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1. Introduction

The history of the stability of functional equations dates back to 1925 when a stability result appeared in the celebrated
book by George Pdlya and Gdbor Szego [26]. In 1940, S.M. Ulam [40] posed the famous Ulam stability problem which was
partially solved by D.H. Hyers [18] in the framework of Banach spaces. Later, T. Aoki [2] considered the stability problem
with unbounded Cauchy differences. In 1978, Th. M. Rassias [33] provided a generalization of the Hyers theorem by proving
the existence of unique linear mappings near approximate additive mappings. P. Gavruta [14] obtained a generalized result
of Th.M. Rassias theorem which allows the Cauchy difference to be controlled by a general unbounded function. On the other
hand, J.M. Rassias [28] considered the Cauchy difference controlled by a product of different powered of norms. However,
there was a singular case; for this singularity, a counter example was given by P. Gavruta [15]. In 2008, J.M.Rassias [37]
introduced an orthogonally Euler-Lagrange type quadratic functional equation controlled by his mixed type product-sum
function. Then Ravi et. al., [37] investigated the Ulam-JRassias stability. The stability problems of several functional
equations have been extensively investigated by a number of authors and there are many interesting results concerning this

problem (see [1, 12, 19, 20, 23, 34]) and references cited there in.
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1.1. Additive Functional Equations

The solution and stability of the following additive functional equations

fl@+y)=f@)+ fy), (1
fz—y)+ f(z —2y) = 3f(z) — 3f(y), 2
fla+y—22)+ f(2z + 2y — z) = 3f(2) + 3f(y) — 3f(2), ®3)
f(m(z +y) —2mz) + f(2m(z +y) —mz) = 3m[f(z) + f(y) — f(2)],m =1, (4)
fRztyt2)=flzty)+ flz+2), (%)
flexty£z)=flaty) +flztz)+(¢-2)f(z), ¢=2 (6)

were investigated by J. Aczel [1], D.O. Lee [13], K. Ravi, M. Arunkumar [35, 39], M. Arunkumar [3, 4].
1.2. Cubic Functional Equations

Also, the solution and stability of the following cubic functional equations

Czx+2y)+3C(z) =3C(z+y)+C(z—y) +6C(y), (7)
f@z+y)+ f(2z —y) =2f(z +y) +2f(z —y) + 12f(z), (8)
flz+y+22)+ fla+y—22)+ f(22) + f(2y) = 2[f(z+y) +2f(x+2) +2f(y+2) +2f(x — 2) +2f(y — 2)], (9)

92z —y) + g(z — 2y) = 69(z — y) + 39(x) — 39(y) (10)
were discussed by J.M. Rassias [29], K.W. Jun, H.M. Kim [21], M.Arunkumar [5].

1.3. Additive - Cubic Functional Equations

Finally, the solution and stability of the following additive - cubic functional equations

fletyt+2)+f(—z+ty+t2)+f@—y+2)+f(xt+y—2)+4[f (@) +f)+ f(2)]

=4[f(z+y)+flz+2)+fly+2)], (11)
fla+ky)+fl@—ky) =K [fl@+y)+f@—y]+2(1-k)f(2), (12)
flkx +y)+ flkx —y) =kf(z+y) + kf(x —y) + 2f(kx) — 2k f(z), (13)
fRx+y) - f2x—y) =4[f(z+y) — flz —y)] - 6f(y) (14)

were discussed by J.M. Rassias [30], M. Eshaghi Gordji, H. Khodaie [16], T.Z. Xu et. al., [41],
M. Arunkumar [8].

J.H. Bae and W.G. Park [10] proved the general solution of the 2- variable quadratic functional equation
f@+y,z+w)+ fle—yz—w)=2f(z,2) + 2f(y,w) (15)
and investigated the generalized Hyers-Ulam-Rassias stability of (15). The above functional equation have solution

flz,y) = az® + by + cy’. (16)
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The stability of the functional equation (15) in fuzzy normed space was investigated by
M. Arunkumar et. al., [6]. Using the ideas in [6], the general solution and generalized Hyers-Ulam-Rassias stability of a 3-

variable quadratic functional equation
flet+y,z+wutv)+ f(zr—y,z —w,u—v) =2f(x,z,u) + 2f(y, w,v). a7
was discussed by K. Ravi and M. Arunkumar [36]. The solution of the functional equation (17) is of the form
flz,y,2) = az® + by + c2® + dwy + eyz + fra. (18)

Also, M. Arunkumar, S. Hema Latha [9] established the general solution and generalized Ulam - Hyers stability of a 2 -

variable additive quadratic functional equation

fle+yuto)+ flz—yu—v)=2f(z,u) + f(y,v) + f(-y, —v) (19)
having solutions
f(z,y) = ax + by (20)
and
f(z,y) = ax® + bry + cy’ (21)

using Banach and Non Archimedean Fuzzy spaces respectively. In fact, M. Arunkumar et. al., [7] first time introduced and

investigated a 2 - variable AC - mixed type functional equation

fRr+y,22+w) — f(22 —y,22 —w) =4[f(z +y, 2+ w) — flx —y,z —w)] - 6f(y,w) (22)
having solutions
f(@,y) = az + by (23)
and
f(z,y) = az® + ba’y + cxy® + dy®. (24)

In this paper, we obtain the general solution and generalized Ulam - Hyers stability of a 3 - variable k— AC - mixed type

functional equation of the form

flkx + vy, kz +w, ku+v) — f(kx —y,kz — w, ku — v)

=k[flz+y,z+w,u+v)— flz—y,z—w,u—v)] -2 (k2 - 1) fy,w,v) (25)
where k£ > 2, having solutions
f(z,y,2) = azx + by + cz (26)
and
flz,y,2) = a1z’ + azy® + asz® + a4(x2y +ay’ + 2+ a2 + iz + yzQ) + asTyz. (27)

In Section 2, we present the general solution of the functional equation (25). The generalized Ulam-Hyers stability in Banach

space using direct and fixed point method are discussed in Section 3 and Section 4, respectively.
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2. General Solution

In this section, we present the solution of the functional equation (25). Through out this section let U and V' be real vector

spaces.

Lemma 2.1. If f : U® = V be a mapping satisfying (25) and let g : U> — V be a mapping given by
g(ua u, ’LL) = f(Q’LL, 2ua 2“‘) - 8f(ua u, ’U,) (28)

for all w € U then

9(2u, 2u,2u) = 2g(u,u, ) (20)
for all uw € U such that g is additive.

Proof. Letting (z,y, 2z, w,u,v) by (0,0,0,0,0,0) in (25), we get
£(0,0,0) = 0. (30)
Setting (z,y, z, w, u,v) by (0,v,0,v,0,v) in (25), we obtain
f(=v,—v,—v) = —f(v,v,v) (31)
for all v € U. Replacing (z,y, 2z, w,u,v) by (y,z,w, z,v,u) in (25) and using (31), we arrive

flz+ky, z + kw,u+ kv) + f(z — ky, z — kw,u — kv)

=k [flz+y,z+wu+v)+ flz—y,z—wu—0)] -2k —1) f(z,2u) (32)
for all z,y, z,w,u,v € U. Letting (z,y, z, w,u,v) by (u,u,u,u,u,u) in (32) and using (30), we get
F((+ E)u, 1+ E)u, (14 k)u) + £((1 = k)u, (1 — E)u, (1 — k)u)k® f(2u, 2u, 2u) — 2 (k2 = 1) f(u,u,u) (33)
for all u € U. Replacing u by 2u in (33), we obtain
FL+E)u, 2(1 + k)u, 2(1 + k)u) + f(2(1 — k)u, 2(1 — k)u, 2(1 — k)u) = k* f(du, du, 4u) — 2 (k* — 1) f(2u,2u,2u)  (34)
for all u € U. Substituting (z,y, 2, w,u,v) by (2u,u, 2u, u, 2u,u) in (32), we have

F(2+E)u, 2+ Kk)u, 2+ Kk)u) + £((2 = k)u, (2 = k)u, (2 — k)u) = K*[f(3u, 3u, 3u) + f(u,u,u)] — 2 (k* — 1) £(2u, 2u, 2u)

(35)
for all uw € U. Again substituting (z,y, z, w, u,v) by (u, 2u, u, 2u, u, 2u) in (32) and using (31), we get
F+ 2k)u, (1 + 2k)u, (1 + 2k)u) + f((1 — 2k)u, (1 — 2k)u, (1 — 2k)u)
= k:2[f(3u, 3“7 Su) - f(u7 u, u)] -2 (k2 - 1) f(u7 u, u) (36)
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for all w € U. Putting (z,y, z, w,u,v) by (u, 3u, u, 3u,u,3u) in (32) and using (31), we obtain

F((L+ 3k)u, (14 3k)u, (1 + 3k)u) + f((1 — 3k)u, (1 — 3k)u, (1 — 3k)u)nonumber (37)

= E*[f (4u, 4u, 4u) — f(2u, 2u, 2u)] — 2 (k:2 = 1) f(u,u,u) (38)
for all uw € U. Again putting (z,y, z,w,u,v) by ((1+ k)u,u, (1 + k)u,u, (1 + k)u,u) in (32), we have

F(1 4 2k)u, (1 4 2k)u, (1 + 2k)u) + f(u,u,u) = kQ[f((2 + k), (2+ k)u, (24 k)u) + f(ku, ku, ku))

Co (K1) S+ R (14 B, L+ By (39)
for all u € U. Replacing (z,y, z,w,u,v) by ((1 —k)u,u, (1 — k)u,u, (1 — k)u,u) in (32) and using (31), we get

fluyu,uw) + F((1 = 2k)u, (1 — 2k)u, (1 — 2k)u) = kQ[f((Z —k)u, (2 = k)u, (2 — k)u) — f(ku, ku, ku)]

—2(k* = 1) f((1 = k)u, (1 — k)u, (1 — k)u) (40)
for all w € U. Adding (39) and (40), we arrive

F((1+ 2k)u, (1 4+ 2k)u, (14 2k)u) + f((1 — 2k)u, (1 — 2k)u, (1 — 2k)u) + 2f (u, u, u)
= K [f((2+ k)u, 2+ k)u, 2+ k)u) + F((2 = k)u, (2 = k)u, (2 = k)u)]

=2 (k2 = 1) [+ B, (14 R (14 K)a) + (1= Ry, (1 — Ko, (1 — k)] (41)
for all u € U. Replacing (z,vy, z,w,u,v) by ((1+ 2k)u,u, (1 + 2k)u,u, (1 + 2k)u,u) in (32), we get

F((1 4 3k)u, (14 3k)u, (14 3k)u) + F((1+ k)u, (1 + k)u, (1 + k)u)

= k’[f(2(1 + k)u, 2(1 + k)u, 2(1 + k)u) + f(2ku, 2ku, 2ku)] — 2 (k* — 1) f((1 + 2k)u, (1 + 2k)u, (1 + 2k)u) (42)
for all uw € U. Again replacing (z,y, z,w,u,v) by ((1 — 2k)u,u, (1 — 2k)u,u, (1 — 2k)u, ) in (32) and using (31), we obtain

F(1=K)u, (1 —k)u, (1 —k)u) + f((1 — 3k)u, (1 — 3k)u, (1 — 3k)u)

= E*[f(2(1 — k)u, 2(1 — k)u, 2(1 — k)u) — f(2ku, 2ku, 2ku)] — 2 (k* — 1) f((1 — 2k)u, (1 — 2k)u, (1 — 2k)u)  (43)
for all w € U. Adding (42) and (43), we arrive

F((+ 3k)u, (14 3k)u, (1 + 3k)u) + £((1 — 3k)u, (1 — 3k)u, (1 — 3k)u)
F((L+E)u, 1+ k), (1+ k)w) + F((1 = k)u, (1 — k)u, (1 — k)u)
= k:Q[f(2(1 +k)u, 2(1 + k)u, 2(1 + k)u) + f(2(1 — k)u, 2(1 — k)u, 2(1 — k)u)]

—2(K* — 1) [f((1 + 2k)u, (1 + 2k)u, (1 + 2k)u) + F((1 — 2k)u, (1 — 2k)u, (1 — 2k)u)] (44)
for all u € U. Multiplying (33) by 2(k? — 1), (35) by —k? and adding the resulting value to (36), (41), one can get

f(3u, 3u, 3u) = 4f(2u, 2u, 2u) — 5f (u, u, u) (45)
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for all w € U. Similarly, multiplying (34) by k2, (35) by —2(k* — 1), adding to (44) and subtracting (33), (38) from the
resulting value, one can get

f(4u, du,4u) = 2f(3u, 3u, 3u) + 2f(2u, 2u, 2u) — 6 f (u, u, u) (46)

for all uw € U. Using (45) in (46), we have

f(4u, 4u, 4u) = 10f(2u, 2u, 2u) — 16 f (u, u, u) (47)

for all u € U. From (28), we establish
9(2u, 2u, 2u) — 2g(u, u,u) = f(4u,4u, 4u) — 10f(2u, 2u, 2u) + 16 f (u, u, u) (48)
for all € U. Using (47) in (48), we desired our result. O

Lemma 2.2. If f : U? =V be a mapping satisfying (25) and let h : U® =V be a mapping given by

h(u,u,u) = f(2u,2u,2u) — 2f(u, u,u) (49)
for all w € U then
h(2u, 2u, 2u) = 8h(u,u, u) (50)
for all uw € U such that h is cubic.
Proof. Tt follows from (49) that
h(2u, 2u, 2u) — 8h(u,u,u) = f(4u, 4u,du) — 10f(2u, 2u, 2u) + 16 f (u, u, u) (51)
for all € U. Using (47) in (51), we desired our result. O

Remark 2.3. If f : U® = V be a mapping satisfying (25) and let g, h : U* — V be a mapping defined in (28) and (49) then
1
f(u7 U, 'LL) = g(h(uvu7u) 7g(uauvu)) (52)

forallueU.

Lemma 2.4. If f : U? = V be a mapping satisfying (25) and let t : U — V be a mapping given by
t(u) = f(u,u,u) (53)
for all uw € U, then t satisfies
t(ku +v) — t(ku — v) = E°[t(u + v) — t(u —v)] — 2(k* — 1)t(v) (54)

for all u,v € U.
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Proof.  From (25) and (53), we get

t(ku 4+ v) — t(ku —v) = f(ku+ v, ku + v, ku +v) — f(ku — v, ku — v, ku — v)
= E*[f(u+v,u+vu+v) — fu—v,u—v,u—0)] -2k —=1)f(v,v,0)

= E*[t(u +v) — t(u—v)] — 2(k* — 1)t(v)

for all u,v € U. O

Hereafter through out this paper, we define a mapping F : U? — V by

F(z,y, z,w,u,v) =f(kx + y, kz + w, ku +v) — f(kx —y, kz — w, ku — v)

—kz[f(x+y,z+w,u+v)—f(m—y,z—w,u—v)]+2(k2—l)f(y,w,v)
for all z,y, z,w,u,v € U.

3. Stability Results: Direct Method

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (25) using direct method.

Through out this section, let U be a normed space and V' be a Banach space.

Theorem 3.1. Let j = £1. Let f : U — V be a mapping for which there exist a function ¢ : U® — [0,00) with the
condition
1 . , . . . .
lim ﬁg‘b(Q"]x, 2™y, 2™ 2, 2™, 2™y, 2™ ) =0 (55)
n—oo 2™
such that the functional inequality

||F(‘T’y7 Z7w7 u7v)|| S ¢(m7 y7z7 w’u7 U) (56)

for all z,y,z,w,u,v € U. Then there exists a unique 3-variable additive mapping A : U> — V satisfying the functional
equation (25) and
1 = o@m
1 (2, 20, 2u) = 8f (u,w,u) = Alw,u,u)| < 5 Y 2@2™u) (57)

gmi
where ®(2™u) and A(u,u,u) are defined by

B(2™ ) = (4k* — 1)p(2™ u, 2™ u, 2w, 2™, 2w, 2 w) + (—4k? 4 2) (2 Ty, 2 gy, 2T, 9may, 9(mEDIy, omiy
2 (2, 20y 9miy 9Ty gmiy, oMy
+ k2p(2(m Iy, 2Dy, 9(mFDiy, o(mADiy, o(mHiy, om+Niy)y 4 62y, 2™ 3u, 2™ u, 2™ 3u, 2™ u, 2™ 3u)
+20(2™ (1 + k)u, 2™ u, 2™ (1 + k)u, 2™ u, 2™ (1 4 k)u, 2™ u)
+20(2™ (1 — k)u, 2™ u, 2™ (1 — k)u, 2™ u, 279 (1 — k)u, 2™ u)

+ ¢(2™ (1 4 2k)u, 2™, 2™ (1 4 2k)u, 2™ w, 2™ (1 4 2k)u, 2™ u)

+ ¢(2M (1 = 2k)u, 24, 2% (1 — 2k)u, 2", 2% (1 — 2k)u, 2" u) (58)
A(u,u,u) = lim %(f@("“)ju, o1y, 9t DIy _ R F (2™, 2w, 2" ) (59)
n—r o0

forallueU.
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Proof.  Assume j = 1. Replacing (z,y, z, w,u,v) by (y,z,w, 2,v,u) in (56) and using (31), we arrive

Hf(l:—&—k:y,z—l—kw,u—kkv)—!—f(ﬂc—k‘y,z—kw,u—kv)—k?'f(:t—&-y,z—kw,u—l—v)

—k2f(ac —y,z —w,u —v)+2 (k2 — 1) f(x,z,u)” < oy, z,w, z,v,u) (60)
for all z,y, z,w,u,v € U. Letting (z,y, z, w,u,v) by (u,u, u,u,u,u) in (60) and using (30), we get

0+ Ry, (1 Ry, (14 Rya) + F(L = k)u, (1= Ry, (1= k)w) — K2F (2w, 20, 20) + 2 (K = 1) f(u,u,0)]| < é(u, u, w0, 0, 0)

(61)
for all u € U. Replacing u by 2u in (61), we obtain
1F2(1+ k)u,2(1 + k)u, 2(1 + k)u) + f(2(1 — k)u,2(1 — k)u, 2(1 — k)u)
—k? f(du, du, 4u) + 2 (K* — 1) f(2u, 2u, 2u)|| < ¢(2u, 2u, 2u, 2u, 2u, 2u) (62)

for all w € U. Substituting (z,y, z, w, u,v) by (2u,u, 2u, u, 2u,u) in (60), we have

1F((2+ F)u, 2+ E)u, (24 k)u) + f((2 = F)u, (2 = k)u, (2 = k)u)

—kQ[f(?)u, 3u, 3u) + f(u,u,u)] + 2 (k2 — 1) F(2u, 2u, Qu)” < ¢(2u, u, 2u, u,2u,u)  (63)
for all u € U. Again substituting (z,y, z, w, u,v) by (u, 2u, u, 2u, u, 2u) in (60) and using (31), we get

1 £((1 + 2K)u, (1 + 2k)u, (1 + 2k)u) + (1 — 2k)u, (1 — 2k)u, (1 — 2k)u)

—k*[f (3u, 3u, 3u) — f (u,u,w)] + 2 (k% = 1) f(u,w,w)|| < dlu, 2u,u,2u,u,2u)  (64)
for all uw € U. Putting (z,y, 2z, w,u,v) by (u,3u, u, 3u,u,3u) in (60) and using (31), we obtain

/(1 + 3K)u, (1 + 3k)u, (1 + 3k)u) + F((1 — 3k)u, (1 — 3k)u, (1 — 3k)w)

—kz[f(élu,élu7 du) — f(2u, 2u, 2u)] — 2 (k2 - 1) I (u,u, u)” < ¢(u, 3u, u, 3u, u,3u)  (65)
for all w € U. Again putting (z,y, z,w, u,v) by ((1 4+ k)u,u, (1 + k)u, u, (1 + k)u,u) in (60), we have

(14 2k)u, (1 + 2k)u, (1 + 2k)u) + f(u,u,u) — K*[f((2+ k)u, (2 + k)u, (2 + k)u) + f(ku, ku, ku)]

—2(k* = 1) f(1+ k)u, (1 + k)u, (1 + k)u)|| < ¢((1 + k)u, u, (1 + k)u, u, (1 + k)u, u) (66)
for all u € U. Replacing (z,y, z, w, u,v) by ((1 — k)u,u, (1 — k)u,u, (1 — k)u,u) in (60) and using (31), we get

Hf(u,u, u) + f((1 — 2k)u, (1 — 2k)u, (1 — 2k)u) — kZ[f((2 —k)u, (2 = k)u, (2 — k)u) — f(ku, ku, ku)]

-2 (k2 - 1) f((l - k)“ﬂ (1 - k)“? (1 - k)u)H < ¢((1 - k)uv u, (1 - k)”v U, (1 - k)u7 u) (67)
for all uw € U. It follows from (66) and (67), we arrive

1F((1+ 2k)u, (1 + 2k)u, (1 + 2k)u) + f((1 — 2k)u, (1 — 2k)u, (1 — 2k)u) + 2f (v, u, w)
— B2+ k)u, 2+ k)u, 2+ k)u) + £((2 - k)u, (2 — k)u, (2 — k)u)]
+2 (k* = 1) [£((1 + k)u, (1+ k)u, (1 + k)u) + f((1 = k)u, (1 - k)u, (1 - k)u)]|

< O((1+ k), u, (1 + k), u, (1 + k), u) + o((1 — k)u, u, (1 — k)u, u, (1 — k)u, w) (68)
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for all u € U. Replacing (z,vy, z,w,u,v) by ((1+ 2k)u,u, (1 + 2k)u,u, (1 + 2k)u, u) in (60), we get

If((1 4 3k)u, (1 + 3k)u, (1 + 3k)u) + f((1 + k)u, (1 + k)u, (1 + k)u)
— EX[f(2(1 + k)u, 2(1 + k)u, 2(1 + k)u) + f(2ku, 2ku, 2ku))

+2 (K* — 1) £((1 + 2k)u, (1 + 2k)u, (1 + 2k)u)|| < ¢((1 + 2k)u, u, (1 + 2k)u, u, (1 + 2k)u, ) (69)
for all w € U. Again replacing (z,y, z, w,u,v) by ((1 — 2k)u,u, (1 — 2k)u,u, (1 — 2k)u,u) in (60) and using (57), we obtain

1F((1 = E)u, (1 = k)u, (1 — k)u) + f((1 = 3k)u, (1 — 3k)u, (1 — 3k)u)
—EX[f(2(1 — k)u, 2(1 — k)u, 2(1 — k)u) — f(2ku, 2ku, 2ku))

+2 (k* = 1) f((1 = 2k)u, (1 — 2k)u, (1 — 2k)u)|| < (1 — 2k)u, u, (1 — 2k)u, u, (1 — 2k)u, u) (70)
for all uw € U. It follows from (69) and (70), we arrive

[£((1 + 3k)u, (1 + 3k)u, (1 4 3k)u) + F((1 — 3k)u, (1 — 3k)u, (1 — 3k)u)
+ F((+ F)u, (1+ Ek)u, (14 k)u) + F(1— k), (1 - k)u, (1 — k)u)
— K [f(2(1 4 k)u, 2(1 + k)u, 2(1 + k)u) + £(2(1 — k)u, 2(1 — k)u, 2(1 — k)u)]
+2 (K = 1) [f((1 + 2k)u, (1 + 2k)u, (1 + 2k)u) + f((1 — 2k)u, (1 — 2k)u, (1 — 2k)u)] ||

< (1 + 2k)u, u, (1 4 2k)u, u, (1 + 2k)u, u) + ¢((1 — 2k)u,u, (1 — 2k)u, u, (1 — 2k)u, u) (71)
for all w € U. Multiplying (61) by 2(k* — 1), (63) by —k? and adding the resulting value to (64), (68), one can get

I £ (3u, 3u, 3u) — 4f(2u, 2u, 2u) + 5 f (u, u, u)||
<2(K* — 1) | £((Q + K)u, (14 k)u, (14 k)u) + f((1 = Kk)u, (1 — k)u, (1 — k)u) — & f(2u, 2u, 2u) + 2 (k% — 1) f(u,u,u)||
— B || F(2+ k), (2 + k)u, (2+ k)u) + f(2 — k)u, (2 — k)u, (2 — k)u) — E*[f(3u, 3u, 3u) + f(u,u,u)] + 2 (K* — 1) f(2u, 2u, 2u)||
+ || (1 + 2k)u, (1 + 2k)u, (14 2k)u) + f((1 — 2k)u, (1 — 2k)u, (1 — 2k)u) — k>[f(3u, 3u, 3u) — f(u,u,w)] + 2 (k* — 1) f(u, u,v)||
+ 1£((1 + 2k)u, (14 2k)u, (1 + 2k)u) + f((1 = 2k)u, (1 — 2k)u, (1 — 2k)u) + 2f (u, u, u)

— K2+ k)u, (24 k)u, 2+ k)u) + F((2 = k)u, (2 — k)u, (2 — k)u)]

+2 (K — 1) [f (1 + k)u, (1 + k), 1+ k)w) + F((1 = k)u, (1 — k)u, (1 — k)u)]|

< 2(k* = Do (u, u, u, u, u, u) — k2d(2u, u, 2u, u, 2u, u) + ¢(u, 2u, u, 2u, u, 2u)

+ (1 +k)u,u, (14 k)u,u, (14 k)u,u) + o((1 — k)u,u, (1 — k)u,u, (1 — k)u,u) (72)

for all w € U. Similarly, multiplying (62) by k2, (63) by —2(k* — 1), adding to (71) and subtracting (61), (65) from the

resulting value, one can get
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| £ (4u, 4u, 4u) — 2f (3u, 3u, 3u) — 2f(2u, 2u, 2u) + 6 f (u, u, u)|
<K F2(1 4 k)u, 201 + k)u, 2(1 + k)u) + £(2(1 — k)u, 2(1 — k)u, 2(1 — k)u)
—k? f(du, du, du) + 2 (K* — 1) f(2u, 2u, 2u)||
—2(k> = V)| F((2+ k)u, (2 + k)u, (2 + k)u) + F((2 — k)u, (2 — k)u, (2 — k)u)
—k2[f(3u, 3u, 3u) + f(u,u,uw)] + 2 (k> — 1) f(2u, 2u, 2u)|
+1F((1 + 3k)u, (14 3k)u, (1 + 3k)u) + F((1 — 3k)u, (1 — 3k)u, (1 — 3k)u)
+ = (A +E)u, 1+ Ek)u, (1 + k)u) + f(1 = k)u, (1 = k)u, (1 - k)u)
— K201 + B)u, 2(1 + k)u, 2(1 + k)u) 4+ £(2(1 — k)u, 2(1 — k)u, 2(1 — k)u)]
+2 (k> = 1) [£((1 + 2k)u, (1 + 2k)u, (1 + 2k)u) + F((1 — 2k)u, (1 — 2k)u, (1 — 2k)u)]]|
— I+ k), (1+ k), (1+ k)u) + F((1 = k)u, (1 — k)u, (1 — k)u)
—k? f(2u, 2u, 2u) + 2 (K* — 1) f(u, u,u)||
—[I£((1 + 3k)u, (1 + 3k)u, (1 + 3k)u) + F((1 — 3Kk)u, (1 — 3k)u, (1 — 3k)u)
—k*[f (4u, du, 4u) — f(2u, 2u,2u)] — 2 (K* — 1) f(u, u,u)||
< E*¢(2u, 2u, 2u, 2u, 2u, 2u) — 2(k* — 1)é(2u, u, 2u, u, 2u, u)
+ d((1 + 2k)u, u, (14 2k)u, u, (1 + 2k)u, u) + (1 — 2k)u, u, (1 — 2k)u, u, (1 — 2k)u, u)

+ ¢(u7 u,u,u,u, 'LL) + ¢(U,3U, u, 3U,U73U) (73)
for all w € U. Now, from (72) and (73), we have

I f(4u, du, 4u) — 10 f (2u, 2u, 2u) + 16 f (u, u, u)||
< || f(4u,4u, 4u) — 2f(3u, 3u, 3u) — 2f(2u, 2u, 2u) + 6 f (u, u, uw)|| + 2 || f (3u, 3u, 3u) — 4f(2u, 2u, 2u) + 5f (u, u, u)||
< (4l~ﬂ2 - Do(u, u,u, u, u,u) + (—4l~ﬂ2 + 2)¢(2u, u, 2u, u, 2u, u)
+ 2¢(u, 2u, u, 2u, u, 2u) + k2¢(2u, 2u, 2u, 2u, 2u, 2u) + ¢(u, 3u, u, 3u, u, 3u)
+20((1 + k)u, u, (1 + k)u, u, (1 + k)u, u) + 26((1 — k)u,u, (1 — k)u,u, (1 — k)u,u)

+ o((1+ 2k)u, u, (1 + 2k)u, u, (1 + 2k)u, u) + ¢((1 — 2k)u, u, (1 — 2k)u, u, (1 — 2k)u, u) (74)
for all uw € U. It follows from (74) that
|| f (4w, 4u, 4u) — 10f (2u, 2u, 2u) + 16 f (u, u, u)|| < D(u) (75)
where

D(u) = (4k? — Do (u, u, u, u,u,u) + (—4k® + 2)¢(2u, u, 2u, u, 2u, u)
+ 20(u, 2u, u, 2u, u, 2u) + k*G(2u, 2u, 2u, 2u, 2u, 2u) + ¢(u, 3u, u, 3u, u, 3u)
+ 2¢((1 + k)uv u, (1 + k)uvuv (1 + k)uv U) + 2¢((1 - k)uv u, (1 - k)uvuv (1 - k)uv U)

+ o((1 4 2k)u, u, (1 + 2k)u, u, (1 + 2k)u, u) + ¢((1 — 2k)u, u, (1 — 2k)u, u, (1 — 2k)u, u) (76)
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for all uw € U. It is easy to see from (75) that

||f(4u7 4’LL, 4u) - 8f(2u7 2’1,&, 2“’) - Z(f(zua 2u7 2“) - Sf(u7 u, U))” < @(U)

for all w € U. Using (28) in (77), we obtain

llg(2u, 2u, 2u) — 2g(u, u,u)|| < ®(u)

for all uw € U. From (78), we arrive

H 9(2u, 2u, 2u)

2

- g(“? u, U)

for all u € U. Now replacing v by 2u and dividing by 2 in (79), we get

g(2u,

2u, 2u)

0

2

D(2u)

H 9(2%u, 2%u, 2%u)

22

for all z € U. From (79) and (80), we obtain

IN

224, 224, 22
Hw ~ o)

22

2

4

‘ <

STy

g(2%u, 2%u, 2%u)

9(2u, 2u, 2u)

22

for all z € U. Proceeding further and using induction on a positive integer n , we get

g(2"u, 2" u, 2™u)
271

- g(ua U, ’LL)

for all w € U. In order to prove the convergence of the sequence

{g(2"u, 2™, Q"U)}
- an )

2n

IN
N | =

IN
DO | =

n

* B(2")
2m

3
]
o

NgE

D(2Mu)
2m

3
I
(=]

replacing u by 2'u and dividing by 2' in (82), for any [,n > 0 , we deduce

g2, 2ntly, 2n ) g(2u, 24, 2'u)
2(n+l) 9l

for all w € U. This shows that the sequence { on

mapping A(u,u,u) : U®> = V such that

A(u,u,u) = lim
n—oo

IA

Me i0M7 =

<

1
2

1
2
1S
2 2

u, 2" - 2l 2™ - 2'w)

3
I
o

2m+l

on

<I>(2m+lu)

@(2m+lu)

—0 as |l —

g(2"u, 2" u, 2" u)

g(2"u, 2" u, 2™ u)

n

I

2m+l

vV uel.

2

— g(2'u, 2'u, 2'u)

(77)

(79)

(81)

} is a Cauchy sequence. Since V is complete, there exists a
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Letting n — oo in (82) and using (28), we see that (57) holds for all u € U.
To show that A satisfies (25), replacing (z,y, 2z, w,u,v) by (2"z,2"y,2"2z,2"w,2"u,2"v) and dividing by 2" in (56), we

obtain
Q%HF(T%, 2"y,2"2,2"w, 2", 2"v)H < 2%(;5(2”:672"y,2"z,2"w,2"u,2"v)
for all x,y, z,w,u,v € U. Letting n — oo in the above inequality and using the definition of A(u,u,u), we see that
A(kz +y, kz + w, ku +v) — A(kx — y, kz — w, ku —v) = K*[A(z +y, 2 + w,u +v) — Az —y, 2 — w,u — v)] —2(k2 — 1) Ay, w, v).

Hence A satisfies (25) for all z,y, z, w,u,v € U.

To prove A(u,u,u) is unique 3-variable additive function satisfying (25), we let B(u,u,u) be another 3-variable additive

mapping satisfying (25) and (57), then

1
1A, s w) = Bu, w, w)ll = 57 14270, 2%, 2"u) = B(2"u, 2%u, 2" u) |

2% {|A@" u, 2" u, 2" ) — (2", 2", 27 ) + 8 (27w, 2", 2" ) ||
+ || F@2 2" e, 2 ) — 8 (27w, 27w, 2"u) — B(2"u, 2", 2 )|}
L B(2m )
Z 2(m+n)
m=0

—0 as n— oo

IN

for all w € U. Hence A is unique. For j = —1, we can prove a similar stability result. This completes the proof of the

theorem. O

The following Corollary is an immediate consequence of Theorem 3.1 concerning the stability of (25).

Corollary 3.2. Let F : U3 — V be a mapping and there exists real numbers A and s such that

P,
p Al + [lyll® + [1211° + [lwl]® + [[ull® + [lo[[*},
1F (@, y, 2w, 0) 1 < Q- p [laol ¥yl 2117wl [l 0] 1% (83)

p A=yl [lwl[* + llul P[0l

+ {1l + Tyl + 1201+ el + [ull® + ([0l }}

for all z,y, z,w,u,v € U, then there exists a unique 3- variable additive function A : U — V such that

P1,
S
|p22!u2||s|7 s # 1;
I f(2u, 2u, 2u) — 8 f(u, u,u) — A(u, u,u)|| < PSHUHGS ’ ) (84)
pallul|”®
65 £ 1;
|2 _ 265| b) S # b

where

p1 = p(k* +10)
p2 = p[12k" — 3k - 2t +3(3° +2(1 + k)° +2(1 — k)° + (1 + 2k)° + (1 — 2k)°) + 27|
ps = p [4K°(1 — 2°%) + 2572 1 k% . 2% + 3% 4 2(1 + k)* +2(1 — k)** + (1 +2k)** + (1 — 2k)** — 1]

pa = ps+p[12k% — 3k - 2071 43 (3% + 2(1 + k)® +2(1 — k)®° + (1 +2k)*° + (1 — 2k)*°) +27] (85)
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forallu € U.

Now, we will provide an example to illustrate that the functional equation (25) is not stable for s = 1 in condition (iz) of

Corollary 3.2.

Example 3.3. Let ¢ : R — R be a function defined by

o(z) = pu, if lu| <1

p, otherwise

where p > 0 is a constant, and define a function f : R®> = R by

(u, u,u) Z , forall uwekR.

n=0

Then F satisfies the functional inequality
|[F(2,y, 2,w,u,0)] < 8K p (2] + [yl + 2] + w] + Jul + |v]) (86)
for all z,y, z,w,u,v € R. Then there do not exist a additive mapping A : R> — R and a constant T > 0 such that
|f(2u, 2u, 2u) — 8 (u, u,u) — A(u,u,u)| < 7|ul, forall weR. (87)

Proof. Now
(u, u, u)| < g |2n g 2£ =

Therefore, we see that f is bounded. We are going to prove that f satisfies (86).
If x=y=2z=w=wu=v=0 then (86) is trivial. If |z| + |y| + |z| + |w| + |u| + |v| > % then the left hand side of (86) is less

1
than 8k%p. Now suppose that 0 < |z| + |y| + |2] + |w] + |u| + |v] < 3 Then there exists a positive integer m such that

1
gm S 2l lyl [zl fw] + Jul + o] < (88)

om— 9m—1"

1 _ 1 _ 1 _ 1 _ 1 _ 1
so that 2™~ 1z < > 2mly < > 2™l < 2 Ml < > 2™y < > 2™y < 3 and consequently

2"y, w, ), 2" Nz 4y, 2 +w,u+0), 2" (@ — Y,z — w,u— ),

2" Mkx 4y, kz +w, ku+v), 2™ N (kr — y, kz — w, ku — v), € (—1,1).
Therefore for each n =0,1,...,m — 1, we have

2n(yawvv)72n(x +y,z+w,u+v),2n(m —Y,z-w,u— U),

2" (kx +y, kz + w, ku +v), 2" (kx — y, kz — w, ku — v), € (—1,1).
and

A2 (kx + y, kz + w, ku +v)) + ¢(2" (kx — y, kz — w, ku — v) — k*¢(2" (x + y, 2 + w, u + v))

+ k2¢(2"(m —y,z—w,u—v))+2 (k:2 — 1) o(2" (y,w,v)) =0
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forn=0,1,...,m — 1. From the definition of f and (88), we obtain that

‘f(kx+y,kz+w,ku+v)—f(kw—y,kz—w,ku—v)—ka(:r—&—y,z—i—w,u—i—v)
+E f(@ =y, 2 —w,u—v) +2(k* = 1) f(y, w, )

— 1
<> —n‘¢(2"(lm+y,k‘z+w,ku+v)) + ¢(2" (kx — y, kz — w, ku — v)

- k2¢(2n(m + Y,z + w,u + U)) + k2¢(2n(x — Y,z —-w,u— U)) + 2 (k2 - 1) ¢(2n(y7’wa U))‘

(2" (kx +y, k2 + w, ku +v)) + ¢(2" (kx — y, kz — w, ku — v)
— o2 x4y, z+w,u+0) + B¢z —y,z — w,u—v)) + 2 (k2 - 1) 92" (y, w, v))‘

1 2 2 2

<30 AR =47 px o =87 p(Ja] + Iyl + [e] + ] + [ul + o)
1

Thus f satisfies (86) for all z,y, z,w,u,v € R with 0 < |z| + |y| + |2]| + |w| + |u| + |v] < 5

We claim that the additive functional equation (25) is not stable for s = 1 in condition (i:) of Corollary 3.2. Suppose on

the contrary that there exist a additive mapping A : R® — R and a constant 7 > 0 satisfying (87). Since f is bounded and

continuous for all u € R, A is bounded on any open interval containing the origin and continuous at the origin. In view of

Theorem 3.1, A must have the form A(u,u,u) = cu for any u in R. Thus, we obtain that
|f(2u, 2u, 2u) — 8f(u, u,uw)| < (74 |c|) |u|. (89)

But we can choose a positive integer £ with p > 7+ |c|.

Ifue (0,2%1) , then 2"u € (0,1) for all n =0,1,...,¢ — 1 . For this u, we get

=] n -1 n
F(2u, 2u, 2u) — 8f(u,u,u) = Z q&(;nu) > Z p(gnu) =Lpu> (T+]|c))u
n=0 n=0

which contradicts (89). Therefore the additive functional equation (25) is not stable in sense of Ulam, Hyers and Rassias if

s =1, assumed in the inequality condition (i7) of (84). O

A counter example to illustrate the non stability in condition (ii¢) of Corollary 3.2 is given in the following example.

1
Example 3.4. Let s be such that 0 < s < rh Then there is a function F : R* — R and a constant X > 0 satisfying

1-5

|F(x,y, 2, w,u,0)] < Az| |y[ [2]8 [w]§ |ul |v] & (90)

for all z,y, z,w,u,v € R and
2u, 2u, 2u) — —A
sup ‘f( u, 24U, ’LL) 8f|(z;b|:u:u) (u,u,u)| = 400 (91)
u#0

for every additive mapping A(u,u,u) : R® — R.

Proof.  If we take

(u’ u’ u) 1n|u7 u7u|’ Zf u # 07
f(uauvu) =
0, if u=0.
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Then from the relation (91), it follows that

sup |f(2ua 2“‘7 2“‘) — Sf(ua u, 'LL) — A(’U,, u, 'LL)| p |f(2na 2"7 2”) — 8f(na n, TL) — A(’I’L, n, n)'

u#£0 [ul Z%I |n|

Y%
n

[n(2,2,2)1In|2n,2n,2n| — 8n(1,1,1) In|n,n,n| —n A(1,1,1)|

neN |n‘
n#0

=sup [(2,2,2)In|2n,2n,2n| —8(1,1,1)In|n,n,n| — A(1,1,1)] = co.
neN
n#0

We have to prove (90) is true.

Case (i): If z,y,z,w,u,v > 0in (90) then,

’f(lm—ky,kz—i—w,k:u—&—v)—f(kx—y,kz—w,ku—v)
—k:Q[f(x—i—y,z—i—w,u—i—v)—f(w—y,z—w,u—v)]+2(k2—1) f(ym;,v)‘
= ’(km+y7kz—|—w7ku+’U)ln|kx—|—y,kz+w,ku+v|—(kx—y,kz—w,ku—v)ln|kx—y7kz—w,ku—v|
ka(ery,z+w,u+v)ln|x+y,z+w,u+v\+k2(mfy,sz,ufv)ln|xfy,z7w,u7v|

+ 2(k2 - 1)(y,’l_U,’U) 1n|y,w,v| .
Set x =t1,y =t2,2 =t3,w = t4,u = ts5,v = tg it follows that

‘f(kary,k:erw,kquv)ff(kmfy,szw,kufv)
—kQ[f(x+y,z+w,u+v)—f(o:—y,z—w,u—v)}—!—Z(kQ—1)f(y,w,v)‘
- ‘(ktl +to, kts + ta, kts + to) In |kty + to, kts + ta, kts + to] — (kty — to, kts — ta, kts — te) In|kty — to, kts — ta, kts — to
— k2(t1 + to,t3 + ta, ts + te) In|t1 + to, t3 + ta, ts + t6]| + kQ(h —ta,t3 — ta,t5 — te) In[t1 — to, s — ta, t5 — tg|
+2(k* —1)(ta, ta, ts) In |t2,t4,t6\‘
- ‘f(ktl b, kts + ta, kts + te) — f(kty — ta, kts — ta, kts — to)
— K[f(t1 + ta, ts + ta, ts + t6) — f(t1 — ta,ts — ta,ts — te)] + 2 (k> — 1) f(tQ,t4,t6)’

1—5s
6

SNta[6 [t2]S [ta] 6 [tal® [ts]5 [t

s s B s s 1-5s
=Az|5 [y[ [2]° |w[ |ul® [v]®

For cases

Case (it): If z,y,z,w <0,
Case (ii): If z,z,u>0,y,w,v<0

then kx+vy,kz+w,ku+ver+y,z+w,u+v >0,
Case (iv): If z,z,u>0,y,w,v<0

then kx+y,kz+w,ku+ver+y,z4+w,u+v <0,

the proof is similar lines to that of Case (7).

Case (v): Ifx =y=z=w=u=v=01n (90) then it is trivial. O
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1
Now, we will provide an example to illustrate that the functional equation (25) is not stable for s = 6 in condition (iv) of

Corollary 3.2.

Example 3.5. Let ¢ : R — R be a function defined by

1

pu, if |ul < <

s@) =1, 0
5 otherwise

where p > 0 is a constant, and define a function f : R® = R by

e}
’LLUU E

forall uwekR.

n=0
Then F' satisfies the functional inequality
8k 8k~ p
IF (@, 2, w,u,0)| < =2 (Jal® [y[® |25 fwlS[ul® o8 + {lz] + [y] + [w] + =] + |ul + |o]}) (92)

for all x,y, z,w,u,v € R. Then there do not exist a additive mapping A : R®> — R and a constant 7 > 0 such that
|f(2u, 2u, 2u) — 8f(u, u,u) — A(u,u,u)| < 7|ul, for all weR. (93)

Proof. Now
| f(w, u,u) §g ‘2" ;;

Therefore, we see that f is bounded. We are going to prove that f satisfies (92).

@\b

Ifx =y=2z=w=u=v=0 then (92) is trivial.
111 1011 1 . . 4k%p
If |z|6 |y|6 |z|® |w|6|uls |v|6 +{|z| + |y| + |w| + || + |u| + |v|} > 3 then the left hand side of (92) is less than 3 Now,

1,1 1 1,011 1
suppose that 0 < |:c|f1> |y|fl) \z\fl) |w\f1>|u|<1> |v|f15 + {lz| + ly| + |w| + |2] + |u] + |v]} < 3 Then there exists a positive integer

m such that

1

om = < ]S [yl [2]8 JwlS[uls [o]® + {J| + [y] + w] + 2] + u] + [v]} < (94)

om— om—1"

= - = om— = om— = om— = om— = 1

so that 2™~ Y|z[s 27 Hy|§ 2™ 2|5 2™ Hw|§ 2™ Hult 2™ o]t < 3
1 _ 1 _ 1 _ 1

Hw| < =,2™ 7 Hez| < 5,2’” Y| < 5,27” Yol < > and consequently

- | 1 e
om 1 - 2m - 2m
2] < 5,27yl < 35, 5

2 Ny, w,0), 2" e+ y, 2+ w,u+0), 2" (& —y, 2 — w,u— ),

_ _ 11
2" kx4 y, kz + w, ku 4 v), 2" (kx — y, kz — w, ku — v), € <_1’Z>
Therefore for each n =0,1,...,m — 1, we have
2”(y,w,v),2n(x+y,z+w,u+v),2"(m—y,z—w,u—v),
2" (kx +y, kz + w, ku +v),2" (kx — y, kz — w, ku — v), € (fi,%)
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and
‘f(kx—i—y,kz—&—w,ku—l—v)—f(kx—y,kz—w,ku—v)—ka(a:—&—y,z—i—w,u—l—U)
+Ef(x—y,z—w,u—v)+2k* = 1)f(y, w,v)

(2" (kx +y, kz + w, ku +v)) + ¢(2" (kx — y, kz — w, ku — v)

INA
NgE
Y] =

3
Il
=3

— o2 x4y, 2z +w,u+0) + B¢z —y,z — w,u—v)) + 2 (k?‘ —1) ¢(2n(y,w,v))‘

< Z 2%‘¢(2"(/m +y, kz+w, ku+v)) + (2" (kx — y, kz — w, ku — v)

3
Il
3

- k2¢(2n(m + Y,z +’LU,'U, + U)) + k‘2¢(2n(x — Y,z - w,u— U)) + 2 (k2 - 1) ¢(2n(y7wav))‘

2 2
4kpxi:4kp><2
3 2n 3 2m

IA
oo 3
% 1M

-3 s (mé

yl® 1218 Jul® [ul® [ol® + {lo] + [yl + w] + 2] + o] + |01} )

Thus f satisfies (92) for all z,y, z, w,u,v € R with

0.< [e¥ lyl? 1al® fwl® [ul® fol? + (el + gl + fol + |2l + o] + [ol} < 5.
We claim that the additive functional equation (25) is not stable for s = 6 in condition (iv) of Corollary 3.2. Suppose on
the contrary that there exist a additive mapping A : R® — R and a constant 7 > 0 satisfying (93). Since f is bounded and

continuous for all u € R, A is bounded on any open interval containing the origin and continuous at the origin. In view of

Theorem 3.1, A must have the form A(u,u,u) = cu for any u in R. Thus, we obtain that
|f(2u7 2u> 2“) - 8f(u7 u, u)‘ < (T + ‘Cl) |u‘ (95)

But we can choose a positive integer £ with £p > 7 + |c|.

Ifue (0,2@%1) , then 2"u € (0,1) for all n =0,1,...,¢ — 1. For this z, we get

[eS) n £—1 n
f(2u, 2u, 2u) — 8f(u,u,u) = Z d)(gnm) > Z P(znm) =Llpx > (T+|c])u
n=0 n=0

which contradicts (95). Therefore the additive functional equation (25) is not stable in sense of Ulam, Hyers and Rassias if

1
5= assumed in the inequality condition (iv) of (84). O

Theorem 3.6. Let j = +1. Let F : U — V be a mapping for which there exist a function ¢ : U5 — [0,00) with the
condition

1 . ) ) . . .
lim @qﬁ(me, 2™y, 2™ 2, 2™ w, 2™y, 2™ ) =0 (96)

n—oo
such that the functional inequality
|F(x,y, z, w,u,v)|| < ¢(x,y, z,w,u,v) (97)
for all z,y, z,w,u,v € U. Then there exists a unique 3-variable cubic mapping C : U — V satisfying the functional equation
(25) and
LF (20, 2u, 2u) — 2f (u, u, w) — Clu, u, w)|| < é i 2@2™u) (98)

g

where ®(2™ ) is defined in (58) and C(u,u,u) is defined by

Clu,u,u) = lim i(f(Q("“)ju,2("“%,2("“%) —2f (2" u, 2" u, 2" ) (99)

n—oo 8nj

forallueU.
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Proof. Tt is easy to see from (75) that
|| f (4w, 4u, 4u) — 2f(2u, 2u, 2u) — 8(f(2u, 2u, 2u) — 2f (u, u,u))|| < @(u) (100)

for all w € U. Using (35) in (100), we obtain

|~ (2u, 2u, 2u) — 8h(u,u, u)|| < ®(u) (101)
for all w € U. From (101), we arrive
2u, 2u, 2 [
h(2u, 2u, 2u) h(u,u,u)|| < @(u) (102)
8 8
for all u € U. The rest of the proof is similar tracing to that of Theorem 3.1 O

The following Corollary is an immediate consequence of Theorem 3.6 concerning the stability of (25).

Corollary 3.7. Let F : U® =V be a mapping and there exists real numbers p and s such that

Ps
p L]l + 11yl + 1=l + leoll” + [ull® + [[0]]°}

1F @y 2w, w0 < 8 p el 1|21 ool o], (103)
p (el gl 1= ol + ull*llo]*

+ {2l A+ [yl + 121 + Tl + [l + o]}

for all x,y, z,w,u,v € U, then there exists a unique 3- variable cubic function C : U — V such that

&
ol
r:_UZS‘, s ?é 3;
||f(2u7 2”7 2’LL) - 2f(u7 u, U) - C(’LL,U, U)H S p3||u|‘68 6s 75 3. (104)
|8 _ 2665|7 )
pallul|* ,
825 6s # 3;

where p1, p2, ps, pa are defined in (85) for allu € U.

Now, we will provide an example to illustrate that the functional equation (25) is not stable for s = 3 in condition (iz) of

Corollary 3.7.

Example 3.8. Let ¢ : R — R be a function defined by

3 .
o(u) = pu’, if |z| <1

0, otherwise

where p > 0 is a constant, and define a function f : R®> = R by

flu,u,u) = Z (z)(z:u), for all wueR.
n=0

Then F' satisfies the functional inequality

4k% p x 8

—— (l2l® + 1ol + |2 + Jwl + [ul® + [of) (105)

|F(z,y, 2,w,u,v)| <
for all .y, z,w,u,v € R.Then there do not exist a cubic mapping C : R®> — R and a constant 7 > 0 such that

| £ (2u, 2u, 2u) — 2f (w, u, u) — C(u, u, )| < 7|ul?, forall uweR. (106)
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A counter example to illustrate the non stability in condition (ii¢) of Corollary 3.7 is given in the following example.

3
Example 3.9. Let s be such that 0 < s < rh Then there is a function F : R* = R and a constant X > 0 satisfying

s s s s s 3-5s
|F (2, y, 2w, u,v)| < Ao [y[ 2] [w[® [ul® |o] o (107)
for all x,y, z,w,u,v € R and
sup |f(2u, 2u, 2u) — 2f(u:;u,u) — C(u,u,u) ~ i (108)
uF0 |u
for every cubic mapping C : R® — R.
Proof. If we take
(u,u,u)® I fu,u,ul, if @ #0,
f(z,z) =
0, if x=0.
rest of the proof is similar to that of Example 3.4. O

Now, we will provide an example to illustrate that the functional equation (25) is not stable for s = 2 in condition (iv) of

Corollary 3.7.

Example 3.10. Let ¢ : R — R be a function defined by

. 3
pu37 Zf |u| < g

(u) = 3p
5’ otherwise

where p > 0 is a constant, and define a function f : R® = R by

flu,u,u) = i ¢(2nu)’ for all uweR.

Then F satisfies the functional inequality

2k%p x 83

I, 2w, 0,0)) < 22

(l’r\4 [yl 4]z ® [yl [2]* |w]* Jult |v|4+{|93|3+\y\3+|W\3+\Z\3+\UI3+|UIS}) (109)
for all z,y, z,w,u,v € R. Then there do not exist a cubic mapping C : R> — R and a constant T > 0 such that
|f(2u,2u) — 2f(u,u,u) — C(u,u,u)| < 7lul, forall uwekR. (110)

Now, we are ready to prove our main direct stability results.

Theorem 3.11. Let j = 1. Let F : U® — V be a mapping for which there exist a function ¢ : U — [0,00) with the

conditions given in (55) and (96) respectively, such that the functional inequality
||F(x7 y7 Z7 w’u7 U)” S ¢(x7y7 Z7w7 u?”‘}) (111)

for all z,y, z,w,u,v € U. Then there exists a unique 3-variable additive mapping A : U> — V and a unique 3-variable cubic

mapping C : U® =V satisfying the functional equation (25) and

1 DR™y) 1 = B(2™w)
_ _ < - e %)y = e 7
I (uy w, u) — Au, u, u) — Clu, u, u)|| < El,j s T3 El,j g7 (112)

for allu € U. The mapping ®(2™ ), A(u,u,u) and C(u,u,u) are respectively defined in (58), (59) and (99) for all x € U.
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Proof. By Theorems 3.1 and 3.6, there exists a unique 3-variable additive function A; : U> — V and a unique 3-variable

cubic function C; : U® — V such that

1 — o2
17202, 20) — 87w, ) = s < 3 >0 PO (13)
ey
and
1 — 2’"7
I f(2u, 2u, 2u) — 2f (u, u,u) — Ci(u,u,u)|| < g Z (114)

for all u € U. Now from (113) and (114), one can see that

Hf(U» u, u) + éAl(uﬂi,u) — éC&(u,u,u)
_ H{_f(Zu,Qu,Qu) n 8f (u, u, u) n Al(u,u,u)} n {f(2u,2u, 2u)  2f(u,u,u)  Ci(u,u,u) }H

6 6 6 6 6 6

< é{“f(2u7 2u72u) - 8f(u7u7u) - A1(U,’LL, U)H + Hf(2ua2u72u) - 2f(“‘7u7 U) - Cl(U,’ll,, ’LL)”}
1)1 & @(2"” Ll > <1>2m7
<>z . =
m=T3 m=171

for all u € U. Thus we obtain (114) by defining A(u, u,u) = %> A (u, u, ) and C(u,u,u) = +C1(u,u,u), (2™ u), A(u, u, u)

and C(u,u,u) are respectively defined in (58), (59) and (99) for all w € U. O

The following corollary is the immediate consequence of Theorem 3.11, using Corollaries 3.2 and 3.7 concerning the stability

of (25).

Corollary 3.12. Let F : U — V be a mapping and there exists real numbers p and s such that

2
p{lell® + lyll® + [1211° + lwll® + [lull* + lo]1°},
IF (@, y. 2w, w0 < S p [l gl l121°]fwl 1] ful ] 0], (115)
p Ll gl 112111l + [l o]l

{1 4 gl + 112115 4+ [w]|® 4 [ull® + o]} }

for all z,y, z,w,u,v € U, then there exists a unique 3-variable additive mapping A : U®> — V and a unique 3-variable cubic

mapping C : U® =V such that

p1 1

FLq4 2

6 +7)’

1 1 .

s |2f28\+|8—25|)“uH AL
I1f(u,w,u) — A(u,u,u) — C(u, u,u)|| < (116)

pa( 1 lul[®, 65 #1,3;

6 \J2— 265 " |8 — 269] ’ '

P4 1 6s

- 1 .

6 |2_26$| + |8_26s| ||’LLH ) 657& ) 3;

where p1, p2, ps, pa are defined in (85) for allu € U.
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4. Stability Results: Fixed Point Method

In this section, we apply a fixed point method for achieving stability of the 3-variable k—AC functional equation (25).

Now, we present the following theorem due to B. Margolis and J.B. Diaz [24] for fixed point Theory.

Theorem 4.1. [2/] Suppose that for a complete generalized metric space (€2, 0) and a strictly contractive mapping T :  — Q

with Lipschitz constant L. Then, for each given x € Q2 , either

or there exists a natural number ng such that

(i) d(T"x, T" " x) < co for alln > no ;

d(T"z, T"'z) = 0o v n >0,

(i) The sequence (T"x) is convergent to a fized to a fized point y* of T

(4) y* is the unique fized point of T in the set A ={y € Q:d(T™°z,y) < co};

(i) dly",y) < v=¢d

(y,Ty) for all y € A.

Using the above theorem, we now obtain the generalized Ulam - Hyers stability of (25).

Through out this section let U be a normed space and V be a Banach space.

Theorem 4.2. Let F : U® — V be a mapping for which there exist a function ¢ : U® — [0, 00) with the condition

where

such that the functional inequality

for all x,y, z,w,u,v € U. If there exists L = L(i) < 1 such that the function = : U® —

has the property

. 1 n n n n n n
lim —- D(k3 T, K7y, Ky 2, ki W, K3 U, K v,) = 0

2 if i=0,

Ki =

if i=1,

=

||F(x,y,z,w,u,v)|| < ¢(x,y,z,w,u, U)

E(u) = P =2 (kiu) .

(117)

(118)

[0,00) defined by

(119)

or atl u € . en €re exrists a unique s-variavie a wrve mapping : — satisfying € junctionai equation
1l U. Then th jst. ique 3-variable additi ing A : U> — V satisfying th tional tion (25

and

I f(2u,2u,2u) — 8f(u,u,u) — A(u,u,u) [|<

for allu € U. The mapping ®(u) is defined in (58) for allu € U.

Proof.  Consider the set

and introduce the generalized metric on €2,

Q= {p/p:U* =V, p(0,0,0) = 0}

(u) (120)

d(p1,p2) = inf{K € (0,00) :|| p1(u,u,u) — pa(u, u,u) ||< K=E(u),u € U}.
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It is easy to see that (€, d) is complete.
Define T : Q% — Q by

1
Tp(uy u, U) = ;p(’{iuﬂ Ril, ’iiu)y
i

for all w € U. Now p1,p2 € Q,

d(p1,p2) < K = || pr(u,u,u) = p2(u, u,u) |< KE(u),u € U,

< L=, ueu,

1 1
= || —pi1(Kkiu, Kiu, Ku) — —p2(Kiu, Kiu, Kiw)
Ki Ki Kj

1 1
= ;pl(mu, Ki®, ki) — —p2(Kill, Kill, Kiu)
1 T

< LKE(u),u € U,

= ” Tpl(u7u7u) - sz(u, u, u) ||S LKE(UL’LL € U7

=d(p1,p2) < LK.

This implies d(Tp1,Tp2) < Ld(p1,p2), for all p1,ps € Q . ie., T is a strictly contractive mapping on  with Lipschitz

constant L.

From (78), we have

lg(2u, 2u, 2u) — 2g(u, u, u)|| < ®(u) (121)
forallu e U.
Hw — glu,u,w)| < @ (122)

for all w € U. Using (119) for the case i = 0 it reduces to

H 9(2u, 2u, 2u)
2

_g(uyuyu)
for all u € U,
ie., d(g,Tg) <L=d(g,Tg) <L< L' < .

Again replacing u = ¥ in (121), we get

u U u u
v =25 55)[<2 () 12
Jotw w0 -2 (5.5 5)] <2 (5 (123)
Using (119) for the case ¢ = 1 it reduces to

U u u
-, =, =

ot 20 (4, 82)] < =00

for all u € U,
ie, d(g,Tg)<1=d(g,Tg)<1<L°< oo,

From the above two cases, we arrive

d(g,Tg) < L'

Now from the fixed point alternative in both cases, it follows that there exists a fixed point A of T in € such that

1
A(u,u,u) = lim —n(f(ff§"+1)u, KE"H)u, m§"+1)u) —8f (ki @, kix,Kiuw)) (124)

n— oo Ki
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for all u € U.

To prove A : U® = V is additive. Replacing (u,y, z, w,u,v) by (k?z, &Py, &¥z, k7w, &7, k'v) in (118) and dividing by &7,

it follows from (117) that

|F (672, 5y, 572, 67w, 6w, 670) ||

||A(u,y,z,w,u,y)” = nh~>n;o K/?
< i QT ATy Az Rlw, R R
n—o0 KT

k3

for all z,y, z,w,u,v € U, i.e., A satisfies the functional equation (25).

According to the fixed point alternative, since A is the unique fixed point of T" in the set A = {A € Q: d(f, A) < oo}, A is

the unique function such that

I f(2u, 2u, 2u) — 8f(u, u,u) — A(u, u, uw)|| < K=(u)

for all w € U and K > 0. Again using the fixed point alternative, we obtain

1

this implies

which yields

|| f(2u,2u,2u) — 8f(u,u,u) — A(u, u,u) |< 1 LE(u)
this completes the proof of the theorem.
The following corollary is an immediate consequence of Theorem 4.2 concerning the stability of (25).

Corollary 4.3. Let F : U3 — V be a mapping and there exists real numbers p and s such that

P,
pAllll® + [lyll® + [1211° + [lwll® + [lull* + [lo][*}, s#1;
1 (@, y, 2w, w, ) p ]2yl [l Jul * 0] 6s # 1;

p Ul Pyl =Pl Pl P[0l

+ {2l [yl + 121 + Tl + [l + ol 3}, 65 # 15

for all z,y, z,w,u,v € U, then there exists a unique 3- variable additive function A : U — V such that

lp1ls
pallull
12— 23’
— — < s
120,20, 2u) — 8F ., ) — Al )| < {120
12— 269]
]
2 — 26s

where p1, p2, ps, pa are defined in (85) for allu € U.

(125)

(126)
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Proof.  Setting

ps
pAllll® + yll® + 211" + [wl]® + [[ul]* + (||},
¢,y 2,w,u,0) = 4 p (| *[lyl1°[] 211wl *] Jul[*||v]]*,
p A1l 121wl ul[*] o] |*

+ {2l 1yl + 11201+ [l + [lul]® + o]} }

for all z,y, z,w,u,v € U. Now

{llsd'2l]” + llsdylI” + 1157 2] + |67 w]* + [l55"ul|” + ||50]"},

n n n n n n
¢(I€i T, Ki Y, Ry 2, Ky W, Ky Uy Ky ’U)

D | i A A e
K2

{Ilfe?x\ls lsiyll™ Hsi 2l llsiwl® |k ull® (5ol

N N A TGRS

F{IR2 2% + [[67y 1% + Ik 2] + [wiw]]® + (w5 ul|* + ||x7o]|°} }
— 0 as n — oo,
— 0 as n— oo,

— 0 as n — oo,

— 0 as n— oo.

Thus, (117) is holds. But we have

has the property

Kiq
for all w € U. Hence
u
=92
(w) =%
=k 1) (4 L) (a4 2)0 (2w o )
( (5335 373) F( +2)¢ (w5 5.5
20 (oo o) + B0 emwun +o (5.5 5. 5055

I+ku v A+ku v Q1+ku u 1-kKu v Q1-ku v Q1—Fku u
+2¢< 2 20 2 T2 2 ’§>+2¢< 2 720 2 2 2 ’5)

+¢((1+2k)u w (1+2k)u u (1+2k)u E)+¢((1—2k)u u (1-2ku u (1-2ku E)

2 20 2 2 2 72 2 20 2 20 2 72
p(k* +10),
2% [12k% — 3k% - 21 +3(3° + 21+ k)° +2(1 — k)° + (1 + 2k)° + (1 — 2k)°) + 27] [[ul|*,
— 2?3 [4k2(1 o 235) 49352 4 2 9bs | g3s 2(1 + k)35 +2(1— k)35 +(1+ 2k)35 +(1- 2k)35 . 1] HuHﬁs7
22’5 ([4k2(1 —2%%) +2%%2 4 k2. 2% + 3% 4 2(1 + k)% +2(1 — k)*° + (1 + 2k)*° + (1 — 2k)*° — 1]
+ [12k — 3K% - 20511 13 (3% + 2(1 + k)% + 2(1 — k)% + (1 +2k)% + (1 — 2k)%) + 27]) ||ul|®*,
p1
pe|lul®
=\ psllul®
6s ’
pallull®®
265
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Now,
11p1
Thi ki E(w),
pal|kiul[® -1z
1 Y ’ R; =(u
—Z(kiu) = ng 6s = Zv 7
Kiq p3||/€zu|| 6s—1m—
T ki E(u)
:‘17;265 I’ (2 = ’
palliul|** KT ().
Q65 ?

Hence the inequality (119) holds for
(o) Either L=2""ifi=0and L = ;11 ifi=1.

2

() Either L=2°""for s <1ifi=0and L = 57 for s > 1 if i = 1.
(o) Either L =2%7" for 6s < 1if i =0 and L = g5t for 6s > 1if i = 1.
(o) Either L =2%7" for 6s < 1ifi =0 and L = 551 for 6s > 1if i = 1.

Now, from (120), we prove the following cases for condition (7).

Case:l L=2"tifi=0

(2(_1))170
I f(2u, 2u, 2u) — 8 (u, u,u) — A(u, u,u)|| < mE(u) = 11p.

Case:2 Lzz%lifizl

)
(20, 2u,2u) = 8 (u, u, ) — A, w)]| < (atn)

— 1
1- 2(—1)

E(u) = —11p.

Again, from (120), we prove the following cases for condition (ii).

Case:3 L=2"fors<1ifi=0

)L
| f(2u, 2u, 2u) — 8f(u, u,u) — A(u, u,u)| < mE(u) =

Case:4 L:F%lfors>1ifz':1

1

1-1

(2<S—1)> - ul|®

1720, 20,20) — 87wy, w) — Alw,w ) < gz = 2D
2(s—1)

Also, from (120), we prove the following cases for condition (7).

Case:5 L =2%"1for6s<1ifi=0

1-0
(65—1)) s
(2 =) < 2llull’

IIf(2u, 2u, 2u) — 8f (u, u,u) — A(u, u,u)|| < DI 5 96 -

Case:6 L = 511 for 6s>1ifi=1

1-1
(m) = 2||ul|®®
1 (2u, 2u, 2u) — 8F (u,u,w) — Alu,u, )| € ~2——f—F(u) = %.

Finally, to prove condition (iv) the proof is similar to that of condition (ii7). Hence the proof is complete
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The proof of the following Theorem and Corollary is similar to that of Theorem 3.6 and Corollary 3.7. Hence, we omit the

proofs.

Theorem 4.4. Let F: U® — V be a mapping for which there exist a function ¢ : U® — [0, 00) with the condition

1
nh~>nolo @¢(K?$,H?y7ﬁ'?z7ﬁ?wzﬁ?u7 H?’U7) =0 (127)
where
2 if i=0,
Ki =
3if i=1,
such that the functional inequality
1F(@,y, 2, w, u,v)|| < ¢z, y, 2, w,u,v) (128)

for all z,y,u,v,z,w € U. If there exists L = L(i) < 1 such that the function

has the property

2w = 5 = (wia). (129)

=

Then there exists a unique 3-variable cubic mapping C : U> — V satisfying the functional equation (25) and

|| f(2’lL, 2“7 2u) - Qf(uauvu) - C(u7u7 ’LL) ||S 1—1

Z(u) (130)

for alluw € U. The mapping ®(u) and C(u,u,u) are defined in (58) and (99) respectively for all u € U.

Corollary 4.5. Let F : U® =V be a mapping and there exists real numbers p and s such that

P
pAllell® + lyll® + [1211° + [lell® + [Jull* + lo]l°},
|Gy, 2 w0, < 3 o flallllgl ] 11wl ] o], (131)
p {11 1911121 ol + [l o]l
{1 4 10" + 112115 4+ [wll® + [l + ]I} }

or all z,y,u,v,z,w € U, then there exists a unique 3- variable cubic function C : U2 — V such that
b y? b bl b ) q

p1

pal|ull® ,

I1f (2, 2u, 2u) = 2f (u, u, u) = Cu,u,w) || < 9 o) o2 6 23 (132)
pa[ul]”
il £ it § S 6 3.
|8—26‘S|7 S # b

where p1, p2, p3, pa are defined in (85) for allu € U.

Now, we are ready to prove the main fixed point stability results.
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Theorem 4.6. Let F : U3 — V be a mapping for which there exist a function ¢ : U — [0,00) with the conditions (117)

and (127) where

2 if i=0,
Ki; =
1 - .
5 if i=1,
such that the functional inequality
||F(x7 y? Z7 w7 u’ v)” S ¢(x’ y7 Z7 w7 u? 7‘)) (133)

for all u,y,z,w € U. If there exists L = L(i) < 1 such that the function

has the properties (119) and (129) Then there exists a unique 3-variable additive mapping A : U — V and a unique

3-variable cubic mapping C : U® = V satisfying the functional equation (25) and

I flu,u,u) — Alu, u,u) — Clu,u,u) ||< Z(u) (134)

w| =
—
|
~

for alluw € U. The mapping ®(u), A(u,u,u) and C(u,u,w) are defined in (58), (59) and (99) respectively for all u € U.

Proof. By Theorems 4.2 and 4.4, there exists a unique 3-variable additive function A; : U® — V and a unique 3-variable

cubic function C; : U? — V such that

IIf(2u, 2u, 2u) — 8 (u, u, u) — A1 (u,u,u)|| < 1L:7;E(u) (135)
and
122, 20) = 2, 0,0) = Cs (0, 0)]| < 2 (136)

for all w € U . Now from (135) and (136), one can see that

| + s = )

_ H{ff(%,?u,?u) R ACCRD N Al(u,u,u)} {f(2u,2u,2U) 2f(u,u,u) Cl(u,u,U)}H

6 6 6 6 - 6 6

< %{||f(2u,2u, 2u) — 8f(u,u,u) — A1 (u,u,u)|| + || f(2u, 2u, 2u) — 2f(u, u,u) — C1(u,u, u)||}

1 Ll*i Ll*i
< = = — =
_6{1_L(w+1_L<m}
1 Ll*i
< = =
S37-pcW

for all uw € U. Thus we obtain (134) by defining A(u,u,u) = % A1(u,u,u) and C(u,u,u) = :C1(u,u,u) ,(u), Alu,u,v)

and C(u, u,u) are respectively defined in (58), (59) and (99) for all u € U. O

The following corollary is an immediate consequence of Theorem 4.6, using Corollaries 4.3 and 4.5 concerning the stability

of (25).
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Corollary 4.7. Let F : U® =V be a mapping and there exists real numbers p and s such that

2
pAllll® + 1yll® + 211" + [wl]® + [[ull® + [|v]*},
1 (@, y, 2, w,u, 0) [ < p [|2]1°yl1°[12]]° wl | [Ja]1*] Jo]|*, (137)
p Al Nyl 1zl [[w][* + ul|*[lo]]*
+{l2l% + 1yl1% + [12]1% + [Jw]|®* + [[u]** + [[0]|*} },

for all z,y, z,w,u,v € U, then there exists a unique 3-variable additive mapping A : U3 =V and a unique 3-variable cubic

mapping C : U3 — V such that

1
P1 <1+?)7
1 1 .
EPlo—i+w 25>||u\|, s#1,3;
I (s, 1) — A, 0) — C(u, w, )| < 2-2°] |8~ 2°| (138)
ps (1 ull®, 65 1,3;
3 \[2—26°] T [R— 25 ’ 9
p4 1 1 6s
pa 65 £ 1,3
3 \[2—26°] T [R—25] [lull™, 65 #1,3;

where p1, p2, ps, pa are defined in (85) for allu € U.
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