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1. Introduction

The notion of fuzzy sets was introduced by Zadeh [16]. After that many authors have studied and generalized this notion in
many ways, due to the potential of the introduced notion. Also it has wide range of applications in almost all the branches
of studied in particular science, where mathematics is used. It attracted many workers to introduce different types of fuzzy
sequence spaces. Bounded and convergent sequences of fuzzy numbers were studied by Matloka [8]. Later on sequences of
fuzzy numbers have been studied by Kaleva and Seikkala [2], Tripathy and Sarma ([13, 14]) and many others.
I-convergence of real valued sequence was studied at the initial stage by Kostyrko, alt and Wilczyski [4] which generalizes
and unifies different notions of convergence of sequences. The notion was further studied by Salat, Tripathy and Ziman [9].
Let X be a non-empty set, then a non-void class I C2% (power set of X ) is called an ideal if I is additive (i.e. A, B € I =
AUBETI) and hereditary (i.e. A€l and BC A= Bel). An ideal T C2% is said to be non-trivial if T # 2*. A non-trivial ideal
I is said to be admissible if I contains every finite subset of N. A non-trivial ideal I is said to be maximal if there does not
exist any non-trivial ideal J # I containing I as a subset.

Let X be a non-empty set, then a non-void class F C2% is said to be a filter in X if $ ¢ F ; A, B € F = A NBEF and AcF,

A C B = B€F . For any ideal I, there is a filter ¥(I) corresponding to I, given by ¥ (I) = {K C N: N \K €I }.
Example 1.1.

(a). Let I = Iy, the class of all finite subsets of N. Thenly is a non-trivial admissible ideal.
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M=

(b). Let A C N. If§ (A) = lim *
n—r o0

xa(k) exists, then the class Is of all A C N with 6(A) = 0 forms a non-trivial

k=1

admissible ideal.

(c). Let AC N and spn =Y ¢ , forallneN. Ifd (A) = lim = 3 XAk(k) exists, then the class I of all A C N with d(A)
k=1 n—roo T =1
= 0 forms a non-trivial admissible ideal.

(d). The uniform density of a set AC N is defined as follows. For integers t > 0 and s >1, let A(t + 1, t +s ) = card {
ne A:t+1<n<t+s}. Put,BS:tlim infA(t +1,t + s ), BS:tlim supA(t +1, t + s). If lim % and lim %S
00 —00 s—00 s—00

both exist and lim 2= = lim %b(: u(A), say), then u(A) is called the uniform density of A. The class I, of all A C
§—>00 §— 00

S

N with u(A) = 0 forms a non-trivial ideal.
A modulus function f is a function from [0,8) to [0,8) such that :
(i). f(z)=0 iff =0
(ir). f(z+y) < f(z)+f(y) for all z,y = 0.
(i) f is increasing.
(w). f is continous from the right at 0 .

It follows that f must be continuous everywhere on [0,8) and a modulus function may be bounded or not bounded. Let X be

a linear metric space. A function p: X — R is called paranorm if
(1). p(z) >0 for allz € X

(2). p(—z) =p(x) for allz € X

(3). plz +y) < p(z) +p(y) for all z,y € X

(4)- If (A\n) be a sequence of scalars such that A, — Oas n — 0o and (zn) be a sequence of vectors with p(zn, —x) — 0 as

n — 0o, then p(Anxn — Ax) — 0 as n — oo.
A paranorm pfor which p(x) =0 = x = 0 is called total paranorm and the pair (X, p)is called a total paranormed space.

Kizmaz [5] defined the difference sequence spaces I« (A), ¢(A),co(A) for crisp sets as follows :
Z(A)={X=(Xk): AXy Z}
Where Z = I« (4A), c(D), co(A) and AXr = X — Xkt1

2. Definitions and Background

Let D denote the set of all closed and bounded intervals X = [a1,b1] on the real line R. For X = [a1,b1]€ D and Y = [a2,b2]€
D, define d( X, Y ) by

d()(7 Y) = max(|a1 — l)1|7 |LL2 — b2|)
It is known that (D, d) is a complete metric space. A fuzzy real number X is a fuzzy set on R. That is a mapping

X : R — L(= [0,1]) associating each real number t with its grade of membership X(t). The a-level set [X]® set of a

fuzzy real number X for 0 < a < 1, defined as X* = {t € R : X(¢) > a}. A fuzzy real number X is called convex, if
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X(t) > X(s) A X(r) = min(X(s), X (7)), where s < t < r. If there exists toc € R such that X (t9) = 1, then the fuzzy real
number X is called normal. A fuzzy real number X is said to be upper semi- continuous if for each ¢ > 0, X ([0, a + ¢
)), for all a € L is open in the usual topology of R. The set of all upper semi-continuous, normal, convex fuzzy number is

denoted by L (R). The absolute value |X|of X € L(R) is defined as (see for instance Kaleva and Seikkala [2]).

| X|(t) = maz{X (), X(-t)}, if t=0
=0, if t<O.

Let d: L(R) x L(R) — R be defined by d(X,Y) = sup d(X* Y?). Then d defines a metric on L(R). A sequence X = (X})
of fuzzy numbers is a function X from the set N of (;Sllasésitive integers into L(R). The fuzzy number X} denotes the value of
the function at k € N and is called the k-th term or general term of the sequence. The set of all sequences of fuzzy numbers
is denoted by w’.

A sequence (Xj) of fuzzy real numbers is said to be convergent to the fuzzy real number Xy, if for every £ > 0, there exists
ko € N such that d(Xx, Xo) < € for all k > ko. A sequence space E* is said to be symmetric if (X, ))EEY, whenever
(Xk)GEF, 7 is a permutation on N. A sequence X = (Xj) of fuzzy numbers is said to be I- convergent if there exists a
fuzzy numberXo such that for all € >0, the set {keEN : d(Xp,Xo) > € }el. We write I-limX,= Xo. A sequence (Xj) of
fuzzy numbers is said to be I- bounded if there exists a real number u such that the set {ke€N : d(Xy, 0) > p}€l. If I = Iy,
then Iy convergence coincides with the usual convergence of fuzzy sequences. If I =14(15), then 14(I5) convergence coincides
with statistical convergence (logarithmic convergence) of fuzzy sequences. If I =I,, I, convergence is said to be uniform

I(F)

convergence of fuzzy sequences. Throughout ¢ cé(F) and eééF) denote the spaces of fuzzy real-valued I- convergent,

I-null and I- bounded sequences respectively.
It is clear from the definitions that céw) cd® ¢ éégF) and the inclusions are proper. It can be easily shown that Eién is
complete with respect to the metric p defined by f(X,Y) = sup d(X4, Ys), where X = (X),Y = (Y3,) € SR
Lemma 2.1.
(a) The condition sup fi(t) < co,t > 0 hold iff there exists to > 0 such that sup fi(to) < oco.
k k

(b) The condition iI;f fie(t) > 00, t > 0 hold iff there exists to > 0 such that iI}gf fr(to) > oco.

Lemma 2.2. Let (o) and (8,,) be sequences of real or complex numbers and (p,) be a bounded sequence of positive real

numbers, then
|k + Be|™* < D (Jok|"* + | Bl™)
and |A\[P* < max (1, |)\|H> where D = max (1, |)\|H71> , H =suppg, X is any real or complex number.
Lemma 2.3. If d is translation invariant then
(a) d (X + Yi,0) <d (X, 0)+d(Ys,0).

(b) d(aXp,0) < |a|d(Xe.0) , |a > 1.

3. Main Results

Let F = (fx)be a sequence of modulus functions, p = (px) be a bounded sequence of strictly positive real numbers and

v = (vg)a sequence of positive real numbers. For positive integers r , s we define the following new sequence classes:

F —
() (Fop Alum) = {X = (X0) € 0+ T = lim fu([A(A 1) X, Ay Xo))™) = 0, forXo € L(R)} € 1
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where (Afm T)Xk) = (Af;lT)Xk — A?; 1T)Xk_r) and A(()m T)Xk =vi X}, for all k€N, which is equivalent to the following binomial

representation:
s | s
Alp, Xk = Z(—l)l Vk—riXk—ri-
i=0 7

()" (Fop Af) = {X = (X) € w1 —tim f([@(AL, ) Xe, 0)) = 0} € 1.

(lio)F (F7p7AfU,T>) = {X = (Xk) € wF I — Sipfk([g(Aﬁv,r)Xk76)}pk) < OO} €lr
3.1. Some Special Cases

(a) If F = fr(z) = z for all k, then we have

F —
c’) (0, Ay ) = {X = (Xg) € w" : = Hm[d(Af ) Xk, Ay 1y Xo)]PF =0, forXo € L(R)} el
I)F AS _ _ F . E AS A1PE
Co (pa (v,r)) =X = (Xk) cw :I-— hm[ ( (U»T‘)Xk70)] =0p€el

F — _
(%) @ A% = {X = (Xx) € w" : T —sup[d(Af, ) X, 0)]* < oo} el
k
(b) If (px) =1 for all k € N , we have

F —
(cf) (FAY) = {X = (Xp) € W T —Tim fu([d(AL,.) X, Afyry X0)]) = 0, forXo € L(R)} el
()" (F.8%0) = {X = (X0) € 0" T~ lim fy ([ d(A, X5, D)) = 0} € 1

F - _
(%) (P.AL) = {X = (Xi) € 0" T —sup fi([d(AL, 1) Xi, 0)]) < oo} el
k
(¢c) If F = fi(z) =z and (px) =1 for all k € N, then

F —

(c’) (Afyr) = {X = (Xx) € w" : I = lm[d(Af, ) Xk, Ay 1y Xo)] = 0, forXo € L(R)} el
F — —

(cé) (Afpm) = {X = (Xp) € wh : I —lm[d(A, ) Xk, 0)] = 0} el

F _ _
(l;) (Afp,m) = {X =(Xp) ew" 1~ sup[d(Afy, e X, 0)] < oo} el
k
(d) If (vg) =1 for all k € N, then

(CI)F (F',p) = {X = (X)) € w’ i T —lim fi([d(AS Xk, ASX0)]P*) =0, forXo € L(R) L € T
(Cé)F (F,p) = {X = (Xg) € w" : T —lim fi([d(A X, 0)]P%) = 0} el

(lio)p (F,p) = {X =Xp)ew" : 1— sgpfk([d(AiXk,ﬁ)]p’“) < oo} el

Theorem 3.1. Let F = (fix) be a sequence of modulus functions, then (CI)F(F,p, Alym);s (cé)F(F,p, Al, ) and

(lgo)F (F,p, Aly,y) are closed under addition and scalar multiplication.

Proof. We will prove the result for (C(I))F(F,p7 Al, ) Let X = (Xp)and YV = (Yi) € (c(I))F(F,p7 Afy). For
scalarsa, B € C, there exist integers ao and bg such that |a| < aqand |8] < bg. Since F = (fx)be a sequence of mod-

ulus functions, we have
Fe([@AL (@ Xk + BY2), 0*) < Dl(aa) fiu([AAT 1 X, 0)I) + D)™ Fu([AAL 1y, Yer D)) = 0 a5 ks — oo,

Therefore, o Xy, + BY € (cé)F (F,p,Af, ). This completes the proof. O
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Theorem 3.2. Let F = (fx)be a sequence of modulus functions, then (léo)F (P, Alymy) C (lgo)F (F,p, A1)

Proof. Let X = (Xy) € (lio)F (p, A{y,y) > then we have I — sup fr([d (A7, Xk, 0)]PF) < oo. Let € > Oand choose a

d > Owith 0 < & < 1 such that fix(t) < e for 0 < 4§ < 1. Thus

I- Supfk([ (A(v r)kao)] ) =I- _ sup fk([E(Aﬁv,r)Xk>6)}pk) +1- _ sup fk([g(va,r)xk>6)]pk)
k,d(X},0)<8 k,d(Xj,0)>8
M — _
<e+ 5 Sup [(d(AfUﬂX;@, O))pk} (by properties of modulus function)
k
< o0
Hence X = (Xi) € (lio)p (F,p, A, ,)- This completes the proof. O

Theorem 3.3. Let F = (fir) be a sequence of modulus functions and o = tlim f"f(t) > 0, then (lio)F (F,p, Aly.my) C
—00 ’
F S
(léo) (p7 (v,r))‘

Proof. Let X = (Xj) € (lio)F (F,p, A, ,)- By definition of o, we have fi(t) > a.t for all t > 0. Since o > 0 , we have
t < f’“Tm Thus,
] S n 1 3 s n c
I— Sup([d(A(v,r)kao)}pk) < I-— a sup fk([d(A(v,r)Xk70)]pk)
k k

< o0

This follows that X = (X) € (léo)F (p, Afv”)) and hence (lio)F (F,p, A?vw)) C (lgo)F (p, fvm)). O

Theorem 3.4. Let F = (fi) be a sequence of modulus functions, then (léo)F( {v,m) C (¢ ) (F,p, Aly.ry) zf hm fe(t) =

fort > 0.

Theorem 3.5. Let F = (fi) be a sequence of modulus functions and if tlim fe(t) = o0 fort > 0 then (léo)F (F,p, Al ) C
— 00 ?
F S
(C(I)) ( (v,r))'
3 F S 3 s n .

Proof. Let tliglofk(t) = oo fort > 0. If X = (Xx) € (1) (F,p, Al, ) Then, fi([d(A7, Xk, 0)]7F) < M < o0
for all k . If possible let X = (Xj) ¢ (cé)F( {v,r)- Then for some ¢ > Othere exists a positive integer ko such that
E(AfU’T)Xk,G) < g for k > ko. Therefore, fi(e) > fr([d( (o Xk, 0)]P%) < M for k > ko. This contradicts to our

assumption that 7:lim fe(t) = oo for t > 0 and hence X = (Xi) € (cé)F( (v,m))- O
—00 ’

Theorem 3.6. Let F = (fx) be a sequence of modulus functions then (cé)F(Fm7 Aly ) and (léo)F(F,p7 Al m) are

paranormed spaces with the paranorm

h’( 7sup {fk A(v T‘)Xk?7 }JM
Where M = max {1,suppk}.
k

. F
. = - 0 s s g - - s —
Proof.  Obviously h(X) = h(—X) for all X € (¢f)" (F,p {o,m)- Tt is trivial that Af, ) Xj =0 for X = 0. Since & <1

since d is translation invariant and by using Minkowski’s inequality, we have

g

[Py (X + YOI} < LA, X O} 4 {fufA(A 0 Y D1}

Hence, h(X +Y) < h(X) + h(Y). Finally to check the continuity of scalar multiplication, let Abe any scalar, by definition

we have

1

H
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where n > N(g). H = suppr < oo. Where K is positive integer such that |A\| < K. Let A — 0 for any fixed X with
k

g(X) = 0. By definition for |[A| < 1, we have
sup {frld(AAG, ) Xk, 0)]PF } <& forn > N(e).
Also for 1 <n < N by taking A small enough, since fi is continuous, we get
sup{f;C (AAG, Xk, 0) } <e.

Implies that h(AX) — 0 as A — 0. This completes the proof. O

Theorem 3.7. If I is an admissible ideal then (CI)F (F,p), (cé)F (F,p) and (léo)F (F,p) are complete metric spaces under
the metric

h(X,Y) fsup{fk (AS Xy, AZYR)] ”k}M

where M = max {l,suppk}.
k

Proof. 1t is easy to see that his a metric on (CI)F (F,p). To show completeness. Let (XZ) be a Cauchy sequence in
(c ) (F,p) where (XZ) = (X}c) Therefore for each € > 0 there exists i9p € N such that h(Xi Xj) < eforalli,j>ip. ie
bup {fk d(A} Xk,ASXJ ]pk}M < e for all 4,5 > i9. This means sup fk[d(Ast,AsXJ)]pk) < e for all 4,5 > ip. Since f is
modulus function, so choosing suitable €1 > 0 and we obtain d(AiXk, Ain) < e forall ¢,j > ip and for each k. i.e (A,S:Xk)
is a Cauchy sequence in L (R) for each k. Keeping i fixed and letting j — oo, one can find that sup( fx[d(AS X}, ASX,)]P*) < e
for all 4 > ip. That means, h (Xi, X) < g for all i > ip. Next to show X € (CI)F (F,p), for W}];ich the proof as follows:

Since(X}) € (CI)F (F,p) fori € N ,sofori,j, there exist L‘, L7 € L(R) and k;, k; € N Such that s%p(f;C [d(ASX], LYPx) <

¢ for all k > k; and sup(fk[ (XA, L))]Pr) < ¢ for all k > k;. Now let ko = max (k;, kj)and i, > 49, we have

bup(fk[ (L', L)) < Cbup(fk[ (L', A7 Xk)]p’“)JrCsup Feld(A7 Xk, ALX])]P) +Cbup(fk[ (ATXL, L]™)

< 3Ce for all i,j > ip and k > ko.

Hence (L*) is a Cauchy sequence in L (R). So there exists L € L(R) such that L' — L as i — co. Now keeping i fixed and

letting j — oo, once can find sup(fk[ (L%, L)]P¥) < 3Ck for all i > 4o and k > ko. Therefore,

Sgp(fk[E(AiXkyL)]p’“) < ngp(fk[E(Af«Xk,AiX;io)]”’“)+Sl;p(fk[3(AiXi, )]”’“)Jrsup(fk[ (L, L))

< 20e +3C% 2 ¢gy for all k > k.

This implies that X = (Xi) € (CI)F (F,p). This completes the proof. O
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