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1. Introduction

Soft set is collection of approximate descriptions of an object. In 1999, Molodtsov [12] initiated the concept of soft set as
a new mathematical tool for dealing with uncertainties. Soft topology was introduced by Muhammad Shabir and Munazza
Naz [13] in 2010. Later, Aygunoglu [2], Zorlutuna [17], S.Hussian [3], Aygun [2] continued to study the some of basic concepts
and properties of soft topological spaces. The concept of generalized closed set in topology was introduced by Levine [8].
Ideals play an important role in toplogy. Jankovic and Hamlet [5] introduced the notion of I-open sets in topologival spaces.
Kuratowski [7] and Vaidyanayhaswamy [16] introduced and studied the concepts of ideals topological spaces. The concept
of g-closed sets in soft topology by Kannan [4]. Andrijevic [1] and Mashhour [11] gave many results on pre open sets in
general toplogy. Subhashini and Sekar [15] introduced pre generalized closed sets in soft topological spaces. H.I.Mustafa
and F.M.Sleim [14] introduced the concept of soft generalized closed sets with respect to a soft ideal, which is the extension
of the concept of soft generalized closed sets.

In this paper, we introduce and study the concept of soft I,4-closed sets in soft topological spaces. We also study the
relationship between generalized soft I,4-closed sets, soft Ip4-open sets, soft I -closed sets, soft g-closed sets, soft pg-closed

sets and some of their properties.

2. Preliminaries

Let X refers to an initial universe set, F is a set of parameters and A C FE. Parameters are attributes, characteristics or

properties of the objects in X and P(X) denotes the power set of X.
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Definition 2.1 ([12]). A pair Fg is called a soft set over X where F is a mapping given by F : A — P(X). In other words,

a soft set over X is a parameterized family of subsets of the universe X.

Definition 2.2 ([9]). The union of two soft sets Fa and Gp over U is a soft set Hc, where C = AUB andV e € C,

F(e), if e€A-B
H(e) = Gle), if eeB-A

Fe)UG(e), if e€ ANB

This relationship is denoted by Fa U Gg = Hc¢

Definition 2.3 ([10]). The intersection of two soft sets Fa and G over X is a soft set Hc, where C = ANB andV e € C,
H(e) = F(e) NG(e). This relationship is denoted by Fa N Gp = He.

Definition 2.4 ([13]). Let T be the collection of soft sets over X. Then T is said to be a soft topology on X if
(a). Fy,Fa € T

(b). If FE,Gg € 7, then FENGg € 7

(c). If {Fg,}ic1 € 7Y i€, then U, Fp, € 7

The pair (X, T) is called a soft topological space.

Definition 2.5 ([13]). Let (X, 7) be a soft topological space over X and Y be a non-empty subset of X. Then 7y =
{Y A Fg | Fs € 7} is said to be the soft relative topology on'Y and (Y, 7y) is called a soft subspace of (X, 7). We can

easily verify that Ty is a soft topology on Y.

Definition 2.6 ([12]). If (X,7) be a soft topological space. Then,every element of 7 is called a soft open set. The collection
of all soft open set is denoted by Gs(Fg). Let F. C Fg. Then F, is said to be sofr closed if the soft set FS is soft open in

Fg. The collection of all soft closed set is denoted by Fs(Fg).

Definition 2.7 ([13]). Let Fr be a soft set over X and Y be a nonempty subset of X. Then the soft subset of Fg over Y
denoted by ¥ Fg, is defined as ¥ F(e) =Y 0O F(e), for all e € E. In other words ¥ Fg = Y N Fg.

Definition 2.8 ([17]). Let (X, 7) be a soft topological space, a soft set Fa is said to be soft pre-open(soft P-open) if there
exists a soft open set Fy such that Fa C F, C F, . The set of all soft P-open set of Fr; is denoted by Gp(F, 7) or Gop(Fr).
Then F§ is said to be soft pre-closed. The set of all soft P-closed set of Fg is denoted by Fsp(Fg, T) or Fsp(FE).

Definition 2.9 ([15]). Let (X, 7) be a soft topological space and Fa CFr. Then the soft pre-interior(soft P-interior) of Fa
denoted by p(Fa)°® is defined as the soft union of all soft P-open subsets of Fa. Note that p(Fa)is the biggest soft P-open

set that contained in Fa.

Definition 2.10 ([15]). Let (X, 7) be a soft topological space and Fa C Fg. Then the soft pre closure(soft P-closure)of
F4 denoted by p(Fa)~ is defined as the soft intersection of all soft P-closed supersets of Fa. Note that, p(Fa)~ is the soft

smallest soft P-closed set containing Fa.

Definition 2.11 ([6]). Let (X, 7) be a soft topological space over X. A soft set Fg is called a soft g-closed in X if Fy; C F,

whenever Fg é F, and F, is soft open in X.
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Definition 2.12 ([15]). Let Fa is said to be soft pre generalized closed set (soft Pg-closed set) if p(Fa)~ C F, whenever
Fa C F, and F, € Gsp(Fg). The collection of all soft Pg-closed sets is denoted by Fspy(Fr).

Definition 2.13 ([14]). A non empty collections I of soft subsets over X is called a soft ideal on X if the following holds :
(i) If Fg € I and Gg C Fg, implies G € I (heredity)

(i) If Fg and Gg € I, then Fg U Gg € I. (additivity)

Definition 2.14 ([14]). A soft set Fg is called soft generalized closed set with respect to a soft ideal I (soft I4-closed) in a

soft topological space (X, 7) if F5 \ Gg € I whenever Fg C G and Gg € 7.
Definition 2.15 ([14]). Two soft sets Ag and Bg are said to be soft separated in a soft topological space (X, 7) if

A% 0 Bg = ¢ and Ap N By = ¢.

3. Soft Pre Generalized Closed Sets With Respect To Soft Ideal

In this section we introduce the concept of soft I,4-closed sets and study some of its properties.

Definition 3.1. A soft set Fr is called soft pre generalized closed set with respect to a soft ideal I (soft Ipg-closed) in a soft

topological space (X, 7) if p(Fg)~ \ Gg € I whenever Fr C Gg and Gg is soft pre open.

Example 3.2. Let X = {ui,us,us}, E = {z1,72,723},A = {z1,22} C FE and Fa = {(x1, {u1,u2}), (z2, {us,us})}.
Then Far = {(z1,{ui})}, Faz = {(z1,{ue})}, Fas = {(z1,{vi,u2})}, Fas = {(w2,{u2})}, Fas = {(w2,{us})},
Fag = {(w2,{uz, us})}, Far = {(z1,{w1}), (w2, {ua})}, Fas = {(z1,{wr}), (w2, {us})}, Fao = {(z1,{wr}), (w2, {uz,us})},
Faio = {(z1,{u2}), (@2, {u2})}, Fan = {(z1,{u2}), (x2,{us})}, Farz = {(z1,{uz}), (@2, {u2,us})}, Fars =
{(z1, {u1,u2}), (x2, {u2})}, Fara = {(z1,{u1,u2}), (z2,{us})}, Fais = Fa, Faie = Fy are all soft subsets of Fa and
7 = {Fy,Fa,Fa1,Fas} is the soft topology over X. Let I = {Fy,Fa,Faa} be a soft ideal on X. Since, soft pre open
sets={Fy, Fa, Fa1, Fas, Fa7, Fag, Fag, Fais, Faia}. Clearly, Fag is soft Ipg-closed. In fact, Fag C Fai1a and Faia is soft

pre open set. But p(Fag)” = Fa and p(Fag)” \ Faia = Fa\ Fauu=Fas € I.
Proposition 3.3. Every soft pg-closed set is soft I,q- closed.

Proof. Let Fr be a soft pg-closed set in soft topological space (X, 7). We show that Fg is soft I,4-closed set. Let
Fp € Gg and Gg is soft pre open. Since Fg is soft pg-closed, then p(Fr)~ C Gg and hence p(Fr)~\ Gg = ¢ € 1.

Consequently Fg is soft Ipg -closed. ]
The converse of the above proposition is not true in general as seen from the following example.

Example 3.4. From Example 3.3, we have Fag is soft Ipg-closed, but it is not pg-closed.

Proposition 3.5. FEvery soft g-closed set is soft Ipq- closed.

Proof. Let Fgr be a soft g-closed set in soft topological space (X, 7). Let Fg C Ggp and Gg is soft open. Since Fg
is soft g-closed, then Fj C Gpg. Since every soft open is soft pre open, then we have Gg is soft pre open and hence

p(FE)” \Gg = ¢ € I. Consequently Fg is soft I, -closed. O
The converse of the above proposition is not true in general as seen from the following example.

Example 3.6. From Ezample 3.3, Fas is soft I,4-closed, but not soft g-closed.
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Proposition 3.7. Every soft Ig-closed set is soft Ipg- closed.

Proof. Let Fr be a soft I,-closed set in soft topological space (X, 7). Let Fr C Gg and Gg is soft open. Since Fg
is soft I,-closed, then Fj; \ Gg € I. Since every soft open is soft pre open, then we have Gg is soft pre open and hence

p(Fe)” \Geg = ¢ € I. Consequently Fg is soft I, -closed. O
The converse of the above proposition is not true in general as seen from the following example.
Example 3.8. From Example 3.3, we have Faz is soft Ipg-closed. But it is not soft I4-closed.

Theorem 3.9. A soft set Ap is soft Ipg-closed in a soft topological space (X, 7) iff Fr C p(Ar)™\ Ag and Fg is soft pre

closed implies Fg € 1.

Proof.  Assume that Ag is soft Ipg-closed. Let Fg c p(Ag)”~ \ Ag. Suppose that Fg is soft pre closed. Then Ag C Fg.
By our assumption, p(Ag)~\ F& € I. But Fg C p(Ag)~ \ F§, then Fg € 1.

Conversely, assume that Fr C p(Ag)~ \ Ag and Fg is soft pre closed implies Fz € I. Suppose that Az C Gg and Gg is
soft pre open. Then p(Ar)~ \ Gg = p(Ar)~ N (G%)™ is a soft pre closed set in (X, 7) and p(Ar)~ \ G5 2 p(Ar)~\ G&.

By assumption p(Ag)~ \ Gg € I. This implies that Ag is soft I,4-closed. O

Theorem 3.10. If Fg and Gg are soft Ipy-closed sets in a soft topological space (X, T), then their union Fg U Gg is also
soft Ipg-closed in (X, 7).

Proof. Suppose that Fg and Gg are soft I,4-closed in (X, 7). If Fg U Gk Q Hg and Hg is soft pre open , then
Fr C Hg and Gg C Hg. By assumption p(Fg)~ \ Hg € I and p(Gg)~ \ Hg € I and hence p(Fg U Gg)~ \ Hg =
(p(Fg)~ \ Hg)U (p(Gg)~ \ Hg) € I. That is Fr U Gg is soft I,4-closed. O

Theorem 3.11. If Fg is soft Ipg-closed in a soft topological space (X, 7) and Fg C Gg C p(Fr)~, then Gg 1is soft
Ipg-closed in (X, 7).

Proof. 1f Fg is soft I,4-closed and Fg C G C p(Fg)~ in (X, 7). Suppose that Gg C Hg and Hg is soft pre open .
Then Fg C Hg. Since Fg is soft Ipg-closed, then p(Fg)~ \ Hg € I. Now, Gg C p(Fg)~ implies that p(Gg)~ C p(Fg)~.

So p(Gr)~\ Hg € p(Fg)~ \ Hg and thus p(Gg)~\ Hg € I. Consequently G is soft I,g-closed in (X, 7). O
Remark 3.12. The intersection of two soft I,g-closed sets need not be a soft I,g-closed as shown by the following example.

Example 3.13. Let X = {u1,uz,uz},A = {z1,22}, Fa = {(z1,{u1,u2}), (x2, {uz,us}) and 7= {Fy, Fa,Fa1,Fas}, 7¢ =
{Fs,Fa,Fai2,Fac}. Let I = {Fy, (x2,{u2})} be a soft ideal on X. Gsp = {F4,Fa,Fa1,Fas, Far, Fas, Fag, Fa13, Fa14}.

Clearly, Fag and Fai3 are soft Ig-closed but their intersection Faz7 is not Ipg-closed.

Theorem 3.14. If Ag is soft I,4-closed and Fr is soft pre closed in a soft topological space (X, 7). Then Ar N Fg is soft
Ipg-closed in (X, 7).

Proof. Assume that Ap A Fg C Ggp and Gg is soft pre open. Then Ag C Gg U F¢.
Since Ag is soft I,g-closed, we have p(Ag)” \ (G U Fg) € 1. Now, p(Ag N Fg)~
C p(Ag)” A p(Fr)~ = p(Ag)~ N Fg = p(Ap)~ A Fr \ F§. Therefore (Agp A Fg) \ Gr C

p(Ap)” A Fp)\ Ge N Fg Cp(Ag)~\ (Gr U Fg) € I. Hence Ap N Fg is soft I,4-closed. O

Definition 3.15. Let (X, ) be a soft topological space and Fa C Fg. Then the soft pre generalized closed set with respect to
soft ideal closure(soft Ipg-closure)of Fa denoted by Ig(Fa)™ is defined as the soft intersection of all soft Ipg-closed supersets

of Fa. Note that, I,;(Fa)~ is the soft smallest soft Ipg-closed set containing Fa.
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Theorem 3.16. Let (X, T) be a soft topological space and let Fa and Fp be a soft sets over X. Then
(a). Fa c Ipg(Fa)~

(b). Fa is soft Ing-closed iff Fa = Ipg(Fa)~

(¢). Fa C Fp, then Ipg(Fa)™ C Ig(FB)~

(d). Ing(Fy)™ = Fy and Ipg(Fe)™ = Fp

(e). Ipg(Fa N Fp)™ = Ipg(Fa)~ N Ly (FB)™

(f)- Ipg(Fa O Fg)~ = Ipg(Fa)~ U Ipg(Fi)~

(9)- Ipg(Ipg(Fa)™)™ = Ipg(Fa)™.

Theorem 3.17. Let Y € X and Fr C Y C X. Suppose that Fi is soft Ig-closed in (X, 7). Then Fg is soft Ig-closed

relative to the soft topolgical subspace Ty of X and with respect to the soft ideal Iy = {HEg é Y: Hg e I}.

Proof.  Suppose that Fz € Bg AY and Bg is soft pre open . So Be NY € 7y and Fg C Bg. Since Fg is soft I,,-closed
in (X, 7), then p(Fg)~\ Br € I. Now, (p(Fg)" AY)\ (Be NY) = (p(Fg)~\ Br) N Y € Iy whenever Fg is soft

I,4-closed relative to the subspace (Y, 7vy). O

4. Soft Pre Generalized Open Sets With Respect To Soft Ideal

Definition 4.1. A soft set Fg is called soft pre generalized open set with respect to a soft ideal I (soft Ipg-open) in a soft

topological space (X, 7) iff the complement Fg is soft I,g-closed in (X, 7).

Theorem 4.2. A soft set Ag is soft Ipg-open in a soft topological space (X, 7) iff Fg \ Bg C p(Ag)° for some Bp € I

whenever Fr C Ap and Fg is soft pre closed in (X, 7).

Proof.  Suppose that Ag is soft Ipg-open . Let Fg C Ag and Fg is soft pre closed . we have AS C Fg, A% is soft
I,4-closed and F§ is soft pre open . By assumption, p(A%)~ \ Fg € I. Hence p(A%)~ € Fg U Bg for some Bg € I. So
(Fg U Br)¢ € p((A, E°)7)° = p(Ag)® and therefore Fr \ Br = Fr N By C p(Ag)°.

Conversely, assume that Fg Q Ag and Fg is soft pre closed. These imply that Fr \ Bg é p(Ag)? for some Bg € 1.
Consider G is soft pre open such that A% € Gg. Then G4 C Ap. By assumption G4\ Br C p(Agr)° = (p(A%)7)° for
some Bp € I. This gives that (Gg U Bgr)® C (p(A4%)7)°. Then p(A%)~ € Gr U Bg for some Bg € I. This shows that

p(A%)” \ Ge € I. Hence A%is soft Ig-closed and therefore Ag is soft Ipg-open. O

Theorem 4.3. If Ag and Bg are soft separated and soft I,q-open sets in a soft topological space (X, 7) then Ag U Bg is

soft Ing-open in (X, 7).

Proof. Suppose that Ag and Bg are soft separated Ipg-open sets in (X, 7) and Fg is soft pre closed subset
of Ag U Bp. Then Fgp N Ay, C Ap and Fg 0 By C Bg. By Theorem 4.2, (Fg N Az)\ Dr C p(Ag)°
and (Fg N Bz)\ Ck c p(Bg)° for some Dg,Cg € I. This means that (Fg N Agz) \ p(Ag)° € I and
(Fe N Bg)\ p(Bg)° € I. Then ((Fe N Az)\ p(Ag)°) U ((Fg N Bg)\ p(Bg)°) € I. Hence (Fg N (Az U By)) \

p(A% U p(Bg)°) € I. But Fg = Fgp N (Ag U Bg) € Fg N (Ag U Bg)~ and we have

Fr\ p(Ag U Bg)° C(Fg N (Ag U Bg)™)\ p(A% U B%) € I. Hence Fr\ Hp C p(A% U B%) for some Hg € 1.

This proves that Ag U Bg is soft Ipg-open. O
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Corollary 4.4. If Ag and Bg are soft I,4-open set in a soft topological space (X, 7), then Ag N Bg is soft I,g-open in
(X, 7).

Proof. 1f Ag and Bg are soft I,4-open, then A% and B§ are soft Ip,-closed. By Theorem 3.10, (Ag N Bg)¢ = A% U BS

is soft Ipg-closed, which implies Ag U B is soft I,g-open. O

Remark 4.5. Let Ag and Bg be soft I,q closed sets and suppose that A% and By are soft separated in a soft topological
space (X, 7). Then Ag N Bg is soft I,4-closed in (X, 7).

Theorem 4.6. Let Y C X and Ax CY C X, Ag is soft Ing-open in (Y, 7y) and Y is soft I,g-open in (X, 7). Then Ag

is soft Ipg-open in (X, 7).

Proof. Suppose that Ax CY C X, Ag is soft Ipg,-open in (Y, 7y) and Y is soft I,g-open in (X, 7). We show that Ag
is soft Ipg-open in (X, 7). Suppose that Fr C Ag and Fg is soft pre closed. Since Ag is soft I,g-open relative to Y, by
Theorem 4.2 , Fg\ Dg é p(Ag)° for some Dg € Iy. This implies that there exists a soft pre open set Gg such that
Fg\ Dg CGgNY C Ag for some Dg € I. Then Fr C Y and Fg is soft pre closed. Since Y is soft I,g-open, then
Frg\ Hg C p( f/)o for some Hg € I. This implies that there exists a soft pre open set Kg such that Fg \ Hg C KgC Y
for some Hp € I. Now, F\ (Dg UHg) = (Fg\ Dr) N (Fs\ Hp) C Gg N Kg C Gg NY C Ap. This implies that
Fg\ (Dg U Hg) c p(Ag)° for some D U Hg € I and hence Ag is soft I,g-open in (X, 7). O

Theorem 4.7. If A% C Br C Ap and Ag is soft I,g-open in a soft topological space (X, 7), then By is soft I,g-open in
(X, 7).

Proof. Suppose that A3 € Bp C Ag and Ag is soft I,-open. Then A C B C (A%)™ and A% is soft I,g-closed. By

Theorem 3.12, Bf is soft I4-closed and hence Bg is soft I,4-open. O

Definition 4.8. Let (X, T) be a soft topological space and Fa C Fg. Then the soft pre generalized closed set with respect
to soft ideal interior(soft Ipg-interior)of Fa denoted by Ipe(Fa)° is defined as the soft union of all soft Ipg-open subsets of

Fa. Note that, Ipq(Fa)° is the soft biggest soft I,q-open set that contained in Fa.

Theorem 4.9. Let (X, 7) be a soft topological space and let Fa and Fp be a soft sets over X. Then
(a). Ig(Fa)° Q Fa

(b). Fa is soft Ing-open iff Fa = Ipg(Fa)°

(c). Fa C Fp, then Ig(Fa)® C Ipg(Fp)°

(d). Ipg(Fy)° = Fy and Ipg(Fr)° = Fg

(e). Ipg(Fa N Fp)° = Ipg(Fa)® N Ipg(Fp)°

(f)- Ing(Fa O Fp)° 2 Ipg(Fa)® O Ipg(F5)°

(9)- Tpg(Ipg(Fa)?)® = Ipg(Fa)®

(1) (i)(Ipg(Fa)™)" = Ipg(F4)* (i1)(Ipg(Fa))" = Ipg(F4)~

Theorem 4.10. A soft set Ag is soft Ipg-closed in a soft topological space (X, 7) iff p(Ag)™ \ Ag is soft Ipg-open.
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Proof. Suppose that Fg c p(Ag)” \ Ag and Fg is soft pre closed. Then Frg € I and this implies that Fr\ Dg = ¢ for
some Dg € I. Clearly, Fr \ Dg C p(Ay,\ Ag)°. By Theorem 4.2, p(Ag)~ \ Ag is soft I,s-open.

Conversely, suppose that Ag C Gg and Gg is soft pre open in (X, 7). Then,
pAp)” A G5 € p(Ap)” A A% = p(Ap)” \  Ap. By hypothesis, p(As)” A G% \ Dp C
(p(Ag)~ \ Ag)° = ¢, for some D € I. This implies that p(Ag)~ N G4 € Dr € I and therefore p(Ag)~ \ Gg € I.

Thus, Ag is soft Ipg-closed. O
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