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1. Introduction

The phenomena of uncertainty in real life situation was described in a mathematical framework by Zadeh in 1965. He
also introduced the concept of fuzzy relations which has a widespread application in pattern recognition.K.R. Bhutani
also introduced the concepts of weak, co-weak isomorphism and isomorphism between fuzzy graphs in [12]. M.S. Sunitha
and A.Vijayakumar discussed the complement of a fuzzy graph in [13] and in [10] the y—complement was discussed by
A.Nagoorgani and J. Malarvizhi. In [9] K.Radha and A.Rosemine introduced degree sequence of fuzzy graph. In this paper,

we discussed about the degree sequence of isomorphic, co-weak and weak isomorphic fuzzy graphs.

2. Preliminaries

A summary of basic definitions is given , which are represented in [1-13].

A fuzzy graph G is a pair of functions G : (o, ) where o is a fuzzy subset of a non empty set V and p is a symmetric
fuzzy relation on o (ie) p(zy) < o(xz) Ao(y) V x,y € V. The underlying crisp graph of G : (o, ) is denote by G* : (V, E)
where E C V x V. In a fuzzy graph G : (o, ) degree of vertex u € V is d(u) = > p(uv), the minimum degree of G is
0(G) = NMdg(u)/u € V}, the maximum degree of G is A(G) = V{da(u)/u € V}. e

The degree of a vertex u of a graph G is the number of edges of G which are incident with v (ie) d(v) =
|[{e € E; e=wuv for some u € V}|. A sequence of real numbers (di,d2,ds,...,d,) with di > do > ...d,, where d; is
equal to d(v;), is the degree sequence of a fuzzy graph G.

A sequence ¢ = (di,d2,ds,...,dn) of real numbers is said to be fuzzy graphic sequence if there exists a graph G whose

vertices have degree d; and G is called realization of £&. A degree sequence of real numbers in which no two of its elements

are equal is called perfect degree sequence.
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Figure 1. G : (o,u), Degree sequence of G is (.3, .2, .1)

In crisp graph theory there is no perfect degree sequence. But fuzzy graphs may have perfect degree sequence. A degree
sequence of real numbers in which exactly two of its elements are same is called quasi- perfect. A homomorphism of fuzzy
graphs h: G — G’ is amap h: V — V' such that o(z) < o'(h(x)) V z € V,u(zy) < p'(h(z)h(y)) V;z,y € V.

A weak isomorphism of fuzzy graphs h : G — G’ is amap h : V — V' which is a bijective homomorphism that satisfies
o(z) = o' (h(z) Yz € V,u(zy) < ' (h(z)h(y)) Vz,y € V. A co-weak isomorphism of fuzzy graphs h : G — G’ is a map
h:V — V' which is a bijective homomorphism that satisfies o(z) < o'(h(z)) Vz € V, u(zy) = p'(h(z)h(y)) Vz,y € V.
An isomorphism h : G — G’ is a map h : V — V' which is a bijective that satisfies o(z) = o'(h(z)) V = € V,u(zy) =
' (h(z)h(y)) Yo,y € V.

3. Degree Sequence of Isomorphic Fuzzy Graphs

Theorem 3.1. If G and G’ are isomorphic fuzzy graphs then the degree sequence of G and G’ are same.

Proof. Since G : (o,u) and G” : (¢/, i) are two isomorphic fuzzy graphs there exists a bijective map h : V — V' such that
o(z) = o' (h(z)) Vz € V,u(zy) = 1/ (h(z)h(y)) Vz,y € V. Let u be a vertex of G such that h(u) = v. We have to prove
that dg(u) = dgr (v).

Case i: dg(u)=0. Then no vertex of G is adjacent to u. Let y be a vertex of G’ different from v such that h(w) =y for
some w € V. Since u and w are not adjacent in G, y and v are also not adjacent in G’. Since y € V' arbitrarily chosen, v is
not adjacent with any of the vertex of G’. Therefore dg/(v) = 0. Hence dg(u) = 0 = dg/(v).

Case ii : dg(u) > 0. Let {wi, w2, ws,...,wn} be the set of vertices which are adjacent to u and let h(w;) = z;; 1 <
i < n where z; € V'. Since G and G’ are isomorphic to each other, the vertices v and z; are adjacent in G’ such that
w (vz;) = p(uw;) and if z is a vertex of G’ such that p'(vz) = 0 then there is a vertex w in G such that f(w) = z and

p(uw) = ' (vz) = 0. Hence
dar (v) = ZM’(W%‘)

=3 i)
i=1
=dc(u).
Since u € V is arbitrarily chosen, dg(u) = dg/(h(u)) ¥ u € V. Thus the degree sequences of G and G’ are same. O

Remark 3.2. Two fuzzy graphs with same degree sequence need not be isomorphic. In the following figure 2 the degree
sequence of both G and G’ is (0.6, 0.5, 0.4, 0.4, 0.4, 0.3, 0.2, 0.2). Let all the vertices be of membership value 1. Suppose
G = G'. Then by the Theorem 3.1, under any isomorphism va must correspond to w1 and vs must correspond to wy. Since
v1 must adjacent to va and va, it must be mapped to a vertex which is adjacent to both w1 and wy in G'. But there is no

such vertex in G'. Hence G is not isomorphic to G'.
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Figure 2.

Theorem 3.3. Co-weak isomorphic fuzzy graphs preserve degree sequence.

Proof.  Since G is co-weak isomorphic to G’, there is a bijective map h : V' — V’ such that o(z) < o' (h(z) V z € V, u(zy) =

w' (h(z)h(y)) V z,y € V. Then as in the proof of Theorem 3.1, dg(u) = dg/(h(u)) Vu € V. Thus G and G’ have identical

degree sequence.

O

Remark 3.4. Two fuzzy graphs with same degree sequence need not be co-weak isomorphic. In figure 3 the degree sequence

of both G and G’ is (1.1, 0.9, 0.8, 0.1). Suppose G is co-weak isomorphic to G'. Then by Theorem 3.3 under any coweak

isomorphism vs must correspond to ws; vz must correspond to us. But o(vs) = 0.7 > 0.6 = o'(h(us))

o(va) = 0.1 < 0.5 =0'(h(us)) = 0’ (vs). Hence G is not co-weak isomorphic with G'.
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Figure 3.

= o'(v3) and

Remark 3.5. Weak isomorphic fuzzy graphs need not preserve the degree sequence. For example consider the following

figure 4 The bijective map h : Vi — Vo defined by h(vi) = u1, h(v2) = us, h(vs) = ua, h(va) = us, h(vs) = uz satisfies

o1(vi) = o2(h(v;)) Y €V, pi(uww) < po(h(u), h(v)) Vu,v € V. Hence G is weak isomorphic with G2. But the degree

sequence of G1 is (0.8, 0.7, 0.7, 0.5, 0.5) and the degree sequence of G2 is (1.1, 0.9, 0.8, 0.7, 0.5) which are not identical.
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Figure 4.

Theorem 3.6. If G is a self complementary fuzzy graph, then the degree sequences of G and G are identical.
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Proof. Since G is a self complementary fuzzy graph, G = G. Hence the theorem follows by Theorem 3.1. O

Remark 3.7. The converse of the above theorem need not be true. In figure 5 the degree sequence of both G and G is (1,

1, 1, 1). But p(viv2) = 0.5 # 0 = fi(viv2). Also u(vsva) # f(vsva). Hence G is not self complementary fuzzy graph.
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Figure 5. G:(o,pn), G:(5,0)

Theorem 3.8. Let G : (o,p) be a fuzzy graph such that p(zy) = $(o(z) Ao(y)) V zy € E. Then G and G* have same

degree sequence.

Proof.  Here p(zy) = 3(c(x) Ao(y)) V (wy) € E. By the definition of y—complement of G, we have

w(zy) = (o(z) No(y)) - %(U(fﬁ) ANo(y)) Vayekl
= S (o) Aoy)) Vay ek
1 (zy) = plxy) V (zy) €E
> p(zy) = > p(vy). Hence dau(z) =de(x) V z € V. O

yFx yFx
Remark 3.9. The converse of the Theorem 3.8 need not be true. For example in the following figure 6 the degree sequence
of both G and G* is (0.85, 0.65, 0.5, 0.5). But u(uv) # L(a(u) Ao(v)) ¥V ww € E.

2

z(0.5) z(0.5)

W(0.5)

Figure 6. G : (o,p), G*: (o, u")

Corollary 3.10. If G : (o,p) is a fuzzy graph such that p(zy) = (o(x) Ao(y)) ¥ x,y € S then G and G* have same
degree sequence.
Theorem 3.11. Let G : (o, ) be a fuzzy graph such that such that c(v) =c ¥V v € V. Then Y d; = 2mec if and only if G

i=1
is an effective fuzzy graph, where m is the number of edges in G.

Proof. Let G : (0,u) be a fuzzy graph such that such that o(v) =c V v € V. Assume that Y d; = 2mc. Suppose that
i=1
G is not an effective fuzzy graph. Then there is an edge uv such that p(uwv) < o(u) Ao(v) =c.
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Therefore dg(v) = Y, pluv) < > c¢=cdg=). Y, da(v) < > c.da=(v) = 2mc, which is a contradiction. Hence G is
uveE uveE veV veV

effective.

Conversely assume that G : (o, u) is an effective fuzzy graph. Then u(uv) = o(u) A o(v) = ¢, V uwv € E. Therefore

da(v) =cdg=(v),V veV. > daw)=c > do+(v) =2mec. O
veV ueV

Theorem 3.12. If G : (o, ) be a fuzzy graph such that p is constant function with constant value c, then > d; = 2me.

Proof. Since p(uv) =c¢, wv € E,

do(v) = 3 p(uv)

uveE

=Y ¢

uveE

= c.dg=(v)

Z da(v) = Z c.de=(v)

ueV ueV

= 2mc

O

Remark 3.13. Conwverse of the above theorem need not be true. For example consider the figure 7. The degree sequence is

(1.1, 1, 0.9). Then Y . d;i =114+1+0.9=3=2x3x(1/2) =2mec, where c=1/2=0.5. But p is not a constant function.

=1

Vi (1)

V3 (1) ’ Vs (1)

Figure 7. G :(o,p)

Theorem 3.14. If G : (o, ) be a fuzzy graph such that r = AN{p(e);e € E}, s = V{u(e);e € E}, then 2mr < 3" d; < 2ms.

Proof. Here we have r < u(uv) < s Vuv € E. Therefore

ng Z,u(uv)g Zs

uveE uveEE uveEE

da+(u).r <dg(u) < dg+(u).s

=Y dar(u)r <Y da(u) <Y das(u).s

ueV ueV ueV

Hence 2mr < 37\, de(u) < 2ms. O

o

s
Il
—

Corollary 3.15. If G is a complete fuzzy graph on n vertices, then n(n—1)r < di < n(n—1)s where r = N{u(e);e € E},

s =V{u(e);e € E}.
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Proof. By Theorem 3.14, we have 2mr < Y d; < 2ms. Since G is complete, m = n(n — 1)/2. Hence
n(n—1)r < Zdi <n(n—1)s

1=1

4. Conclusion

In fuzzy graph theory degree of a vertex is a parameter. In this paper we made a study about that parameter in isomorphic

fuzzy graphs and in the y—complement of a fuzzy graph.
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