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Abstract: In this paper we have introduced a balanced cordial labeling for a graph G, which is a cordial labeling f with condition
ef(0) = efr(1),v5(0) = vy(1). We proved that P, x Cat,Cn X Cyt (n is even) are balanced cordial graphs. We also proved
that the corona graph G1 ® G2 is cordial, when G a cordial graph and G> is a balanced cordial graph.
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1. Introduction

Labeled graph has many diversified applications. Gallian [3] survey provides vast amount of literature with comprehensive
bibiliography of papers on different types of graph labeling. The cordial labeling introduced by Cahit [1] is a weaker version
of graceful and harmonious labeling. Also he proved that the complete graph K, is cordial if and only if n < 3. After this,
many researchers have studied cordial graph and similar type graph labeling. Kaneria and Vaidya [5] discussed cordiality
of graphs in different context. They introduced the index of cordiality for a graph G and proved that it is precisely 2 for
K2,V t € N. Kaneria, Makadia and Meera [4] proved that C'(n- K,) and K, are cordial graphs, Vn € N. All graphs in this
paper are finite, simple and undirected. For a graph G, we take p = |V(G)|, number of vertices and ¢ = |E(G)|, number of

edges in G.

We follow Harary [2] for the basic notation and terminology of graph theory. A function f : V(G) — {0,1} is called a
binary vertex labeling of a graph G. f(v) is called label of the vertex v of G under f . For any edge e = (u,v) € E(G), the
edge induced function f* : E(G) — {0,1} defined as f*(e) = |f(u) — f(v)|. Let vs(0), vs(1) be the number of vertices of G
having 0 and 1 vertex label respectively under f and ef(0), ef(1) be the number of edges of G having 0 and 1 edge labels
respectively under f*. A binary vertex labeling function f of a graph G is called cordial labeling if |ef(0) — ef(1)] < 1 and
|vp(0) —vp(1)] < 1. A graph G is called a cordial graph if it admits a cordial labeling. A cordial graph G with a cordial

labeling f is called a balance cordial graph if |ef(0) —es(1)| = |vy(0) —vs(1)| = 0. It is said to be edge balanced cordial graph
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if lef(0) —ef(1)] = 0 and |vs(0) — vy(1)| = 1. Similarly it is said to be vertex balanced cordial graph if |ef(0) —ef(1)] =1

and |vs(0) — vy(1)| = 0. A cordial graph G is said to be unbalanced cordial graph if |vs(0) — vs(1)| = |ef(0) — ef(1)] = 1.

For any cordial graph G, if f is a cordial labeling of G and it has one of above four categories, then 1 — f is also a cordial
labeling function for G and it has same one of above four categories. The corona graph G; ® G2 is obtained from two graphs
G1 and G, by taking one copy of G1 and |V (G1)| copies of G2 and join the i*" vertex of G with all the vertices in the "

copy Gy) of G2 by an edge. The corona graph Cs ® Ps is shown in following Figure 1.

Figure 1. Corona graph C5 ©® P; with |V(C5 ® P3)| = 20 and |E(C5 ® P3)| = 30

2. Main Results

Theorem 2.1. P, X C4; is a balanced cordial graph, where t,n € N.

Proof. Let vij(1 < j < 4t) be the vertices of i*" copy C’g) in P, x Cyt, Vi=1,2,...,n. It is obvious that the vertex

labeling function f : V(C’g)) — {0,1} defined by

filury) = 0; if j = 0,1(mod 4),
= 1; if j = 2,3(mod 4), ¥ j=1,2,..,4t;

is a cordial labeling for Cﬁ) and it is a balanced cordial graph. For each i = 1,2,...,n — 1 we join u;; with wiy1,;,V j =

1,2,...,4t by an edge to form the graph P,, x Cy;. Define f : V(Cg)) — {0,1} as follows.

fQ(UQJ‘) = 0; if ] = 1,2(m0d 4),
= 1; if j = 0,3(mod 4), Vj=1,2,..,4t

It is obvious that above defined labeling function f> on Ci? is also cordial labeling and Ci? is also a balanced cordial graph.

Now define f: V(P, x Cyu) — {0,1} as follows.

fluij;) = fi(ui,y) ifiis odd
= fo(uzy) ifiiseven Vi=1,2,...n, Vj=1,2,..,4t.

For each i = 1,2,...,n, it is observe that

P ((uigywit,5)) = [f(wi;) — f(wit,)]
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Thus, |es(0) —es(1)| =0 in P, x Cy;. Since V(P x Car) = Ui, V(CS), it is observed that [vs(0) —vs(1)] = 0 in Py x Ca.

Hence, P,, x C4; is a balanced cordial graph. O

INlustration 2.2. Ps5 x C4 and its balanced cordial labeling are shown in Figure 2.

Figure 2. Ps x C4 with its cordial labeling f and v;(0) = vy(1) = 10 as well as e;(0) = es(1) = 18.

Theorem 2.3. C, x Cu is a balanced cordial graph, where t € N; n is even and n > 4.

Proof. Let u;;(1 < j < 4t) be the vertices of i*" copy Ci? in C,, x Cgt, Vi=1,2,...,n. It is obvious that the vertex

labeling function f1 : V(CS;)) — {0, 1} defined by

fl(um‘) = 0; if ] = 0,1(m0d 4),
= 1;if j = 2,3(mod 4), Vj=1,2,..,4t

is a cordial labeling function for C’S) and it is a balanced cordial graph. For each ¢ = 1,2, ...,n, we join u; ; with ujy1,5, Vj =

1,2,...,4t and un,; with w1, V j = 1,2,...,4t by an edge to form the graph C,, x C4;. Define f> : V(C’ﬁ)) — {0,1} as

follows.

Ja(uz,;) = 0; if j
= L if j = 0,3(mod 4), Vj=1,2,...,4t;

1,2(mod 4),

It is obvious that above defined labeling function f2 on Cg) is also a labeling and Cﬁ) is a balanced cordial graph. Now

defined f: V(Cp x C4t) — {0, 1} as follows.

fluiy) = fi(uiy) if i is odd,

fa(ug,;) if 1 is even, Vi=1,2,...,n.

For each i = 1,2,...,n , it is observe that

F ((uig,uit1,5)) = |f(uigz) — fluirr,s)]
GV +L vi=1o

and

F ((ung,u1,5)) = [f(ung) — flua,y)l
(%)(—1)3' + % Vji=1,2, .., 4t

Thus, |ef(0) —es(1)] = 0in Cp X Cy. Since V(Crn x Cu) = Ul V(Ci?), it is observed that |vy(0) — vs(1)] = 0 hold in

Cr x Cyt. Therefore, it is a balanced cordial graph. O

Theorem 2.4. The corona graph G1 ® G2 is cordial, when G is cordial graph and G2 is a balanced cordial graph.
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Proof. Let G1 ® G2, a corona graph obtained by two cordial graphs G1 and G2, among G2 is a balanced cordial graph.
Let |V(G1)| = p1,|V(G2)| = p2, f1 be a cordial labeling function for G1 and f» be a balanced cordial labeling function for
G2. It is obvious that |es, (0) —ep, (1)] < 1, |vp, (0) — vy, (1)] < 1in Gy and |eg, (0) — ef, (1)] = |vg, (0) — vg, (1)] = 0 in Ga.
Also |V(GQ)| = p1(p2 + 1) and |E(G)| = (p2 + |E(G2)|) + |E(G1)|. Now define f: V(G) — {0,1} as follows.

fx) = filz) if €V (G)
= folz) if 2€V(GY), Vi=1,2,...p.

Let V(G1) = {u1,uz, ..., up, } be the vertex set for Gi. For each ¢ = 1,2, ..., p1 join u; with all the vertices of Ggi) by an edge

th

to form corona graph G1 ® G2 and each u;,i"" copy Géi) produce p2 edges, among half edges got 0 edge label and rest got

1 edge label, as vy, (0) = vy, (1). Therefore,

er(0) = preg,(0) + e, (0) + prvg, (0),
er(1) = prep (1) +ep (1) + prvp (1),
v7(0) = v5,(0) + prvy, (0) and

vp(1) = vp (1) +prog (D).

Thus, |ef(0) —er(1)| = les, (0) — ey, (1)] and |vg(0) — v (1)] = |vg, (0) — vg, (1)|. So, above defined labeling pattern give rise

cordial labeling to the corona graph G1 ® G2, as G is a cordial graph. Hence G1 ® G2 is cordial. O
Corollary 2.5. Corona graphs Cant1 © Cat and Can—1 © Cat are unbalanced cordial graphs, ¥ t,n € N.

Corollary 2.6. Corona graph Cun ® Cat is a balanced cordial graph, ¥V t,n € N.
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