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1. Introduction and Preliminaries

A family p of subsets of X is called a generalized topology(GT)[1] if @ € p and closed under arbitrary union. The generalized
topology p is said to be strong [10], if X € p. (X, p) is called a quasi topology [6], if u is closed under finite intersection. A
subset A of a generalized topological space (X, u) is called p-o-open [3] (resp. p-m-open [3], u-a-open [3], p-B-open [3]) if
A Ceu(iu(A)) (resp. A Ciu(cu(A)) A Cin(eu(in(A))), A C culin(cu(A))). co is the intersection of all p-o-closed containing
A. A hereditary class H of X is a non-empty collection of subsets of X such that A C B, B € H implies A € H [2]. In the
paper [2], for a hereditary class H, the operator ()*:exp X— exp X was introduced. An operator ¢}, : exp X — exp X was
defined by using the operator ()* (i.e., for A C X) ¢;,(A) = AU A", which is monotonic, enlarging and idempotent. Some
properties of operators ()* and c;, were investigated in [2]. For every subset A of X, with respect to p and a hereditary
class H of subsets of X, then p* = {A C X/c;,(X — A) = X — A} is generalized topology[2], and i},(A) will denote the
interior of A in (X,p"). A function f : (X,u,H) — (Y, ) is said to be (p, A)-continuous if for every A-open set U in Y
implies that f~*(U) is pu-open set in X. A subset A of a hereditary generalized topological space (X, u,H) is said to be
a-H-open [2](resp. B-H-open [2], o-H-open, m-H-open [2], -H-open [2], t-H-set [7], t*-H-set [7]) if A Ci.(c(iu(A))) (resp.
A C eulin(6(AN): A C il A), A C i), 1u(€h(A)) C 6 (0u(A)), 1n(6) = iu(A), (6 (0n(A))) = i (A). I Al
w*-closed [2] if A* C A.

Lemma 1.1 ([2]). Let (X, p, H) be a space with a hereditary generalized topological space and A, B C X, Then the following
hold.

(a) If A C B, then A* C B*.
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(b) A" =c,(A) Cc,(A").

(c) If AC A", then c,(A) = A" = ¢, (A) = ¢ (A).

(d) If U € p, thenUNA* C (UN A)*.

Lemma 1.2 ([7]). If (X, ) is a quasi topology with a hereditary class H. Then the following are hold.
(a) H is p-codense if only if A C A* for every A € p.

(b) If AC A", then A" = c,(A™) = cu(A) = ¢, (A).

Lemma 1.3 ([9]). If (X, ) is GTS with a hereditary class H. For A C X,

(a) cu(A) = X-i3,(X-A)

(b) i.(A) C iy (A) C A

Lemma 1.4 ([3]). In a hereditary generalized topological space (X, u, H), the following hold.
(a) co(4) = AUiu(cu(A)),

(8) ca(A) = iy (culA)), i A€ .

2. Generalized Weakly 7-H-open Sets

Definition 2.1. A subset A of a hereditary generalized topological space (X, p, H) is said to be weakly w-H-open, if A C

co(iu(c),(A))). A subset A of X is said to be weakly w-H-closed if its complement is weakly m-H-open.
Proposition 2.2. In a hereditary generalized topological space (X, u, H), the following hold.

(a) Every p-open is weakly w-H open.

(b) Every w-H-open is weakly w-H-open.

(¢) Every weakly m-H-open is B-H-open.

(d) Every p-a-open is weakly w-H-open.

(e) Every weakly m-H-open is p-w-open.

Proposition 2.3. Let (X, u, H) be a quasi topology with a hereditary class H where H is p-codense and A C X. Then A is

weakly w-H-open if and only if A is m-H-open.

Proof. By Proposition 2.2, every m-H-open is weakly w-H-open. Conversely if A is weakly m-H-open implies that A C
o (iu(c),(A))). By Lemma 1.6, it follows that co (iu(cj(A))) = i, (cu(in(cp(A)))) = iu(ci(in(c)(A)))) = iu(c; (A)), therefore,
A Ciu(c;,(A)). Hence A is m-H-open. O

Proposition 2.4. Let (X, u,H) be a hereditary generalized topological space and A, B C X. If A is weakly 7w-H-open and
A C B Cc},(A), then B is B-H-open.

Proof.  Suppose that A C B C ¢,(A) and A is weakly m-H-open implies that A C ¢ (iu(c},(A4))). Since B C ¢, (A) C

(€ (65 (A)))) € €l (i (i (s (A))))) C € (en(in(c(A)))) € eulin(c(A))) C eulin(ci(B))). Hence B is f-H-open. O
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Proposition 2.5. Let (X, u, H) be a hereditary generealized topological space and A C X. If A is both weakly m-H-open and

w*-closed, then A is p-a-open.

Proof. If A is weakly m-H-open implies that A C ¢o(in(c;;(A))) and A is p*-closed implies that A* C A. Then A C
o (in(€5(A)) C (ulin(€5(A)))) C iulen(iu(A” U A))) C iu(culin(A))). Hence A is p-a-open. 0

Corollary 2.6. Let (X, u,H) be a hereditary generalized topological space and A C X. If A € H and A is weakly w-H-open,

then A is p-a-open.

Theorem 2.7. Let (X, u, H) be a hereditary generalized topological space. Then arbitrary union of weakly w-H-open sets is

weakly m-H-open.

Proof.  Since A, is weakly m-H-open for each o € A, we have Ao C ¢o(i.(ci(Aa))) C colin(c)(UaeaAa))) and hence

UaeaAa C co(iu(c),(UacaAa))). Hence Uaea An is weakly m-H-open. O

Theorem 2.8. Let (X, u, H) be a hereditary generalized topological space and A, B C X. If A is weakly w-H-open and B is

pu-open, then AN B is weakly w-H-open.

Proof. If A is weakly m-H-open implies that A C co(iu(c),(A))) and B is p-o-open implies that B = i,(B). Then
AN B C eolin(€u(A) N in(B) = inlen(iu(ca(A)) N i (B) C i(6u(iu(ci(A) N B) = inleulin(h(4) N iu(B)))) C
o (tu(c),(A)) Niu(B)) C colin(c;,(ANiu(B)))) C colin(c; (AN B))). Hence AN B is weakly 7-H-open. O
Remark 2.9. The following example shows that the intersection of weakly mw-H-open sets need not be weakly 7w-H-open.
Example 2.10. Let X = {a,b,c,d}, p = {0,{c},{b,d},{a,b,c}, {b,c,d}, X} and H = {0,{a}, {b},{d},{a,d}}. Consider
A = {a,bc} and B = {a,b,d}. Now cx(iu(ci(A)) = colin({ab,e}) = calfarbich) = X 5 A and co(in(ch(B))) =
co(iu({a,b,d})) = co({b,d}) = {a,b,d} D B. Hence A and B are weakly m-H-open sets. But c,(ip(c;, (AN B))) =
o (i (c (b)) = o (1,({b})) = co(0) =0 2 AN B. Therefore AN B is not weakly m-H-open.

Theorem 2.11. Let (X, u, H) be a hereditary generalized topological space and A C X. Then A is weakly w-H-closed if and
only if is(cu(i),(A))) C A.

Proof. If A is weakly m-H-closed, then X-A is weakly m-H-open which implies that X-A C ¢o(iu(c,(X-A))) = X —

io(cu(i,(A))). Therefore i, (cu(iy,(A))) C A. Coversely, assume that i,(c.(i;,(A))) C A. Then X-A C ¢, (ipu(c; (X — A))).
Hence X-A is weakly m-H-open. Thus A is weakly 7-H-closed. O

Proposition 2.12. Let A be a subset of a hereditary generalized topological space (X, u,H) such that A C A*. Then the

following are equivalent.
(a) A is Tm-H-open.

(b) A is weakly m-H-open,
(¢) A is u-m-open.

Proof.  (a) = (b) and (b) = (c). Obvious.
(¢) = (a). Since A C A” implies that A C i,(A™) = i, (AUA™) =i,(c,(A)). Also A is p-m-open implies that A C i, (c.(A)) =
iu(c),(A)) and hence A is m-H-open. O

Theorem 2.13. Let A be a subset of hereditary generalized topological space (X, v, H) such that A C A*. Then A is weakly
m-H-open if and only if co(A) = co(iu(cp (A))).
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Proof. Since A C A* implies that c,(A) = c5(A). If A is weakly m-H-open implies that A C c,(in(c}(A))) and so
ca(iu(¢h(A)) = AU eo(in(€(A)) = AU i (culin(eh(A)) = AUdu(eulin(cu(A)) = AUiu(cu(A)) = co(A).

Conversely, assume that c,(in(ci(A))) = co(A), then co(in(cu(A))) = A Uiu(ca(A)) = A Uiu(culin(cu(A))) = AU
Co(in(cu(A))) = AU o (in(ci(A))). Thus A C co(in(ci(A))) and so A is weakly 7-H-open.

Theorem 2.14. Let (X, u,H) be a quasi topology with a hereditary class H and H be p-codense and A C X. Then the

following are equivalent.

(a) A is a-H-open.

(b) A is m-H-open and §-H-open.

(c) A is weakly m-H-open and 6-H-open.

Proof.  (a) = (b). If A is a-H-open implies that A C i,(c};,(i.(A))) C iu(c,(A)). Hence A is m-H-open. Since A is a-H-
open implies that A C i,(cj,(i.(A))) C c;(i.(A)), therefore, i,(c;,(A)) C iu(c; (¢ (in(A)))) C iu(ci(in(A))) C ¢ (iu(A)).
Hence A is §-H-open.

(b) = (c). Let A be both m-H-open and J-H-open. By Proposition 2.2, every w-H-open is weakly m-H-open. Hence A is
weakly 7m-H-open and §-H-open.

(¢) = (a). If Ais weakly m-H-open implies that A C ¢, (i,.(c},(A))) and H is pu-codense implies that ¢}, (A) = ¢, (A) for A € p.

Now A C ¢ (iu(ch(A)) = iuleu(in(ch(A))) C inleu(ch(in(A)) = in(eulen(in(A)) = iuleu(in(A)) = iu(ch(in(A))).

Hence A is a-H-open. O

Definition 2.15. A subset A of a hereditary generalized topological space (X, u, H) is said to be a strong t-H-set (resp.
Hp-set), if co(iu(c(A))) = iu(A) (resp. cu(in(c;,(A))) =i.(A). A subset A of X is said to be a strong By -set, if A=UNV,
where U € p and V is a strong t-H-set. A subset A of X is said to be a SHg-set, if A=UNV, where U € p and V is a

Hg-set.

Theorem 2.16. Let (X, u, H) be a hereditary generalized topological space, A C X and H be a p-codense. Then A is t-H-set

if and only if A is a strong t-H-set.

Proof. If A is a strong t-H-set, then 4,(c},(4)) C ¢o(iu(c(A))) = iu(A) Ciu(ci(A)), so, in(cy(A)) =iu(A). Hence A is a

t-H-set.
Conversely, If A is a t-H-set, then i,(c;,(A)) = i.(A). Now i, (A) C A C A C co(in(c(A))) = iu(cu(in(ci(A)))) =
tu(cn(in(A))) = iu(cp(iu(A))) C ¢ (iu(A)) = i.(A). Hence A is a strong t-H-set. O

Theorem 2.17. Let (X, u, H) be a strong hereditary generalized topological spaces. If H is p-codense and C X, then A is

a strong t-H-set if and only if A is both t*-H-set and a By -set.

Proof.  Necessity. If A is a strong t-H-set, then i,(A) = ¢o(iu(c;,(A))) and so iu(cu(in(c),(A)))) C A which implies that
iu(c),(A)) C A. Therefore i,(c;,(A)) C i.(A). Hence i, (A) =i,(c,(A)) and so A is a t-H-set. Hence A = X N A is a By-set.
Since i, (c}, (i (A))) C iu(ci(A)) C A, we have i, (A) C iu(c;,(iu(A))) C iu(A) and so i, (A) = iu(cy,(.((A)))). Hence A is

t*-H-set.

Sufficiency. Since H is -codense, ¢, (in(ci(A))) C o (in(cs(UNV))) C co(in(cih (V)N (V) = co(in(ch(U)) i (ch(V)))
o (i (€ (U)) N i(V)) = (0 iS5 (0)) N8 (V))) € a0 i (€ () N €4 (i (V))) = a1 i (€ (0)))) N (i (V)))
i (cu(U)) N1 (V) € i (eu(0)) N1 (V) = e (U)N) = i (eu(U N (V)))) = (il (i (U NV)))) = (i (U
V) = cuin(A)) = ci(in(A)). Hence e (i(ch(A))) C chliun(A)) which implies that iu(co(i,(ch(4)))) C iu(ci(in(A))) =

:)

iu(A). Thus i, (A) C co(in(c,(A))) Ciu(A). Hence cq(in(c,(A))) = iu(A) and so A is strong t-7{-set. O
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Theorem 2.18. Let (X, pu,H) be a strong hereditary generalized topological space and A C X. Then the following are

equivalent.

(a) A is p-open.

(b) A is weakly m-H-open and strong By -set.
(c) A is B-H-open and an SHg-set.

Proof. The implications (a) = (b) and (a) = (c) are obvious, Since X is a strong ¢-H-set and a Hg-set.

(b) = (a). Since A is weakly m-H-open, we have A C ¢, (in(c},(A))) = co(iu(c,(UNV))), where A=UNV,U € pand V is
strong t-H-set. Hence ACUNA C (UNeco(in(c,(V)))) C (UNecu(in(c,(V))) =UnNiu(V)=1i.(A). Hence A is py-open.
(¢) = (a). Let A be B-H-open and a SHg-set. Let A = UNV, where U € p and V is an Hg-set. Since A is B-H-
open, A C cu(in(c;(A))) and A =UNV C Uwe have A C UNA C UNcu(in(c(A)) = UnNculin(c,(UNV))) C
Unecu(in(c,(U)) New(in(c,(V))) =UNiu(V) =iu(A). Hence A is p-open. O

3. Generalized Weakly m-H-continuous Functions

Definition 3.1. A function f: (X, u, H) — (Y, \) is said to be weakly w-H-continuous (resp. B -continuous) if f~(V) is

weakly w-H-open (resp. By -open) in (X, u, H) for every A-open V' of (Y, ).
Proposition 3.2. For a function f: (X,u, H) — (Y, N), the following hold.
(a) Every (u, \)-continuous is weakly (mwu, \)-continuous.

(b) Every (w1, \)-continuous is weakly (w2, A)-continuous.

(¢) Every weakly (w3, A)-continuous is (B, A)-continuous.

Theorem 3.3. Let f: (X, pu,H1) = (Y, X\, Ha) and g : (Y, \, H2) = (Z,n) be two functions, where H1 and Ha are hereditary
classes on X, Y and Z respectively. Then g o f is weakly (7, \)-continuous if f is weakly (7w, A)-continuous and g is

(A, m)-continuous.

Proof. Let U be any n-open in (Z, n). Then g is (\, )-continuous, g~ *(U) is A-open in (Y, \, Hz). Since f is weakly (w2, \)-

continuous, f~! (g7 (U)) = (go f) " (U) is weakly w-H-open in (X, u, H1). Hence g o f is weakly (3, \)-continuous. O
Proposition 3.4. Let f: (X, u,H) — (Y, ) be a function and H be u-codense. Then the following are equivalent.

(a) f is (p, A)-continuous.

(b) f is weakly (wu, \)-continuious and (B, \)-continuous.

(¢) f is (Bw, A)-continuous and a (SHg, \)-continuous.

Proposition 3.5. Let f: (X, u, H) — (Y, ) be a function and H be u-codense. Then the following are equivalent.

(a) f is (o, A)-continuous.

(b) f is weakly (mwu, \)-continuous and (62, A)-continuous.

(c) [ is (w3, X)-continuous and (53, A)-continuous.
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Definition 3.6. Let (X, u, H) be a hereditary generalized topological space and A C X and let x € X. Then A is said to be

a weakly my-neighbourhood of x, if there exists weakly m-H-open set U containing x such that U C A.

Theorem 3.7. Let f: (X,u,H) — (Y, ) be a function between the hereditary generalized topological space (X, u, H) to the

generalized topological space (Y, X). Then the following are equivalent.
(a) fis a weakly (w3, A)-continuous.

(b) for each x € X and each A-open set V in'Y with f(z) € V, there exists weakly m-H-open set U containing x such that
) cv.

(c) for each x € X and each \-open set V in'Y with f(x) € V, f~1(U) is a weakly ww-neighbourhood of x.
(d) the inverse image of each A-closed in (Y, \) is weakly m-H-closed.

Proof. (a) = (b). Let z € X and let V be any A-open set in Y such that f(z) € V. Since f is a weakly (w3, A)-continuous,
f~H(V) is weakly m-H-open set. By putting U = f~'(V) which is containing z, we have f(U) € V.

(b) = (c). Let V be any A-open set in Y and let f(z) € V. Then by (b), there exists weakly m-H-open set U containing x
such that f(U) C V. Therefore, z € U C f~*(V). Hence f~*(V) is a weakly my-neighbourhood of .

(c) = (a). Let V be M-open in Y and let f(z) € V. Then by (c), f~*(V) is a weakly my-neighbourhood of . Thus for each
x € f7'(V), there exists weakly m-H-open set U, containing x such that x € U, C f~' (V). Hence f~"(V) C U, -1y Us
and so f~1(V) is weakly m-H-open set.

(b) = (d). Let F be a A-closed in Y. Take V =Y — F. Then V is a A-open in Y. Let = € f~(V), by (b), there exists weakly
m-H-open set W of X containing  such that f(W) C V. Thus, we obtain € W C ¢o(iu(ch(W))) C co(in(ch(f~H(W))))
and hence f~'(V) C co(in(ci,(f~'(W)))). This shows that f~'(V) is weakly m-H-open set in X. Hence f~'(F) = X —
(Y = F) =X — f~1(F) is weakly m-H-closed in X. O
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