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Abstract: This paper deals with p-valent strongly starlikeness of the class SP(«, A, B) satisfying the subordination

) / 1+ A
BWL(Z) < cos z Az
f(z) 1+ Bz

+ i sin «,

feEA z2eA,0<a<1l,—1< B<A<1. We are concerned with computing the radius results for the above mentioned
class and the results that we obtained are generalizations of earlier results obtained previously by different authors.
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1. Introduction

Let A denote the class of all functions f(z) analytic functions f(z) defined on the open unit disk A = {z;|z| < 1} normalized
by f(0) =0 and f'(0) = 1.

oo
Let S denote the subclass of A consisting of univalent functions in A. Let A, be the class of functions f(z) = 2+ Z anz",

n=k+p
p > 1 which are analytic and p-valent in the unit disk A. Also let SP(«, A, B) denote the class of functions in A satisfying

the subordination condition

+i sin (1)

€N 0<a<l, - 1<B<A<L.
Gangadharan et al. [1] obtained radius of strongly starlikeness of functions in SP(«, A, B), ST[A, B] and some more classes

of functions.

Motivated by earlier works, we compute the radii of strongly starlikeness of order 7 for some other class of functions.
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2. Radius of p-valent Strongly Starlikeness

To prove our main results, we need the following lemmas.

Lemma 2.1 ([1]). If Ra < (Re a)sin (%) — (Im a)cos (%), Im a > 0, the disc |w — a| < Ra is contained in the sector
larg w| < B, 0 <y < 1.

r2

z Rr
z—2z + RZ2—r2

> Rz_2

Lemma 2.2 ([1]). For|z| <r <1, |z| =R >r,

Lemma 2.3 ([1]). Suppose g € SP(a, A, B), then,

, forlz|=r<1.

zg'(2) {1 — B[(A — B)e®cosa + B]TT ‘ < (A= B)r cosa

g(z) 1— B2r2? -  1-B2r2
- n zp'(2) 2
Lemma 2.4 (MacGregor [2]). If Re p(z) >0 and p(z) =14 caz" + ... then |=-57| < 5 ”:%.
Lemma 2.5 (Ratti [3]). If ¢(z) is analytic in U and |¢p(z)| < 1, then for |z| =r < 1 wl/fz)i;’(‘zgz) < =

Theorem 2.6. Suppose F(z) = f(2)[Q(2)]?/™ where B is real and Q(z) is a polynomial of degree n > 0 with no zeros in

1/6
|z| <R, R>1 and if f € A, satisfies Re (f( )) >0,0<6<1, z€A for some g € SP(xa, A, B), then F(z) is p-valent

9(z)

strongly starlike in |z| < R1 where R1 is the smallest root of the equation

r°{—BJ[(A — B)cos*a + Blsin (5) — B(A — B) sin o cos « cos (%)

—BB*sin™}
+r°{—26B* — |B|RB* — (A — B) cosa}
+r'{B[(A = B)cos’a + Blsin 3 (1 + R?*) + B(1 + B?)sin ()
+B(A - B) sin a cos o cos (5') (14 R?) + sin (51)} =0

+r3{25(1 4+ B*R?) + |B|R(1 + B?) + (A — B)(1 + R?) cosa}
+r?{=B[(A — B)cos’a + B]|R?sin (Z) — Bsin ()

—B(A - B) sin a cos o cos (5L) R — (1+ R*)sin ()}

+r{—26R* — |B|R — (A — B)R® cosa} + R’sin (%)

o=

Proof. Let p(z) = (géz;) € P then by the conditions given in the theorem,

F(z) = p(2)°9(2)[Q(2))"" (2)
Suppose Q(z H (z — 2z1) where z;’s are the roots of Q(z) such that |zx| > R for 1 < k < n then,
QG _~ =
z = 3
Q) ~&ioa ®)

Using (3) in (4), we get
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Using Lemmas 2.4, 2.3 and 2.2 we get

ZF’(Z) B [1 — B[(A — B)e'*cos o+ B)r? N Br? ] ‘
F(2) 1— B2 R? — 2
< 20r n (A—B)r cos o |B|Rr
—1—r2 1— B?%r2 R? —r2

By Lemma 2.1, the above disk will be contained in the sector |arg w| < &t if

or (A — B)rcosa |B|Rr

2
1—7"2+ 1— B?r2 R? —r2
1 — B[(A — B)cos*a + B]r* Br? Ty
- 1— B?r2 TR 2]\ g
B[(A — B) sin a cos or® Ty
e (%)

is satisfied. This reduces to x1(r) > 0 where

r°{—=B[(A — B)cos’a + B]sin (%) — B(A — B) sin « cos a cos (5)
—BB*sin™!}

+r5{-20B% — |8|RB? — (A — B) cosa}
+r*{B[(A — B)cos’a + B]sin (1 + R?) + B(1 + B?)sin (3)
xi(r) = +B(A — B) sin a cos a cos (%) (1 + R?) + sin ()}
+r2{26(1 + B*R?) + |B|R(1 + B?) + (A — B)(1 + R?) cosa}
+r?{=B[(A — B)cos’a + B]R*sin () — Bsin (%)

—B(A - B) sin « cos a cos () R* — (1+ R*)sin ()}

+7{~20R? — |B|R — (A — B)R? cosa} + R%sin (3!)

It can be seen that x1(0) > 0 and x1(1) = 25(1 — B?)(1 — R?) < 0 (since R > 1). Therefore there exists a real root of
X1(r) = 0 in the interval (0, 1). If Ry is the smallest positive root of x1(r) = 0 in (0, 1) then F(z) is p-valent strongly
starlike in |z| < Ri. O

1)) 3
(g<z)) -1
z € A, for some g € Ay, and h € SP(a, A, B), the F(z) is p-valent strongly starlike for |z| < Rz, when Rz is the smallest
positive root of the equation

<1,0<0<1 andRe(§) >0,

Theorem 2.7. Suppose F(z) is as in Theorem 2.6 and f € A, satisfies

7’6{ — B[(A — B)cos?a + Blsin (%) — BB?sin (7)
+B(A — B) sin o cos a cos (%)
+r5§ —2B% — (A— B) cos o+ |8|RB? — 532}

—

+r13 sin + B(1 + R?)[(A — B)cos?a + Blsin (73L) + B(1 4+ B?)sin (%)
—B(A — B)(1+ R?) sin o cos a cos (%)} =0

+r3§2(1 + B2R?) + (A — B)(1 + R?) cos o — |B|R(1 + B2) + B(1 + 3232)}

+r23 —sin () (1+ R?) — BR?[(A — B)cos®a + Blsin (%) — Bsin ()
+B(A — B)R? sin a cos a cos (T5) }

+r{ —2R? — R?>(A— B) cos a+ |B|R - ﬂR2} + R%sin (7)

1
Proof. Choosing that branch of (58) ® so that it is analytic in A and its value at z = 0 is 1, it is seen that F(z) =
g(2)(1 + w(2))° where w(z) is a Schartz function, therefore F(z) = p(2)h(z)(1 4+ 2¢(2))°Q(2)?/™, where Q(z) is analytic in

A and satisfies |¢(z)| < 1 for z € A. By a simple computation,

W) [0 o(2)] B~ =
”{ T+ 26(2) %EZ
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Proceeding as in Theorem 2.6, by applying Lemmas 2.2, 2.3, 2.4 and 2.5

F'(z) 1-=B[(A= B)e"*cos a+ Blr>  pr?

? F(z) 1— B2r2? R? —r?
2r " (A—DB)rcosa  |B|Rr Br
—1—r2 1— B2r2 R?2—7r2 1—172

Application of Lemma 2.1 gives that the above disk will be contained in the sector |arg w| < T if

< 2r (A—B)rcosa  |B|Rr Br )

1—r2 1— B?r2 R?2—r2  1—1r2
[1 — B[(A — B)cos*a + B]r ] Br? .y
- { 1— B2%r2 TR (7)
2B(A — B)sin « cosa Ty
e (3)

is satisfied. This reduces to x2(r) > 0, where

r{ = Bl(A - B)cos?a + Blsin (5) - 8Bsin ()
+B(A — B) sin a cos o cos (5) }

4750 _2B%2 _ (A~ B) cos a + |B|RB* — 532}
+74§5m Y + B(1 + R*)[(A — B)cos*a + Blsin (%) + 8(1 + B?)sin (%)
xz2(r) = —B(A — B)(1+ R?) sin a cos a cos () }

+2{2(1 4+ B2R?) 4 (A — B)(1 + R?) cos o — |B|R(1 + B?) + B(1 + 3232)}
+r2§ —sin (%) (1 + R?) — BR?*[(A — B)cos®a + Blsin (51) — Bsin (%)

+B(A — B)R? sin a cos a cos () }

+r{ = 2R? = R*(A - B) cos a +||R — BR* } + R2sin ()

As x2(0) = R’sin (5!) is positive and x2(1) = (1 — B?)(2 + 8)(1 — R?) is negative (since R > 1) there exists a real root
of x2(r) = 0 in the interval (0, 1). If Rs is the smallest positive root of x2(r) = 0 in (0, 1) then F(z) is p-valent strongly

starlike in |z| < Ra. O

Theorem 2.8. Suppose F(z) is as in Theorem 2.6 and if f € A, satisfies

1
(;Eji)‘s _1‘ < 1,0 < 6 <1 for some

g € SP(a, A, B), then F(z) is p-valent strongly starlike in |z| < Rs where Rs3 is the smallest positive oot of the equation

r°{—B[(A — B)cos*a + Blsin (5) — BB*sin (%)
+B(A — B)cos (%) sin a cos o}
+r°{—(A — B) cosa — |3|B*R — BB}
+r*{sin! + B[(A — B)cos’a + B](1+ R?)sin () + B(1 + B*)sin (L)
—B(A — B)(1 4 R*)cos (%) sin a cos a} =0
+r*{(A— B)(1 + R?) cosa + |B|(1 + B*)R + B(1 + B*R?)}
+r2{—(1 + R?)sin () — B[(A — B)cos’a + B]R?sin (%) — Bsin (%)
+B(A — B)R?sin o cos a cos ()}

+r{—(A — B)R® cosa — |B|R — BR*} + R’sin (%)

=

Proof.  Choose the same branch of (J; E?) as in the earlier theorem. Since f € A, satisfies
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for some g(z) € SP(a, A, B), F(z) = g(2)[1 + 26(2)]°[Q(2)]?/™ where ¢(z) is analytic in A and satisfies |¢(z)| < 1 for z € A.

A simple computation gives

P _ (), )+ 8
ZF(z)*g(zﬁ‘s{ Yo ] Z

z — Zk

Applying Lemma 2.5, 2.3 and 2.2,

F/(z) 1-— B[(A — B)eiaCOs o+ B]TQ ,37’2

N F(z) 1— B?r? - R2—12
< (A—B)r cos « Br + |B|Rr
- 1—B2r2 1—r2  R2—72

By applying Lemma 2.1, the above disk will be contained in the sector |arg w| < Tt if

(A—B)r cos a |B|Rr Br

1— B2r2 R2—r2+1—r2
[1 — B[(A — B)cos’a + B]r?] Br? Ty
< _ il
—{ 1— B22 R2 — 12 Sm(z)
B(A — B)r*sin a cosa Ty
e (3)

which reduces to

r°{=BI[(A = B)cos’a + Blsin (73') — fB*sin ()
+B(A — B)cos (%) sin a cos o}
+75{—(A — B) cosa — |3|B*R — B*B}
+r*{sin=! + B[(A — B)cos’a + B](1+ R?)sin () + B(1 + B?)sin ()
—B(A - B)(1+4 R?)cos (5}) sin o cos o} >0
+r*{(A - B)(1+ R?) cosa + |B|(1 + B*)R + B(1 + B*R*)}
+r?{—(1 + R?)sin () — B[(A — B)cos’a + B]R’sin (%) — Bsin (%)

+B(A — B)R?sin a cos a cos (51)}

+r{—(A — B)R? cosa— |B|R — BR*} + R*sin ()

On taking the left hand side of this inequality as xs(r), it is seen that x3(0) = R*sin (%) > 0 and x3(1) = 8(1-B*)(1-R?) <
0 (since R > 1) and hence there exists a positive real root of x3(r) = 0 in (0, 1). Let R3 be the least such root. Then F(z)

is p-valent strongly starlike in |z| < Rs. O
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