Int. J. Math. And Appl., 6(2-A)(2018), 21-32
ISSN: 2347-1557

Available Online: http://ijmaa.in/

International Journal of Wathematics ud cts #pplications

Analytic Study on Nonlocal Initial Value Problems for
Pantograph Equations with Hilfer-Hadamard Fractional
Derivative

D. Vivek!*, K. Kanagarajan' and S. Harikrishnan?

Department of Mathematics, Sri Ramakrishna Mission Vidyalaya College of Arts and Science, Coimbatore, Tamilnadu, India.

Abstract: This paper is concerned with the existence and stability of solutions for a new class of nonlocal initial value problems
involving Hilfer-Hadamrad type fractional pantograph equations. The existence results are obtained with the aid of some
classical fixed point theorems, while the uniqueness of solutions is established by means of classical contraction mapping
principle. We also discuss Ulam-Hyers stability for proposed problem.

MSC: 26A33, 34A12.

Keywords: Fractional pantograph equations, Hilfer fractional derivative, Existence, Fixed point, Ulam stability.
© JS Publication. Accepted on: 16.03.2018

1. Introduction

There are some works on the existence results for initial problems of first order nonlinear differential systems with different
nonlocal conditions [3, 21]. With the rapid development of fractional calculus in modern times, fractional calculus arise
naturally in various areas of mechanics, electricity, biology, control theory and signal processing, etc. [15, 22]. In fact,
fractional order differential equations (DEs) have attracted the great attention of several researchers and they have been
proved to be effective tools in real world applications. For more recent development of such interesting branch, one can see
the monographs [5, 16, 20]. There are several definitions of fractional integrals and derivatives in the literature, but the
most popular definitions are in the sense of the Riemann-Liouville (R-L) and Caputo. Recently, Hilfer has introduced a
generalized form of the R-L fractional derivative. In short, Hilfer fractional derivative is an interpolation between the R-L
and Caputo fractional derivatives. This set of parameters gives an extra degree of freedom on the initial conditions and
produces more types of stationary states. For some recent results and applications of Hilfer fractional derivative, we refer
the reader to a series of papers [1, 2, 6, 7, 9-11, 31-33] and the references cited therein. In addition, there is another kind of
fractional derivative in the literature that is due to Hadamard; it is known as the Hadamard and differs from the preceding
ones in the sense that is definiton involves the logarithmic function with an arbitary exponent.

Recently, many studies about the delay differential equations (DDEs) have appeared in science literature. The pantograph
equation is one of the most important kinds of DDEs that arise in a variety of applications in physics and engineering.

Pantograph type always has the delay term fall after the initial value but before the desire approximation being calculated.
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When the delay term of pantograph type involved with the derivative(s), the equation is named as neutral DDE of pantograph
type. Very recently, Vivek and his co-authors studied about the initial value problems for fractional pantograph equations;
one can refer to [27-30].

The study of stability of functional equations has been developed at a high rate in the last three decades. This subject
dates back to the talk given by the Polish-American mathematician Ulam at the University of Wisconsin in 1940 (see [24]).
In that talk, Ulam asked whether an approximate solution of a functional equation must be near an exact solution of that
equation. One year later, a partial answer to this question was given by Hyers [12]. Since then, a functional equation is said
to have the Ulam-Hyers (U-H) stability if the corresponding Ulam’s question has an affirmative answer. Ulam’s stability
problem has been attracted by many famous researchers, for example [12, 13, 23]. For more recent contribution on such hot

topic, see [4, 17-19] and references therein .

2. Prerequisites

In this section, we mainly recall some definitions and lemmas which will be used later.

Definition 2.1 ([34]). The Hadamard fractional integral of order a for a continuous function F is defined as

S

o 1 ¢ N>t ds
H a+<¥(t)—@/a (log;) F(s)—, a>0,

provided the integral exists.

Similar to the R-L fractional calculus, the Hadamard fractional derivative is defined in expressions of the Hadamard fractional

integral in the following way:

Definition 2.2 ([34]). The Hadamard derivative of fractional order « for a continuous function F : [a,00) — Z is defined

as

H@aﬁ—ﬁ(t):# ti ”/i logE n_a_lﬂ(s)@ n—l<a<n, n=Ja]l+1
@ I'(n—a) \ dt “ s s’ ’ ’
where [a] denotes the integer part of real number o and log(-) = log, ().

From the Hadamard fractional integral, the Hilfer-Hadamard fractional derivative (introduced for the first time in [14]) is

defined in the following approach:

Definition 2.3. The Hilfer-Hadamard fractional derivative of order 0 < a < 1 and 0 < 8 < 1 of function F(t) is defined
by
07 7@ = (w007 (nr (7700 7)) ),

—-
where 9 := ;.

This type of fractional derivative interpolates the R-L Hadamard fractional derivative (8 = 0) and the Caputo-Hadamard

fractional derivative (8 = 1). In this part, we take // = (a,b].

Definition 2.4. For 0 <y < 1, we denote the space €. 710g[/l,%] as

G rox F ) = {f;(t) (8] — 2| <log £>W Z(t) e %[/’,%}} :

where %mlog[//,%] s the weighted space of the continuous functions F on the finite interval //.
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Obviously, ?a”mlog[/,,%’] is the Banach space with the norm

t Yy
1, = [ (1022) 700

€

Meanwhile, C. log[/ K : {ﬁ e 1[/ R T € ECrog / ,%’]} is the Banach space with the norm

17

@n , neN.
7:los Cy log

LIRS

Moreover, %Sylog[//,%] = %y,log[//v‘%)]'

We consider the underlying spaces defined by

1—~,log —

B {J € Gimiosl I Rt DL F € Crorog S %]}

and
(53 ~,log — {'7 € %pl*%log[//af%]vH @Zer € %lfmlog[//a‘%]} .
It is clear that

1 'ylog[/ <%]chlailog[/ 7‘%}

The following generalized Gronwall inequalities will be used to deal with our systems in the sequence.

Lemma 2.5 ([34]). Let ¥, % : [1,b] — [1,+00) be continuous functions. If # is nondecreasing and there are constants

k>0 and 0 < a <1 such that

V) < W) + k/lt (log z)a_l v )%, tem,,

OR 40 /

Remark 2.6. Under the assumptions of Lemma 2.5, let # (t) be a nondecreasing function on [1,b]. Then we have

then

i ) (1o E)WI W(s)] L)

YV (t) < W (t)Ean (kI'(a)(logt)?),

where Eq 1 is the Mittag-leffler function defined by

Z z € C.
k:oF ka—|—1

Theorem 2.7 (Banach’s fixed point theorem [8]). Let C be a non-empty closed subset of a Banach space X, then any

contraction mapping T of C' into itself has a unique fixed point.

Theorem 2.8 (Schaefer’s fixed point theorem [8]). Let X be a Banach space, and N : X — X completely continuous
operator.

If the set w={% € X : % =N, for someé € (0,1)} is bounded, then N has fized points.

Theorem 2.9 (Krasnoselskii’s fixed point theorem [8]). Let M be a closed convex and nonempty subset of a Banach space
X. Let A, B be the operators such that (i) Az + By € M whenever x,y € M (ii) A is compact and continuous (i11) B is a

contraction mapping. Then there exists z € M such that z = Az + Bz.
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3. Existence and Uniqueness Results

In this section, we discuss nonlocal initial value problem for the Hilfer-Hadamard fractional pantograph equation of the form

HPoPU () = F (UG, U (M), t€ 7 =[1,1], (1)
w I U (1) = Zci%(n), a<y=a+f-af<l, e 7, (2)

where the two parameter family of fractional derivative H@ff denote the left-sided Hilfer-Hadamard fractional derivative
of order « and type 8, (0 < a <1, 0 <8 <1),0< A< 1 The nonlinear term # is a given function, 7, i = 1,2,...;m
are pre-fixed points satisfying 1 < 7; < ... < 75, < b and ¢; are real numbers. As argued in [33], the above system (1)-(2) is

equivalent to the following mixed type integral equation:

o, 1 m T Ti \ ¢~ s
Z(lrg(;))w Sisici (log ) 19\(57%(5)»%0\3))%

s 1 3)
oty i (Qog £)77! F s, % (), % ()%,
where
- ! i - c:.(log 7)1
7= F('y) - 2111 Ci(lOgTi)’Y—l’ f F(’Y) 7é ; z(l g z) . (4)

m

In passing, we remark that the applications of nonlinear condition Hfllfw%(l) =>"

¢i% (1) in physical problems yields
better effect than the initial condition Hﬂllfv%(l) =%.

We need the following lemma to prove the main results.

Lemma 3.1. Let .7 : // X KB XR— R be a function such that F € <Klfﬁy,log(/f,%) for any % € %kmlog(j/,,%’). A

function % € 67, ( 7, %) is a solution of the problem (1)-(2) if and only if % satisfies the mized type integral (3).
To establish our main result concerning existence and stability of solutions of (1)-(2), we impose the following hypotheses:
(H1) The function % : // X K x # — X is continuous.

(H2) There exists a positive constants .Z > 0 such that
\Fu V)~ FTT) <2 (% ~T| + |7~ 7))

for each t € /, and %, YV, U,V € %.

(H3) The function . : // X X x X — X is completely continuous and there exists a function p € Zl(//) such that

\Ft %, V)| <ut), te 7, U,V eR.

(H4) there exists an increasing function ¢ € <51,%1%(/%,,%’) and there exists A, > 0 such that for t € j',

I o(t) < App(t)
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The following existence result is based on Krasnoselskii fixed point theorem.

Theorem 3.2. Assume that (H1), (H2) and the constant

are satisfied. Then problem (1)-(2)

0

_ 22B(v,a)
- T(w)

(|Z Z ci(log Ai)* 7 + (log b)o‘> <1

i=1

has at least one solution in (fﬂmlog(/,,%’) cer’ (/l,,%’).

—7,log

Proof.  Consider the operator .4 : %1,7,10g(//,<%’) = Gy tog (I8, R).

Z(lo

Z0og T L s [T (log )T F (s, U (s), U (Ns)) L

(Nu)t) =

T(a)

trtsy Ji (log )TN F (s, % (), % (Ns)) %,

It is obvious that the operator .4 is well defined. Set % (s) := % (s,0,0) and

Consider a ball

I'(a)

B G o — @ o
o= 200 <Z|Zci<1ogn> #1711 (log ) ) (e[~

=1

By =AU € Grroa I B): U, <3}

with ¢ > %, (9 < 1). We subdivide the operator .4 into two operator P and @ on %, as follows:

((P2) )10z t) | < 2L S,

This gives

1P,

For the operator @

Thus, we obtain

(PO = i
@00 = 15

21
< Ta) 2=

IN
|
B
NgE

«f " (

)t”‘lici / (105 )" # (s, 2 5), 2 05D %,

i=1 1

S

log i)(H \F (s, % (5), % (Ms))| &

Ti

log ;)(kl (| F (s, % (s), % (As)) — F(s,0,0)| + |#(s,0,0)]) %

¢ [(logn)"‘ﬂwle(%a) (23 H%H%_WDg + H?H%ﬂ,mg)] .

< % > [(togr)* " B(v,0) 22 %, +Flle, )]
(@@)000g0 | < LB [ (1) 2210 - [F0)) &
< B togt)” (22 121, + 1P, )
||Q%||C'1—'7,log S %(logb)a (2$ H%Hcgl—w,log + H?H%l—’v,log) '
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Linking (7) and (8), for every %, ¥ € %, one has
IPZ+ Q¥ g, <IPZlg . +1QV ], . . Qq+T<q

which yields that P% + Q7 € %,.

Claim 2. The operator P is contraction mapping. For the operator P, any %,V € %y,

_ Z| & 7 T\ et ds
(@20 (P )@ tog)' ] < 5 3o [ (108 7)1 020 2 09) = 6.0 0N T
i 1
277 B ,0) — e
< | ‘ ’y ZCI IOgT ot H% ai/"%l ~,log
i=1
This gives
2$|Z|B v, @) aty—
|\ P% — P/VH(glf’y,log < ;Cz log 7)1 | — Ve, os

<YV, __ ., -

The operator P is contraction mapping due to the condition (5).
Claim 3. The operator @ is compact and continuous. Since the function .# € %”1,%1%(// , %), the operator @ is continuous

following the definition of €1—~,10¢(_#,#). According to Claim 1, we know that

B(v, )
()

[ P— (togh)* (22|, + 17, )

So @ is uniformly bounded on %,. Now we prove the compactness of the operator Q. For any 1 < ¢t; < t2 < T, we have

1 Z 1, ... Br.a)
[(a)

(Qu)(t1) — (Qu)(t2)] < ’(logtl)oﬂr'\/fl ~ (log t2)a+w,1}

tending to zero as t2 — ¢1, whether ao+ - > 1. Thus, @ is equicontinuous. Hence, the operator ) is compact on %, by the

Arzéla-Ascoli Theorem. O
Next, we will use Schaefer fixed point theorem to derive the existence result.

Theorem 3.1. Assume that (H1),(H3) are satisfied.  Then, the problem (1)-(2) has at least one solution in
(gl’Y v, log(/ L%) C (gla v, log(f 7‘@)

Proof.  Consider the operator ./ : %”1_%103(]/ \K) — %1_%1%(/,,%) as defined in Theorem 3.2. The proof will be given
in several steps.

Claim 1. The operator .4 is continuous. Let %, be a sequence such that %, — % in %1,%1%(//,9?). Then for each

te 7',

Un)(t) — (N %) (1)) (logt)' |

< plzz;clfl ; (10 7) *1\9(5,0%(5),@/”()\5))—?(s,%(s),@/()\sm%
Qog)' ™ (" (1 N (s S
I(a) /1 <l gs) | F (5, Un(s), Un(Ns8)) = F (5, % (), % (\5))| =

< 2 <|Z| > exllogm) ™+ (logb)“> |Z () U () = F AU, -
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Since .7 is continuous, then the Lebesgue Dominated Convergence Theorem implies that
(A ) — (JV?/)H%ﬂ,mg —+0 as n— oo

Claim 2. The operator .#° maps bounded sets into bounded sets in %1_%105(/l,%’). Indeed, it is enough to show
that for ¢ > 0, there exists a positive constant ! such that % € %, = {02/ € ‘glfwog(//,,%’) 7 < q}, we have
AV,

1—y Z i @ a—1 o~
(V%) (1) (log 1) ys(—g / (108 ™)™ 17 (s 2 (), 2 )|
(ogt)' ™ [* (1 N s
o= [(oel) 1w w0 .

1 S i Naty—1 a
Ty BO-) (lecz(logn) + (log) ) [P

=1

+

IN

= 1.

Claim 3. The operator .4 maps bounded sets into equicontinuous set of %1_%1%(//,,%’), Let t1,t2 € //, ta < t1, B4 be

a bounded set of ‘51,%1%(//7:%’) as in Claim 2, and let % € %,. Then

[(logt1)' (N %) (t1) — (log t2)' (N U)(t2)]

(logty)'=7 ds

AR A R RS CR

—% /:2 (log %) s @/()\s))%

e [<1ogt1>1—w <lgt) ~ (log ) (logtj)al} Fo U HONT

(log t2)* 7 ds

(o) /: (10% tf) " s ), %09

As t1 — to, the right hand side of the above inequality tends to zero. As a consequence of Claim 1 to 3, together with Arzéla-

<

Ascoli theorem, we can conclude that .4 : ‘51_%1%(//,%’) — (@”1_.,,10g(/,,%) is continuous and completely continuous.

Claim 4. A priori bounds. Now, it remains to show that the set
w= {% €EC 1o I B): U =6(NU), 0<6< 1}
is bounded set. Let % € w, % = §(AN %) for some 0 < § < 1. Thus for each ¢t € //, we have

w(t) = l"gt ch/ (10 ™ (s,%(s),%(xs))%+i/j (logi)a_l F(s, % (s), %(As))dj

I'(«)

We can complete this step by considering the estimation in Claim 2. As a consequence of Schaefer’s fixed point theorem,

we conclude that .4 has fixed point which is solution of the problem (1)-(2). O
The next results is based on the Banach fixed point theorem.
Theorem 3.3. Assume that (H1)-(H2) are satisfied. If

e Ba) <|Z| S eillog )™+ + (log b)a) <1, ©)

then, the problem (1)-(2) has a unique solution.
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Proof. We consider the operator .4 is defined as in Thoerem 3.1. By Lemma 3.1, it is clear that the fixed point of .4
are solutions of (1)-(2). Let %,% € ‘51,7,1%(//,%) and t € //, then we have

ds

|(N 20)(t) — (N U)(1)) (log t) 7| %Zc /1 (log %)MIf(s%(s)%@s))—9(87%(8),%@5)” .

IN

(logt)' =7
I'()
2%

Ty BOn0) (|Z > eillogm)™ T+ <logb)“> .

ds
+ 1
s

/1t (log é) B 5, 19, 1009)) — F (s, Ta(5), Fa(05)

From (9), it follows that .4 has a unique fixed point which is solution of problem (1)-(2). O

4. Stability Analysis

In this section, we study U-H stability for the solutions of our proposed problem.

Definition 4.1. Equation (1) is U-H stable if there exists a real number Cy > 0 such that for each € > 0 and for solution
Zee!

1—7,log

(//7%’) of the inequality

’

XX () - F(t, Z(1), Z(W))| <€, tE F, (10)
there exists a solution U € ‘gﬂmlog(/l,%’) of equation (1) with
|Z(t) — % ()| < Cye, te g .

Definition 4.2. Equation (1) is generalized U-H stable if there exists ¥y € € (%+,%+), ¥5(0) = 0, such that for each

solution & € cff’fv,log(j,,%) of the inequality (10) there ezists a solution % € (fﬂmlog(//,%’) of equation (1) with

’

|Z(t) =% @) <p(e), te 7.

Definition 4.3. Equation (1) is U-H-Rassias stable with respect to p € %kmlog(//,%) if there ezists a real number Cy > 0

such that for each € > 0 and for each solution & € ‘gﬂwog(/l,%’) of the inequality

’

nPXPH() — F(, (1), Z(W)| <ep(t), te 7, (11)

(//,%) of equation (1) with

there exists a solution U € (gf—w,log

’

|2 (t) — % (1) < Crep(t), te 7.

Definition 4.4. Equation (1) is generalized U-H-Rassias stable with respect to ¢ € ‘ﬁl_wog(//,ﬁ) if there exists a real

number Cy o > 0 such that for each solution Z € ‘Kf_%log(//,%’) of the inequality
RIS X )~ F(HZ (), ZO00)| S e0), te g, (12)

there exists a solution U € ‘f]_%log(//,%) of equation (1) with

’

|2(t) — % (1) < Crep(t), te 7.
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Remark 4.5. A function 2 € €,
4 €6/

1—~,log

%log(/',%) s a solution of the inequality (10) if and only if there exist a function

(j/,%) such that

(1) [9@®)| <e te g';

). 2 (t) = FH,Z1), Z\) +9(1), te 7.
For more details, one can refer to [25, 26].

Lemma 4.6. Let 0 < a < 1,0 < 8 <1, if a function & € %ﬂff_%log(//,ﬁ) is a solution of the inequality (10), then % is

a solution of the following inequality

Z(t) — A — ﬁ /j (log §>a1 ,@(s,ff(s),g()\s)) - (\fc‘”|( F) (log b)7 e+t ) (log b)° ) 6

(a+1) P(a+1)

where o = l(}g(;); ! Z ci [ (log L ) 5‘(37g(5)7 ff()\s))%.

Lemma 4.7. Let 0 < a < 1,0 < 8 <1, if a function & € ‘@of’fﬂhlog(/,,%) is a solution of the inequality (12), then Z is

a solution of the following inequality

ds

Z(t) — Sy — ﬁ/l <log 2) ) F (s, Z(s), f()\s)) <(|z| (logt)” ™" (me) + 1) eXpio(t).

Theorem 4.8. If the hypotheses (H1), (H2) and (9) are satisfied, then the system (1)-(2) is U-H stable.

Proof. TLet e > 0 and let 2 € %f’_%log(/',%) be a function which satisfies the inequality (10) and let % €
@

i log(//,%’) the unique solution of the following system

P LPU) = F, U L), U(\)), 0< A< 1, te 7 =1,

wIF) = w I U =N e (), a<y=a+B-aBf<1, TiE £
Using Lemma 3.1, we obtain

Ut) = Ay + ﬁ /lt <log Z)al F(s, U (s), U 0s) L

S

On the other hand, if % (r;) = Z(r:), and 5.9 "% (1) = 97" % (1), then oo = 2. Indeed,

|y — Ao | < ‘(Z (logt)" Z /.(lo —) _llﬁ(s,%(s),%(ks))—3“(873?(8)73’(A8))I%
< QEZ”IJ(ZO[')(Iogt )T 1261' v I U (i) — Z(7)]
=0.

Thus, @79, = /. Then, we have

Ut) = oo + ﬁ /It <log é)a_l Z(s, %(s),%(xs))%.

By integration of the inequality (10) and applying Lemma 4.6, we obtain

1 t t a-1 P ds
g(t)—ﬂff—m/l (10gg> J(S,ff(S)yff(As))g (a+1) F(Oz-l—l)

me)(log b) 7o+t og b)*
< (12UmaogT | gy g
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We have for any ¢t € /,

<|2@) - o — ﬁ /lt (log t)al F(s, #(s), f(,\s))%

S

F(t) — oy — ﬁ /; (log z)al F(s, #(s), ff()\s))%

og L /lt (log Z)M \2(s) — w(s)| &

I(a) p
|Z| (me)(logb) ™ (logb)* 27 [t !
= ( T(a+1) + F(oe—|—1))6+ r(a)/l (IOgg) |2 () — % (s)| ds.

and applying Lemma 2.5 and Remark 2.6, we obtain

|Z| (mc)(log b) " (log b)*
T(a+1) T(a+1)

2 (1) — % (1) < ( ) Eor (22(logb)%) -

= Cre.

where v = v(a) is a constant, which completes the proof of the theorem. O
Theorem 4.9. Assume that (H1), (H2), (H4) and (9) are satisfied, then the problem (1)-(2) is U-H-Rassias stable.
Proof.  The proof of the theorem directly follows from the Lemma 4.7 and the process of Theorem 4.8. O
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