q)) + g(g, y(a))]dq

b
+/K2(p, Q) [f (g, y(@)+ g(q, =(q))] dg+ h(p).

It is not difficult to prove, like in [13], that F is increasing. Now for z, y, u, v € X with z > v and y < v, we have

F(z, y)(p) — F(u, v)(p)

= /Kl(n q) [f(q, =(q)) + g(g, y(q))]dgq

a
b

+ [ Kalo @)1, a) + ola o0 dg
ab
- / Ki(p, q) [f(a, u(a))+ g(a, v(9))]dg
—/Kz(n q) [f(q, v(@)) + 9(q, u(q))]dq
ba
= /Kl(p, q) [(f(g, z(9)) — f(g, u(g))) — (9(g, v(9)) — g(q, y(q)))]dg
’ b
*/Kz(p, q) [(f(g, v(@) — fla, y(@)) — (9(g, z(q)) — g(q, u(q)))]dg.

Thus, by using (43) and (44), we get

F(z, y)(p) — F(u, v)(p)

< / Ki(p, 9) M (2(q) — u(a)) + 1 (v(g) — y(q))) dg
’ b
- / Ks(p, q) [ (0(q) — 5(0)) + 16 (2(g) — u(a))] da.

Since the function 6 is non-decreasing and z > u and y < v, we have

< 0 (suplete) - u(@)!) =olaa, w),

qel

S
—~
8
—~
S
=
I
<
—~
)
=
Nt
N

>
—~

S
=~
_
=

I

<
=
)
=
=

N

<9 (sup v(q) y<q>|) — 0(d(y, v)).

qel

(45)
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Hence by (46), in view of the fact that K2(p, ¢) < 0, we obtain

|F(z, y)(p) = F(u, v)(p)|

< / Ki(p, q) [M0(d(z, )+ ud(d(y, v))] dg

’ b

- / Ks(p, @) PO(d(y, v) + pb(d(z, u))]da,
<

b
/Kl(p, q) max{X, p}0(d(z, u)) +max{A, p}0(d(y, v))]dq
—/KQ(p, @) [max{A, p}0(d(y, v)) +max{\, p}0(d(z, u))dq,

as all the quantities on the right hand side of (46) are non-negative. Now, taking the supremum with respect to p, by using

(45), we get
d(F(z, y), F(u, v))
< max( ppsup [ (Kulp. @) = Kato. 0)da ((d(e. )+ 0(d(y. 0)
< o(d(z, u));r9(d(y7 v)
Thus
A(F (e, y), Flu, v) < 20 20 0) (46)
Now, since 6 is non-decreasing, we have
0(d(z, u)) < 6 (max{d(z, u), d(y, v)}),
0(d(y, v)) < 6(max{d(z, u), d(y, v)}),
which implies, by (iig), that
0(d(z, u))+06(d(y, v))
2
< 0 (max {d(z, u), d(y, v)})
< In[max {d(z, u), d(y, v)} +1]. (47)

Thus by (47) and (48), we have

d(F(z, y), F(u, v))

IN

In [max {d(z, u), d(y, v)} +1],



Bhavana Deshpande, Amrish Handa and Chetna kothari

which implies that

e (d(F(z, y), F(u, v)))

= In[d(F(z, y), F(u, v))+1]

IA

In [In [max {d(z, u), d(y, v)} + 1] + 1]

In [In [max {d(z, u), d(y, v)} + 1] + 1]
In [max {d(z, u), d(y, v)}+ 1]
x In [max {d(z, u), d(y, v)}+1]

IN

IN

¥ (¢ [max {d(z, u), d(y, v)}])

xp [max{d(z, u), d(y, v)}],

which is the contractive condition (38) of Corollary 3.8. Now, let (o, 8) € X? be a coupled upper-lower solution of (42),
then we have a(p) < F(a, 8)(p) and B(p) > F( B, a)(p), for all p € I, which shows that all hypothesis of Corollary 3.8 are
satisfied. This proves that F' has a coupled fixed point (z, y) € X2 which is the solution in X = C(I, R) of the integral
equation (42). O

Remark 4.4. Using the same fact that can be used in [14—-16, 20-22] it is possible to formulate tripled, quadruple and in

general, multidimensional coincidence point theorems from Theorem 3.2.
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