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1. Introduction

Fractional calculus is as old as the conventional calculus, and it is the generalization of integral order differentiation and
integration to arbitrary noninteger order. For detailed study, see the books such as [10, 12—-14]. The attraction towards this
subject is due to the fact that fractional derivatives and integrals are not a local property. That is why fractional differential
and integral models captured the reality of the nature better, as these models considered the history and nonlocal distributed
effects. Fractional calculus has a large number of applications in different branches of science, engineering as well as in medical
fields. The fractional differential models describe many real world phenomena in different fields, i.e., biology, dynamical
systems, physics, control theory, chemistry and in many other fields, in a more efficient and realistic way. FDEs and control
problems involving the Riemann-Liouville fractional derivative or the Caputo fractional derivative have been paid more and
more attention. Very recently, a generalized Caputo-Katugampola derivative was proposed in [7, 8] by Katugampola, and
further he proved the existence of solutions of Caputo-Katugampola FDEs in [9].

Impulsive differential equations, which provide a natural description of observed evolution processes, are regarded as im-
portant mathematical tools for the better understanding of several real world problems in applied sciences. The theory of
impulsive differential equations of integer order has found extensive applications in realistic mathematical modeling of a wide
variety of practical situations and has emerged as an important area of investigation in recent years. For the general theory
and applications of impulsive differential equations, we refer the reader to the references [11, 15]. For some recent work on

impulsive and implicit differential equations of fractional order, see [1-5, 16] and the references therein. Motivated by the
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above-mentioned work, we treat fractional implicit differential equations with impulses involving Katugampola fractional

derivative of the following form:

Dy u(x) = h(z,u,” Dy u(x)), foreach z € (Tm,Tms1], m=0,1,...k, 0<w <1,
At|e=z,, = Im(u(zr,)), m=1,...k, 1)
u(0) = wo,

where ?D;  is the Katugampola fractional derivative in Caputo sense, h : J x R x R = R is a given function, I,, : R = R,
and up €E R, 0 = 20 < o1 < -+ < 2 < Tpp1 = T, Aulpes,, = u(zh) — u(zy), u(zh) = lim_ o+ w(zm + 1) and
u(x,,) = lim;_,o- u(xm + 1) denotes the right and left limits of u(x) at = xm.

In this paper, two results are presented for the problem (1). That is, the Banach contraction principle and the Schaefer’s

fixed point theorem.

2. Prerequisites

In this section, we introduce background definitions and lemmas that are needed for the proof of the main results.

Let €(J,R) be the Banach space of all continuous functions from J into R with the norm

~

[ull o == sup{[u(2)] : = € J}.

Definition 2.1 ([9]). The generalized left-sided fractional integral I, h of order w € C(Re(w) > 0) is defined by

I h) (x :pl—w pr—sp“’_lsp_l s)ds
Cln@ = b [T = hs, )

for x > 0, if the integral exists.
Definition 2.2 ([9]). The generalized fractional derivative, corresponding to the generalized fractional integral (2), is defined
by

s = s () [T e s ®

if the integral exists.

Lemma 2.3. Let w >0 and n = [w]+ 1. Then

oI (D () = hz) —

m=0

h™(0)

m
.
m!

Lemma 2.4. Let w > 0, then the differential equation D, u(x) =0 has solutions

uw(z) = bo + brz” + boxf 4o 4 bn_lx(n—l)p’

bieR,i=0,1,2,....,n—1, n=[w]+1.
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Lemma 2.5. Let w > 0, then

PI¢ (P DS u(x)) = u(z) + bo + bia” + box® + -« + by 1z

for someb; €R,i=0,1,2,...,n—1, n=[w] + 1.

Theorem 2.6 (Banach’s fixed point theorem [6]). Let C be a non empty closed subset of a Banach space X, then any

contraction mapping T of C into itself has a unique fixed point.

Theorem 2.7 (Schaefer’s fixed point theorem [6]). Let X be a Banach space, and M : X — X a completely continuous

operator. If the set

S ={u€X:u=puMu,for somepn € (0,1)}

1s bounded, then M has fized points.

3. Existence of solutions

Let €(J,R) be the Banach space of continuous functions J — R, with the supremum norm

[ull o = sup{|u(z)|,z € J}.
Consider the set of functions

PEF,R)={u:J—>R:u € C((zm,Tm+1],R),m=0,1,...,k, and there exist

w(z,,) and u(zh), m=1,2,... k with u(z,,) = u(zm)}.

PBE(JF, R) is a Banach space with the norm

l[ullge = sup [u(z)
zEY
Let Jo = [xo0,x1] and Jm = (Tm, Tm+1], where m =1,2,... k.
Definition 3.1. A function u € PE(J,R) whose w-derivative exists on Jm, is said to be a solution of (1), if u satisfies the

equation

Dy u(x) = h(z,u(x),” Dy u(x))

on Im, and satisfies the conditions Aulz=qg,, = Im(u(z;,)), m=0,1,...,k, u(0) = uo.
To prove the existence of solutions of (1), we need the following lemma.

Lemma 3.2. Let 0 < w <1 and let h : J — R be continuous. A function u is a solution of the fractional integral equation

1—w x w— _ .
uo + oy Jo (@ = s) 7 s h(s)ds, if z € [0, 2],

1-w m T w— _
o B @ =) e R
u@y={ " 0
+55 JE (xf —sP)“ " sP 7t h(s)ds

Tm

+Z:’;1 IZ(U(ZU;)), Zfﬁ? e \/]m = (xm7xm+1:|’
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where m = 1,2,...,k, if and only if, u is a solution of the fractional initial value problem
’D3,, u(x) = h(z), T € Jm,
Atlg=z,, = Im(u(zy)), m=1,2,...k, (5)
u(0) = ug.

Now, we prove the existence result for the problem (1) based on the Banach’s fixed point theorem.
Theorem 3.3. Assume that,
(A1) The function h:J x R xR — R is continuous.

(A2) There exist constants c1 > 0 and 0 < c2 < 1 such that |h(x,u1,u2) — h(z,u1,u2)| < c1 |ur — @1| + c2 |uz — wzl, for any

ui,u2,ur,uz € R and x € J.

(A8) There exists a constant cz > 0 such that |Ln(u1) — Im(u2)| < ¢3 |ur — uz|, for each ui,u2 € R and m =1,2,...,k.

If
e (k + )T

()T The<t (©)

then there exists a unique solution for the initial value problem (1) on J.

Proof. Transform the problem (1) into a fixed point problem. Consider the operator M : PBE(J, R) — PE(J,R) defined

by,
M) (x) = S / )L f(5)ds )
p' e w—1 p—1 -
+ o / @ TG )ds+0<§<z1m (uln)

where f € €(J,R) is such that f(z) = h(z,u(x), f(z)). Clearly, the fixed points of operator M are solutions of problem (1).

Let u1,u2 € PE(J, R), then for z € J, we have

| M (u) () = M (uz) ()| < % > / (h = 8")°7 "7 fi(s) — fa(s)| ds

F(w) 0<xm<z m—1
plme [* P _ gpyw—lgp—1 s
i / (" — ") (o)~ fols)ld

+ Z U1 mm)) - Im(U2(ZL’;L))| )
0<zm<x
where f1, f2 € €(J,R) are such that fi(z) = h(z,ui(x), f1(z)), and f2(z) = h(z, u2(z), f2(z)). By (A2), we have

[f1(2) = fo(2)] < e1 |ua(z) — w2 (@) + c2 [ f1(z) = f2(2)].

Thus

1(0) = )] < (722 ) lia(o) = o).

Then, for z € J,
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(12 ) [ ) - s 3 o) - )|

m=1
a kT
~ (1-c)pT(w+1

ClT’Ow
1—co)p*T(w+1

)||u1 — Uz + ( )||u1 — Uzl + kes|lur — uzllye-
Thus,

Cl(k + 1)pr
(I —c2)p*T'(w+1)

1M () — M(u2) e < [ n k] s — usllpe.

By (6), the operator M is a contraction. Hence, by Banach’s contraction principle, M has a unique fixed point which is a

unique solution of the problem (1). O
Now we prove the second result based on Schaefer’s fixed point theorem.
Theorem 3.4. Assume that (Al),(A2) and

(A4) There exists p1,p2,p3 € €(J,R4) with p3 = sup,cyp3(x) < 1 such that |h(z,u1,u2)| < p1(x) + p2(x) lui| + pa(x) Jusl,

forx € J and u1,u2 € R.

(A5) The functions I, : R — R are continuous and there exist constants Mi, M5 > 0 such that |Inm(u)| < M7 |u| + M3,

for eachu e R, m=1,2,... k. If
(k+1)T""p5
(1 =p5)pT(w+1)

kM + <1,

then the initial value problem (1) has at least one solution on J.

Proof. Consider the operator M defined in (7). Now we use the Schaefer’s fixed point theorem to prove that M has a
fixed point. The proof contains several steps.

Step 1: M is continuous. Let {u,} be a sequence such that u, — u in PE(J, R). Then for each z € J,

M (un) () — M(w)(@)] < 2— 3 / (= ) fu(s) — £(s)]ds

F(w) 0<zm<z m—1
ol IR ARV C LD S AEN B AT EIE

0<zm<z

where fr, f € €(J,R) are such that f,(z) = h(z,un(z), fu(z)) and f(z) = h(z,u(z), f(z)). By (A2), we have

(@) = F@ < 1 Jun(z) = u(@)| + ez | fu(2) — F(@)
< (1 _) fun(2) — ()]

Since un, — u, then we get f,(z) — f(z) as n — oo for each x € J. And let 2 > 0 be such that, for each = € J, we have

|9 (z)| < Q and |f(x)| < Q. Then, we have
(@ = ") fu(s) = F(9)] < (@ = ") [ fu(s) + |F(s)]] < 202" — ") 7,
and
(@hy = ") | fa(s) = ()] < (@h = ") (Ifal9)| 4 | ()] < 2Qah, — 7).

For each = € J, the functions s — 2Q(z” —s”)“"" and s — 2Q(zf, —s”)“"" are integrable on [0,z]; then by the

Lebesgue dominated convergence theorem and (5) implies that |M(un)(z) — M(u)(z)] — 0 as n — oo, and hence

57



Analytic Study on Fractional Implicit Differential Equations with Impulses via Katugampola Fractional Derivative

M (un) — M(u)|lpe =0 as n— oco. Consequently, M is continuous.
Step 2: § maps bounded sets into bounded sets in PE(J,R). Now, it is enough to show that for any Q* > 0, there exists a

positive constant ki such that for each
we Ba = {u e PEQR) ¢ Jullye < '},

we have [[M(u)ype < k1. Then for each z € J,

P~
IN(w

M(u)(x) = uo + >/ (@ — ) f(s)ds (8)

0<zm <z

)
e o e S )

O<zm<z

where f € €(J,R) is such that f(z) = h(z,u(x), f(z)). By (A4), we have for each = € J,

|f(2)] = |h(z, u(z), f(z))]
< pi(x) + pa2(x) [u(z)| + ps(z) | f(2)]
< pi(x) + p2(2)Q" + ps(z) [ f(z)]

<pi +p3Q" +p3|f(2)],

where p] = sup,¢;p1(x) and p3 = sup,c;p2(x). Then

pi + oY

A-p)

|f (@) <

Thus (8) implies,

kENT*® NT?
pT(w+1) + pT(w+1)

ENT?® NTP®
pDw+1)  pT(w+1)

| M (u)(2)] < fuol + + k(M [ul + Mz)

< |uo| + + k(M7Q" + M3).

Then,
(k+1)NT*~

T L E(MTQT + M) = k.
pwl—\(w+1) + ( 1 + 2) 1

1M () [lpe < luol +

Step 3: § maps bounded sets into equicontinuous sets of PE(J, R). Let t1,t2 € J, t1 < t2, Ba+ be a bounded set of PE(JF, R)

as in Step 2, and let u € Bo+. Then,

(t = 5) " = (¢ = )7 | ()l ds

M () (£2) — M(u)(t2)] < 2 — / 1

1—w to
e AR Rl VO TER D DI EACTE)]
t 0< @y <(to—t1)
< oy 20— )% + (5 — )]+ (8 = ) ful+ )
Npl_w w w w * Yk *
< oy R — )7 (57— ]+ (1~ ) QR+ 05).

As t1 — to, the right hand side of the above inequality tends to zero. Therefore, from Steps 1 to 3 together with the
Arzeld-Ascoli theorem, we can conclude that M : PE(F, R) — PE(J, R) is completely continuous.

Step 4: A priori bounds. Now we need to show that the set

G ={u e PE(J,R) : u=pM(u), for some 0 < p < 1},
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is bounded. Let u € G, then u = pM (u) for some 0 < p < 1. Thus, for each = € J, we have

1—w Tom,
u(z) = puo + Be g / (zf, — 7)1 f(s)ds
Tm—1

F(w) 0<zm<z
1—w

A [ @ s b Y In(ulan))

F(UJ) m O<zm<z

And, by (A3), we have for each x € J,

|f (@) = [h(z, u(z), f(z))|
< p1(@) + p2() [u(z)] + pa(z) | £ ()]

< p1+pz fu@)] +ps [ f(2)]

Thus,

[f(x)] < (p1 + p2 [u(@))).

_
(1 —p3)
This implies, by (A4) and (A5) (as in Step 2), that for each = € J, we get

KT (1=55) (P1 +p2 [u(@)])  T7(:=55) (pT + p3 [u(z)])

< P s k(M M;
lu(z)| < |uo| + T D) + T D) + k(M7 |u(z)| 4+ M3)
kTP (1252) (07 + p3llullge) T (=52 (01 + p3llullge)
< s P P k(M M3).
fuol + T (w + 1) * poT(w + 1) + k(M7 [Jullge + M2)
Then, we get,
KTP (255) (01 + p3llullyge) T (725 (01 + pillullpe)
< P P B k(M |[ulye + M),
Hu”q}q_ = ‘UO‘ + pwr(w + 1) + pwr(w + 1) + ( 1 HUH‘);}(’, + 2)
Thus,

* PI(kJFl)pr
lulle < luol + kM; + mogyerwrn
Hlwe =Ty — _mGeDTe
17 T-p3)p T D)

=L

This shows that the set GG is bounded. By Schaefer’s fixed point theorem, we conclude that M has a fixed point which is a

solution of the problem (1). O

4. Nonlocal Fractional Implicit Differential Equations with Impulses

In this section, we present the existence and uniqueness result for the following nonlocal fractional implicit differential

equations with impulses involving Katugampola derivative,

Dy w(x) = h(z,u,” Dy u(x)), foreach x € (Tm,Tms1], m=0,1,...k, 0<w <1,

where h, ug, I, are defined as in Section 3 and ¢ : €(J,R) — R is a continuous function.
Theorem 4.1. Assume (A1)-(A3) and the following hypothesis holds:

(A6) There ezists a constant § > 0 such that |p(u) — (v)| < 0 |u — v|, for each u,v € PE(J, R).
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iy
e (k + )T
(1= c2)p"T(w + 1)

+mes +0| <1,
then the problem (9) has a unique solution on J.

Proof.  We transform the nonlocal problem (8) into a fixed point problem. Consider the operator M : ¢(J, R) — PE(J, R)
defined by

M) (@) = wo —p(w) + 2— 3 / (ah — ") 26" f(s)ds

0<zym<z’Tm-—-1

+2 5 /z (" — s") " sP7 f(s)ds + Z I (u(z,,)),

F( ) m 0<zm<z

where f € €(J,R) be such that f(z) = h(z,u(x), f(z)). Clearly, the fixed points of the operator M are solution of the

problem (8). From Section 3, we can easily prove that M is a contraction. O

5. Examples

Example 5.1. Consider the following fractional implicit differential equations with impulses Katugampola derivative,

1

D2 1

u(z) =

., foreachz € 30U,
28e*+3 (1+|u(m)\+ PD2wu(x) >
_ G (10)
Au‘xzé = 76+|u(%7)|’
u(0) =1,

where Jo = [0, %}, J1 = (%, 1], zo =0 and z1 = % Let us assume,

1
h = 0,1 R.
(ZE,Ul,’ZLQ) 28¢+3 (1 + |u1| ¥ ‘UQD’ S [ ) ]a UL, u2 €

Clearly, the function h is jointly continuous. For each u1i,u2,u1,u2 € R and z € [0,1]:

(lur — ] + [uz —u2l) .
Hence the condition (A2) is satisfied with c1 = ca = ﬁ. And let,

Il(U1) , U1 € [0700),

p— U1
64 uy

Let u1,uz € [0,00), then we have,

76 ‘U1 — UQ|
I -1 <
(w) = h(u2)l S e 56+ u)

%ltn —u2|.

Thus the condition,

er(k + 1)T% 4 1

kcs = — <1
A —c)pT(w D) 7%= (2865 —1)(04)05y/x | 76

is satisfied with T =1, k=1, and cs = %, w = 0.5, p=0.4. It folows from Theorem 3.3 that the problem (10) has a unique

solution on J = [0,1].
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Example 5.2. Consider the following fractional implicit differential equations with impulses involving Katugampola deriva-

tive,

2+lu(@)|+]P D2 u(z)

+ , for each x € Jo U T,
/’D2u(w)>

oser+4 (14 fu(e) 1+

Aul_, = a0l (11)
=4 66+|u(% )|’

where Jo = [0, ﬂ, J1 = (i,l], 20 =0 and 1 = i. Set

2+ |ua| + |ug|
h = 0,1 R.
(.’E,'UJ,UQ) 9gRer+4 (1 + |U1| i |’U/2‘)7 S [ ) ]7ulvu2 €

Clearly, the function h is jointly continuous. For any ui,us2,U1,U2 € R and z € [0,1]:

(Jur =] + [uz — u2l).

Hence the condition (A2) is satisfied with ¢1 = ca = We get, for each x € [0,1],

1
98et”

|h(z, u1,u2)| < (24 |ua] + |uzl) .

98ext4

Thus the condition (A4) is satisfied with pi(z) = 4%++4 and pa(z) = p3(z) = 98(:++4’ and let

I (u1) u € [0,00),

66 +ur’
we have, for each ui € [0, 00),

1
—u1 + 1.

[ 11 (u1))] 66

IN

Thus the condition (A5) is satisfied with My = &= and M3 = 1. Thus the condition

kM = — 1
T A e Tw 1) 66 T (98eF — 1)(04)05vm

is satisfied with T =1, k = 1 and p5(z) = p3(z) = p =04, w=0.5. It follows from Theorem 3.J that the problem

_1
98ed ”

(11) has at least one solution on J = [0, 1].
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