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1. Introduction

Fractional differential equations are generalizations of classical differential equations of integer order. In last two decades,
fractional differential equations have been the focus of many studies due to their frequent appearance in various applications
in mechanics, modeling, identification, control theory, signal Processing, economics, physics, mathematical biology, visco-
elasticity and other areas of science [5, 11, 14] etc. In recent years, many researchers have paid attention to study the
solutions of fractional linear and nonlinear partial differential equations using various methods combined with the Laplace
transform such as Laplace variational iteration method (LVIM) [1, 26], homotopy analysis transform method (HATM)]3, 6],
Laplace decomposition method (LDM) [7, 15] and homotopy perturbation transform method (HPTM) [24, 25] etc. The
above mentioned methods provide immediate and visible symbolic terms of numerical approximate solutions as well as of
analytical solutions to both linear and nonlinear fractional differential equations.

An iterative method was introduced in 2006 by Daftardar-Gejji and Jafari to solve numerically the nonlinear functional
equations [7, 22]. By now, the iterative method has been used to solve many non-linear differential equations of integer and
fractional order [19] and fractional boundary value problem [23].

In recent, Jafari et al. [9] developed the iterative Laplace transform method for searching numerical solutions of a system of
fractional partial differential equations. The iterative Laplace transform method (ILTM) was successfully applied to solve

fractional Fokker-Planck equations [13] and fractional Heat and Wave- Like equations [20].
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In the present paper, we consider the linear time-fractional Schrdinger equations of the form

Diu(z,t) + iuge(z,t) =0,  w(z,t) =g(z), i=+vV-1,

and the nonlinear time- fractional Schrdinger partial differential equations are

iDYu(x, ) + Uge (1) £ Nu(z, )P u(z,t) =0, wu(z,t) =g(x), i=+v—1

and
B 1e] 2r .
1D u(x, t) + uza(z,t) £ Mu(z, t)]” u(z,t) =0, u(z,t)=g(z), r>1, i=+v—-1, 0<AER

(where 0 < a < 1) with a cubic and power law nonlinearities respectively.

2. Preliminaries

In this section, we give some basic definitions and properties of fractional calculus and Laplace transform theory, which shall
be used in this paper:

Definition 2.1. The Caputo fractional derivative [10, 12] of function u(x,t) is defined as

t
a 1 m—o— m
DtU(IJ):m/(t—?ﬂ Y™ (z,m)dn, m—1<a<m, méeN,
0

=J""“D"u(x,t).

(4)
Here D™ = ;t—t: and J{* stands for the Riemann-Liouville fractional integral operator of order o > 0 [12] defined as
t
1
Jiu (z,t) = m/(t—n)‘%lu(mm)dn, n>0,(m—1<a<m),méeN. (5)
0

Definition 2.2. The Laplace transform of a function f(t), t > 0 is defined as [10, 12]

LIf(t)] = F(t) = / S F (1) dt.

Definition 2.3. The Laplace transform of Dfu(x,t) is given as [10, 12]
m—1

L[Dfu(z,t)] = Liu(z,t)] — Z uF (2,00 ", m—1<a<m,meN, (7
k=o

Where u* (x,0) is the k-order derivative of u(z,t) at t = 0.

Definition 2.4. The Mittag-Leffler function which is a generalization of exponential function is defined as [12];

oo Zn
Ea (Z) = ngzo m , (Oé S 07 Re(a) > O)
a further generalization of (8) is given in the form [4]:

n

Eap(z)=Y m; (o, 8 € C,R(a) >0,R(B) > 0).

n=0
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3. Basic Idea of Iterative Laplace Transform Method

To illustrate the basic idea of this method, we consider the following fractional nonlinear nonhomogeneous partial differential

equation with the prescribed initial conditions written in an operator form as:

D{ u(z,t) + Ru(z,t) + N u(z, t) = g(z,t), m—1<a<m, meN, (10)

uF(2,0) = hp(z), k=0,1,2,...,m—1 (11)

Where Dfu(z,t) is Caputo fractional derivative of order a; m — 1 < o < m, defined by Equation (4), R is a linear operator
which might include other fractional derivatives order less than «, N is a non-linear operator which might include other
fractional derivatives of order less than a and g(x,t) is the source term. Applying the Laplace transform (denoted by

throughout the present paper) on both sides of Equation (10), we get
LDy u(x,t)] + L [Ru(z,t) + Nu(z,t)] = L [g(z,1)]. (12)

Using the differentiation property of the Laplace transform, we have

—1

Llu(z,t)] = Sia SRR (2 0) 4+ SiaL gz, )] — SiaL (Ru(z,t) + N u(z, 1)), (13)
0

3

ES
I

Taking inverse Laplace transform of Equation (13) implies

m—1
u(z,t) = L7" Sia <Z SRR (2, 0) + L [g(a:,t)]>:| Y [S%L [Ru(z,t) + Nu(z,t)]|, (14)
k=0
Now we apply the Iterative method,
u(z,t) = ZUi(fL’,t) (15)
i=0

Since R is a linear operator,

R (i ui(x,t)) iR (ui(z,t) (16)

and the nonlinear operator N is decomposed as

N (Z ui(w,t)> = N(uo(z,t)) + > {N(Z ug(z,t)) — N(i uk(m))} (17)
1=0 k=0

i=1 k=0

Substituting (15), (16) and (17) in (14), we get

S =17 % (L w0 + L t)])]

L- [ [; (:( 0) + N (ol 1)) i{ > e, ) - (;glouk(m,t))}”, "
‘We define the recurrence relations as
uo(x,t) = L~ Sia <:§ 5" R (2,0) + L [g(rmﬂ])]
w(@,t) = L LiaL R (uo(,t)) +N(u0(x,t))]} (19)
wmi1(26) = =L | L R (um (e, 1)) - {N(éum,t» = N(g w(sfc,t»}H L m>1

Therefore the m-term approximate solution of (10)-(11) in series form is given by

u(z,t) 2 uo(x,t) +ui(x, t) +ua(x, t) + - +um(z,t), m=12,... (20)
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4. Numerical Examples

In this section, the time-fractional Schrodinger equations are solved by iterative Laplace transform method (ILTM).

Example 4.1. We consider the following linear time- fractional schrdinger equation:
Diu + iUz, =0, 0<a<l, (21)

with the initial condition

u(z,0) = e***. (22)

Applying the Laplace transform in Equation (21) and making use of (22), we get

e3ix 1 )
Lu(z,t)] = — sT"L [(Uze] (23)
Taking inverse Laplace transform of Equation (23) implies
iz T I
u(z,t) =™ — L [—L [wm]] (24)
SO{

Now, applying the Iterative method. Substituting (15)-(17) into (23) and applying (19), we obtain the components of the

solution as follows:

uo(z,t) = &3z 25)
N Bimga
- % (26)

_ [(9i) e¥ > (9i) 63”752“} 3 [(9@ e3”ta]
| T (a+1) I'(2a+1) I'(a+1)

(91)2 €3i1t2a

= m (27)
and so on for other components. Therefore, the series form solution is given by
u(z,t) = uo(x, t) + ui(x,t) + ua(z,t) + ...
=" |1+ r((?fn r(?zi):fi) e } = 2 %
thus, the exact solution can be given as
= ¥ B, [(9i) t°] (28)

The same result was obtained by S.T.Mohyud-Din et al. [21] using MVIM, F.Saba et.al. [6] Using HTAM and A. Kamran

et al. [2] using HPM. If we put o = 1 in Equation (28), we have
u(,y) = ¥ (29)

Which is the exactly the same solution obtained by M.M.Mousa et al. [16] using HPM.
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Example 4.2. Consider the following linear time- fractional schrédinger equation:
D u+ iuze = 0, 0<a<l, (30)

with the initial condition

u(x,0) =1+ 2cosh(2x). (31)

Applying the Laplace transform in Equation (30) and making use of (81), we get
L[Dzu(x,t)] = —Llitiaz], (32)
Taking inverse Laplace transform of Equation (32) implies

u(z,t) = 1+ 2cosh(2z) — L7} [ L { Z;H (33)

Now, applying the Iterative method. Substituting (15)-(17) into (83) and applying (19), we obtain the components of the

solution as follows:

uo(z,t) =1+ 2cosh(2z). (34)
—1 [ 1 _‘aQUO
ui(z,t) = —L _S—QL -z 52
_ (—44)2cosh(2x)t”
= T T(atl) (35)
11 _,QQ(UQ+U1) 1 l
t)=-L ' |=—L|i—2T "1 L —
uz(z,t) Iz _z 92 + a i
(—4i) 2 cosh(2z)t®  (4i)* 2 cosh(2z)t>* —44) 2 cosh(2x)t
F(a+1) I'2a+1) I'a+1)
_ (44)* 2 cosh(22)>” (36)
B I'(2a+1)
and so on for other components. Therefore, the series form solution is given by
u(z,t) = uo(z,t) + ur(z, t) + uz(z, t) + ...
_ (—4i) t® (4i)% 2 _ 2L (—4it™)"
=1+ 2cosh(2z) 1+F(a+1) F(2a+1)+"' =1+ 2cosh(2z) ,12207”0‘4‘1)
thus, the exact solution can be given as
=1+ 2cosh(2z)Eq[(—41) t7] (37)

The same result was obtained by S.T.Mohyud-Din et al. [21] using MVIM, F.Saba et al. [6] using HTAM and A. Kamran

et al. [2] using HPM. If we put o = 1 in Equation (37), we have

u(z,y) = 1+ 2cosh(2z)e™* (38)

Which is the exactly the same solution obtained by M.M.Mousa et al. [16] using HPM.
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Example 4.3. Consider the following nonlinear time-fractional schrédinger equation:
iDfu A e + 2 ul?u =0, 0<a<l, (39)
with the initial condition
u(z,0) = . (40)

Applying the Laplace transform in Equation (39) and making use of (40), we get

1T i

Lu(z,t)] = 63 + L [uee + 2Jul o] (41)

Taking inverse Laplace transform of Equation (41) implies

w(@,t) = e + L7 | = L [uge + 2|uf?u] | (42)
S

@

Now, applying the Iterative method. Substituting (15)-(17) into (42) and applying (19), we obtain the components of the

solution as follows:

uo(z,t) = ™. (43)
—1 [ 7 _8211,0 2
ui(z,t) =L -S—QL s + 2 |uo| uo” ,
itaeiz
T T(a+1) (44)
i [0 (w0 +w) 2 1| 4 duo 2
uz(z,t) = L _S—QL -T+2|(uo+u1)| (uo +u1)|| — L ST‘L 92 + 2|uo|  uo| |,
B ,L-2t2aeiz ite eiz B itaeiz
T T @2a+1) T(a+1) F(a+1)]’
(ita)2 eia:
= _ 4
T (20 + 1) (45)

and so on for other components. Therefore, the series form solution is given by

u(z,t) = uo(z,t) + ui(z, t) + ua(z,t) + ...

e (it®) (it™)? _ e~ ()"
—e 1+F(a+1)+1—‘(2a+1)+”.:| =e ;Fj

thus, the exact solution can be given as

= e B, (it™) (46)

The same result was obtained by Z.Odibat et al. [27] using GDTM, F.Saba et al. [6] using HTAM and A.Kamran et al. [2]

using HPM. If we put o = 1 in Equation (46), we have

u(z,y) = ' (47)

Which is the exactly the same solution obtained by M.M.Mousa et al. [16] using HPM.
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Example 4.4. Consider the following nonlinear time- fractional schrédinger equation:
iD{ U+ Uge — 2 |ul>u =0, 0<ac<l, (48)
with the initial condition
u(z,0) = €. (49)

Applying the Laplace transform in Equation (48) and making use of (49), we get

1T i

Llu(,t)] = = + L [was = 2Juf*u] (50)

Sa

Taking inverse Laplace transform of Equation (50) implies
u(z,t) = + L1 2L [Uee — 2 |u|? ul |, (51)
Sa

Now, applying the Iterative method. Substituting (15)-(17) into (51) and applying (19), we obtain the components of the

solution as follows:

uo(z,t) = ™. (52)
1 [ 2 _8211,0 2
ui(z,t) =L _?NL s — 2 |uol UO” ;
_(=3i)te
Tla+1) (53)
—1 [ 7 _82 (U0+u1) 2 —1 7 (9211,0 2
uz(z,t) = L _S—QL _T—2|(uo+u1)| (uo +u1)|| — L ST‘L 92 —2uo|“uo| |,
_[Bi)2 e (=3i)t*e™ ] [(=3i)t*e™
T T (2a+1) I'(a+1) I'a+1) |’
(3it*)% ™™
- 4
I'(2a+1) (54)
and so on for other components. Therefore, the series form solution is given by
u(z,t) = uo(z,t) + ui(z, t) + ua(z, t) + ...
in (—3it™) (3it™)? s o= (—3it%)"
= 1 o= -~
“ " rar) TT@arD " c nzzor(naﬂ)
thus, the exact solution can be given as
= " Eq, (=3it%). (55)

The same result was obtained by S.T.Mohyud-Din et.al. [21] using MVIM, F. Saba et.al. [6] using HTAM and A.Kamran

et al. [2] using HPM. If we put o = 1 in Equation (55) we have

u(z,y) = 7, (56)

Which is the exactly the same solution obtained by M.M.Mousa et al. [16] using HPM.
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Example 4.5. Consider the following nonlinear time- fractional schrdinger equation:
iDf U+ Uz + 2 [u*" u =0, 0<ac<l, (57)

with the initial condition

u(z,0) = (2(r + 1) sec h2(2rx)) o , r>1. (58)

Applying the Laplace transform in Equation (57) and making use of (58), we get

L u(e )] = (2 (r+1) sezh2(2rw)) 2r N S%L [Ux:c I Mzr u] 7 (59)

Taking inverse Laplace transform of Equation (59) implies

1

1
u(z,t) = (2(r +1)sech®(2rz))* + L7} s—aL [tow + 2 |ul*"u] | (60)

Now, applying the Iterative method. Substituting (15)-(17) into (60) and applying (19), we obtain the components of the

solution as follows:

1
uo(z,t) = (2(r + 1)sech®(2rz)) " . (61)
_ 0
ui(z,t) =L 1|:saL|:auo+2|u0| :|7
(4d)t™ (2 (r 4 1) sec h*(2rz)) 3
= . (62)
I'(a+1)
-1 L 82 (UO""ul) 2r _ 8 uo
uz(z,t) =L [saL{i&nz + 2| (uo +u1)|”" (uo + u1) L~ saL D2 + 2 |uo|*" ,
B 166t (2 (r + 1) sec h*(2rz)) 3 (48) t* (2 (r + 1) sec B> (2rz)) o (43) t* (2 (r + 1) sec B*(2rx)) %
= T2at1) + T(a+1) T(a+1) ’
B (4it*)? (2(r + 1) sec h*(2rz)) 3 63
N I'(2a+1) (63)
and so on for other components. Therefore, the series form solution is given by
u(z,t) = uo(x,t) + ui(z, t) + ua(z, t) + ...
1 YeY - a\2 1= «
_ 2 L (44t*) (44t%) _ L (4it®)
= (2(r + 1) sech”(2rx)) 1+F(a+1)+F(2a+l)+"' —(2(r+1)sech (2rz)) I‘na+1
thus, the exact solution can be given as
) a
= (2(r + 1) sech®(2rz))*" Eq (4it"). (64)
The same result was obtained by F.Saba et.al. [6] Using HTAM. If we put o = 1 in Equation (64) we have
u(z,y) = 2sec h(2z)e*™, (65)

Which is the exactly the same solution obtained by M.M.Mousa et al. [16] using HPM.
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5. Conclusion

The solutions of the linear and nonlinear time- fractional Schrodinger equations in terms of Mittag-LefHler functions by the
use of iterative Laplace transform method were derived. The solutions are obtained in series form that rapidly converges in
a closed exact formula with simply computable terms. The calculations are simple and straightforward. The method was

tested on five examples on different situations.
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