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1. Introduction

Fixed point theory plays a vital role in nonlinear analysis. Most of the generalizations of fixed point theorems in metric

spaces originated from Banach contraction principle [5]. In 2012, Samet, Vetro, Vetro [11] introduced the concept of α−ψ−

contractive mappings in metric spaces as a generalization of contraction maps. Recently, in 2015, Asgari and Badehian [4]

introduced the concept of α−β−ψ−contractive mappings in partially ordered complete metric spaces. In recent times, fixed

point theory has been developed in partially ordered metric spaces rapidly and for more literature, we see the references

[1–3, 6, 8–10]. In this paper, we denote

Ψ = {ψ : [0,∞)→ [0,∞)/ψ is nondecreasing and

∞∑
n=1

ψn < +∞ for t > 0 where ψn is the n-th iterate of ψ}.

If ψ ∈ Ψ then we have the following.

(1). ψn(t)→ 0 as n→∞ for all t > 0;

(2). ψ(t) < t for all t > 0 and

(3). ψ(0) = 0.

Definition 1.1. Let (X,�) be a partially ordered set. We say that f : X → X is monotone nondecreasing if x � y ⇒

f(x) � f(y) for all x, y ∈ X.
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In this paper, (X,�, d) denotes a partially ordered metric space, where d is a metric on X together with � is a partial order

on X. If X is complete with respect to the metric d then we call (X,�, d) a partially ordered complete metric space.

Definition 1.2 ([4]). Let (X,�, d) be a partially ordered metric space. We say that f : X → X is an α−β−ψ−contractive

mapping if there exist three functions α, β : X ×X → [0,∞), ψ ∈ Ψ such that for all x, y ∈ X with x � y,

α(x, y)d(f(x), f(y)) ≤ β(x, y)ψ(d(x, y)). (1)

Definition 1.3 ([4]). Let f : X → X, α, β : X ×X → [0,∞) and Cα > 0, Cβ ≥ 0. We say that f is an α− β− admissible

mapping, if for all x, y ∈ X with x � y.

(1). α(x, y) ≥ Cα =⇒ α(fx, fy) ≥ Cα,

(2). β(x, y) ≤ Cβ =⇒ β(fx, fy) ≤ Cβ ,

(3). 0 ≤ Cβ
Cα
≤ 1.

Example 1.4. Let X = [1, 3] with partial order � defined by x � y if and only if x ≥ y in the usual sense. We define

f : X → X and α, β : X ×X → [0,∞) by f(x) = x
1+x

for all x ∈ X and

α(x, y) =

 1 + y
x

if x � y

0 otherwise
and β(x, y) =


x
y

if x � y

0 otherwise.

Then f is α− β−admissible map with Cα = 2 and Cβ = 1.

Theorem 1.5 ([4]). Let (X,�, d) be a partially ordered complete metric space. Let f : X → X be a nondecreasing, α−β−ψ−

contractive mapping satisfying the following conditions:

(1). f is continuous,

(2). f is α− β−admissible,

(3). there exists x0 ∈ X such that x0 � fx0,

(4). there exist Cα > 0, Cβ ≥ 0 such that α(fx0, x0) ≥ Cα, β(fx0, x0) ≤ Cβ.

Then f has a fixed point.

Theorem 1.6 ([4]). Let (X,�, d) be a partially ordered complete metric space. Let f : X → X be a nondecreasing, α−β−ψ−

contractive mapping satisfying the following conditions:

(1). f is α− β− admissible map,

(2). there exists x0 ∈ X such that x0 � fx0 ,

(3). there exist Cα > 0, Cβ ≥ 0 such that α(x0, fx0) ≥ Cα, β(x0, fx0) ≤ Cβ ,

(4). if {xn} is a sequence in X such that α(xn, xn+1) ≥ Cα, β(xn, xn+1) ≤ Cβ for all n ∈ N and xn → x as n → ∞, then

α(xn, x) ≥ Cα and β(xn, x) ≤ Cβ,

(5). if {xn} is a nondecreasing sequence in X such that xn → x as n→∞, then xn � x for all n ∈ N.

Then f has a fixed point in X.

In this paper, we introduce generalized α− β − ψ− contractive mappings in partially ordered sets and prove the existence

and uniqueness of fixed points in partially ordered complete metric spaces for such maps. We draw some corollaries and

provide examples in support of our main results. our results generalize the results of Asgari and Badehian [4].
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2. Main Results

In the following we introduce the notion of generalized α− β − ψ−contractive mappings in partially ordered metric spaces.

Definition 2.1. Let (X,�, d) be a partially ordered metric space. We say that f : X → X is a generalized α − β − ψ−

contractive mapping if there exist three functions α, β : X ×X → [0,∞), ψ ∈ Ψ such that for all x, y ∈ X with x � y,

α(x, y)d(f(x), f(y)) ≤ β(x, y)ψ(M(x, y)), (2)

where M(x, y) = max{d(x, y), d(x, Tx), d(y, Ty), d(x,Ty)+d(y,Tx)
2

}.

Example 2.2. Let X = [0,∞) with partial order � defined by x � y if and only if x ≤ y. We define f : X → X by

f(x) =


x
2

if x ∈ [0, 1],

ex if x > 1.

Then clearly f is a nondecreasing map. Now, we define functions α, β : X ×X → [0,∞) and ψ : [0,∞)→ [0,∞) by

α(x, y) =

 1 if x, y ∈ [0, 1] with x � y

0 otherwise,

β(x, y) =


3
4

if x, y ∈ [0, 1] with x � y

0 otherwise,
and

ψ(t) =
6

7
t for t ≥ 0.

Then f is α−β− admissible map with Cα = Cβ = 1. Now we show that f is a generalized α−β−ψ− contractive mapping.

Let x, y ∈ [0, 1] with x � y. Now

α(x, y)d(fx, fy) = 1.
|x− y|

2
≤ 18

28
ψ(|x− y|)

=
3

4
.
6

7
|x− y| = 3

4
ψ(d(x, y))

≤ 3

4
ψ(M(x, y)) = β(x, y)ψ(M(x, y)).

Hence f is a generalized α− β − ψ− contractive map.

Theorem 2.3. Let (X,�, d) be a partially ordered complete metric space. Let f : X → X be a nondecreasing selfmap of X.

Assume that f is a generalized α− β − ψ− contractive mapping satisfying the following conditions:

(i). f is continuous,

(ii). f is α− β−admissible,

(iii). there exists x0 ∈ X such that x0 � fx0,

(iv). there exist Cα > 0, Cβ ≥ 0 such that α(x0, fx0) ≥ Cα, β(x0, fx0) ≤ Cβ.

Then f has a fixed point.
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Proof. By condition (iii), there exists x0 ∈ X such that x0 � fx0 = x1 (say). Since f is nondecreasing, we have

fx0 � fx1 = x2 (say), i.e., x1 � x2. On continuing this process we get a sequence, defined by xn+1 = fxn for n = 0, 1, 2, . . . ,

and x0 � x1 � x3 � xn � . . . is an increasing sequence. Since f is α − β-admissible, by (iv), we have α(x0, x1) ≥

Cα ⇒ α(fx0, fx1) ≥ Cα and β(x0, x1) ≤ Cβ ⇒ β(fx0, fx1) ≤ Cβ , i.e., α(x1, x2) ≥ Cα and β(x1, x2) ≤ Cβ . Again, since

f is α − β−admissible so that α(x1, x2) ≥ Cα =⇒ α(fx1, fx2) ≥ Cα and β(x1, x2) ≤ Cβ ⇒ β(fx1, fx2) ≤ Cβ , i.e.,

α(x2, x3) ≥ Cα and β(x2, x3) ≤ Cβ . In a similar manner, on continuing this process we get that α(xn, xn+1) ≥ Cα and

β(xn, xn+1) ≤ Cβ for n = 1, 2, 3, . . . . We consider

Cαd(x1, x2) = Cαd(fx0, fx1) ≤ α(x0, x1)d(fx0, fx1) (3)

≤ β(x0, x1)ψ(M(x0, x1)) (4)

≤ Cβψ(M(x0, x1). (5)

It follows that

d(x1, x2) ≤ Cβ
Cα

ψ(M(x0, x1)) ≤ ψ(M(x0, x1)), (6)

where

M(x0, x1) = max{d(x0, x1), d(x0, fx0), d(x1, fx1),
d(x0, fx1) + d(x1, fx0)

2
}

= max{d(x0, x1), d(x0, x1), d(x1, x2),
d(x0, x2) + d(x1, x1)

2
}

= max{d(x0, x1), d(x1, x2),
d(x0, x2)

2
}

≤ max{d(x0, x1), d(x1, x2)}.

Suppose M(x0, x1) = d(x1, x2). Then from (6), we have

d(x1, x2) ≤ Cβ
Cα

ψ(M(x0, x1)) ≤ ψ(d(x1, x2) < d(x1, x2),

a contradiction. Therefore

d(x1, x2) ≤ Cβ
Cα

ψ(M(x0, x1)) ≤ ψ(M(x0, x1) ≤ ψ(d(x0, x1)) < d(x0, x1).

By induction, it is easy to see that

d(xn+1, xn+2) ≤ Cβ
Cα

ψ(M(xn, xn+1)) ≤ ψ(M(xn, xn+1)) ≤ ψ(d(xn, xn+1)) < d(xn, xn+1),

for n = 0, 1, 2, . . . . Therefore {d(xn, xn+1)} is a decreasing sequence which is bounded below by zero. So there exists r ≥ 0

such that lim
n→∞

d(xn, xn+1) = r. Suppose r > 0. Now

Cαd(xn+1, xn+2) = Cαd(fxn, fxn+1) ≤ α(xn, xn+1)d(fxn, fxn+1) (7)

≤ β(xn, xn+1)ψ(M(xn, xn+1)) (8)

≤ Cβψ(M(xn, xn+1)), (9)
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which implies that

d(xn+1, xn+2) ≤ Cβ
Cα

ψ(M(xn, xn+1)) ≤ ψ(M(xn, xn+1)) ≤ ψn(d(x0, x1)).

Now on letting n→∞, we have

r = lim
n→∞

d(xn+1, xn+2) ≤ lim
n→∞

ψn(d(x0, x1)) = 0

so that r = 0, a contradiction. Hence r = 0, i.e., lim
n→∞

d(xn, xn+1) = 0. We now show that the sequence {xn} is Cauchy.

We fix ε > 0 and choose n0 ∈ N such that

∞∑
n≥n0

ψn(d(x0, x1)) < ε. Let m,n ∈ N with m > n > n0. Therefore by applying

triangle inequality, we have

d(xn, xm) ≤ d(xn, xn+1) + d(xn+1, xn+2) + ...+ d(xm−1, xm)

≤ ψn
(
d(x0, x1)

)
+ ψn+1(d(x0, x1)

)
+ ...+ ψm−1(d(x0, x1)

)
=

m−1∑
n≥n0

ψn(d(x0, x1)) ≤
∞∑

n≥n0

ψn(d(x0, x1)) < ε.

Therefore {xn} is a Cauchy sequence. Since X is a complete metric space so that there exists x ∈ X such that xn → x.

Now by the continuity of f , we have fx = f( lim
n→∞

xn) = lim
n→∞

f(xn) = lim
n→∞

xn+1 = x. Therefore x is a fixed point of f .

Remark 2.4. Theorem 1.5 follows as corollary to Theorem2.3, since every α−β−ψ− contractive mapping is a generalized

α− β − ψ− contractive mapping.

By relaxing the continuity assumption on f from Theorem 2.3 and by imposing sequential convergence of a sequence in X,

we prove the following result.

Theorem 2.5. Let (X,�, d) be a partially ordered complete metric space. Let f : X → X be a nondecreasing, generalized

α− β − ψ− contractive mapping that satisfies the following conditions:

(i). f is α− β− admissible map,

(ii). there exists x0 ∈ X such that x0 � fx0 ,

(iii). there exist Cα > 0, Cβ ≥ 0 such that α(x0, fx0) ≥ Cα, β(x0, fx0) ≤ Cβ ,

(iv). if {xn} is a sequence in X such that α(xn, xn+1) ≥ Cα, β(xn, xn+1) ≤ Cβ for all n ∈ N and xn → x as n→∞, then

α(xn, x) ≥ Cα and β(xn, x) ≤ Cβ,

(v). if {xn} is a nondecreasing sequence in X such that xn → x as n→∞, then xn � x for all n ∈ N.

Then f has a fixed point in X, provided ψ is continuous.

Proof. As in the proof of Theorem 2.3, the sequence {xn} defined by xn+1 = fxn, n = 0, 1, 2, . . . is a Cauchy sequence in

X and is convergent to x ∈ X. Further, we obtained that α(xn, xn+1) ≥ Cα and β(xn, xn+1) ≤ Cβ . Therefore, by condition

(iv), it follows that α(xn, x) ≥ Cα and β(xn, x) ≤ Cβ . Suppose that fx 6= x. From the condition (v) and by the fact that f

is an α− β − ψ− contractive mapping, we have

Cαd(xn+1, fx) = Cαd(fxn, fx) ≤ α(xn, x)d(fxn, fx)

≤ β(xn, x)ψ(M(xn, x))

≤ Cβψ(M(xn, x)),
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which implies that

d(xn+1, fx) ≤ Cβ
Cα

ψ(M(xn, x)), (10)

where

M(xn, x) = max{d(xn, x), d(xn, xn+1), d(x, fx),
d(xn, fx) + d(x, xn+1)

2
}. (11)

Now on letting n→∞ in (11), we get

lim
n→∞

M(xn, x) = d(x, fx). (12)

Again on letting n→∞ in (10) and using (12), we get

d(x, fx) ≤ Cβ
Cα

ψ( lim
n→∞

M(xn, x)) ≤ ψ( lim
n→∞

M(xn, x)) = ψ(d(x, fx)) < d(x, fx), (13)

a contradiction. Hence x is a fixed point of f .

Theorem 2.6. Assume that the hypotheses of Theorem 2.3 hold. (Theorem 2.5),

(i) If (H1): for each x, y ∈ X with x � y, α(x, y) ≥ Cα and β(x, y) ≤ Cβ holds then f has a unique fixed point in X.

(ii) If ψ : [0,∞)→ [0.∞) is continuous, x and y in X are not comparable and (H2): hold, where

(H2): there exists z ∈ X such that



z � fz, z � x, z � y,

α(z, fz) ≥ Cα and β(z, fz) ≤ Cβ ,

α(z, x) ≥ Cα and β(z, x) ≤ Cβ ,

α(z, y) ≥ Cα and β(z, y) ≤ Cβ ,

(14)

then f has a unique fixed point in X.

Proof. Case (i): Suppose that x and y are two fixed points. Since f is a generalized α−β−ψ−contractive mapping and

from (H1), we have

Cαd(x, y) = Cαd(fx, fy) ≤ α(x, y)d(fx, fy)

≤ β(x, y)ψ(M(x, y))

≤ Cβψ(M(x, y)),

which implies that

d(x, y) ≤ Cβ
Cα

ψ(M(x, y)) ≤ ψ(M(x, y)), (15)

where M(x, y) = max{d(x, y), d(x, fx), d(y, fy), d(x,fy)+d(y,fx)
2

} = d(x, y). Now, we substitute the value of M(x, y) in (15),

we get

d(x, y) ≤ Cβ
Cα

ψ(M(x, y)) ≤ ψ(M(x, y)) ≤ ψ(d(x, y)) < d(x, y),
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a contradiction. Hence x = y.

Case (ii): Suppose that x and y are two fixed points of f which are not comparable. By (H2), there exist z ∈ X such that

z � x, α(z, x) ≥ Cα and β(z, x) ≤ Cβ . (16)

Since f is α − β− admissible map and increasing, we get fz � fx, α(fz, fx) ≥ Cα and β(fz, fx) ≤ Cβ , which implies

that fz � x, α(fz, x) ≥ Cα and β(fz, x) ≤ Cβ . On continuing this process, we have fn(z) � x, α(fn(z), x) ≥ Cα and

β(fn(z), x) ≤ Cβ for all n ∈ N. Since f is a generalized α− β − ψ− contractive mapping, we get

Cαd(fn+1(z), x) = Cαd(f(fn(z)), fx) ≤ α(fn(z), x)d(f(fn(z)), fx)

≤ β(fn(z), x)

≤ Cβψ(M(fn(z), x)),

which implies that

d(fn+1(z), x) ≤ Cβ
Cα

ψ(M(fn(z), x)) (17)

where

M(fn(z), x) = max{d(fn(z), x), d(fn(z), fn+1(z)), d(x, fx),
d(fn(z), fx) + d(x, fn+1(z))

2
}.

From (H2) and Theorem 2.3, fn(z) converges to some point z′ ∈ X. Now on letting n→∞ in (17), we have

d(z′, x) ≤ Cβ
Cα

ψ( lim
n→∞

M(fn(z), x)) ≤ ψ( lim
n→∞

M(fn(z), x)) = ψ(z′, x) (18)

where lim
n→∞

M(fn(z), x) = d(z′, x). If d(z′, x) > 0. Then

d(z′, x) ≤ ψ(z′, x) < d(z′, x), (19)

a contradiction. Therefore z′ = x. Similarly, we can prove that z′ = y. Hence we have y = x, and uniqueness of fixed point

of f follows.

3. Corollaries and Examples

Choose Cα = Cβ = 1 and β(x, y) = 1 for all x, y ∈ X with x � y in Theorem 2.3, we get the following theorem as a corollary

of Theorem 2.3.

Theorem 3.1 ([3]). Let (X,�, d) be a partially ordered complete metric space. Let f : X → X be a nondecreasing, α−ψ−

contractive mapping satisfying the following conditions:

(i). f is ordered α− admissible map,

(ii). there exists x0 ∈ X such that x0 � fx0 and α(x0, fx0) ≥ 1

Then f has a fixed point in X.
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Choose Cα = Cβ = 1 and β(x, y) = 1 = α(x, y) for allx, y ∈ X with x � y in Theorem 2.3, we get the following Theorem as

a corollary of Theorem 2.3.

Theorem 3.2. [7] Let (X,�, d) be a partially ordered complete metric space. Let f : X → X be a nondecreasing mapping

with respect to �. Suppose that there exist ψ ∈ Ψ such that

d(fx, fy) ≤ ψ(M(x, y))

for all x, y ∈ X with x � y. Suppose also that the following conditions hold:

(i). there exists x0 ∈ X such that x0 � fx0 and

(ii). f is continuous.

Then f has a fixed point in X.

Choose Cβ = 1 and β(x, y) = 1 for all x, y ∈ X with x � y in Theorem 2.3 and Theorem 2.5, we get the following corollaries.

Corollary 3.3. Let (X, d,�) be a partially ordered complete metric space. Let f : X → X be a nondecreasing, generalized

α− ψ− contractive mapping satisfying the following conditions:

(i). f is continuous,

(ii). f is α−admissible,

(iii). there exists x0 ∈ X such that x0 � fx0,

(iv). there exist Cα > 0 such that α(x0, fx0) ≥ Cα.

Then f has a fixed point.

Corollary 3.4. Let (X,�, d) be a partially ordered complete metric space. Let f : X → X be a nondecreasing, generalized

α− ψ− contractive mapping that satisfies the following conditions:

(i). f is α− admissible map,

(ii). there exists x0 ∈ X such that x0 � fx0 ,

(iii). there exist Cα > 0 such that α(x0, fx0) ≥ Cα,

(iv). if {xn} is a sequence in X such that α(xn, xn+1) ≥ Cα, for all n ∈ N and xn → x as n→∞, then α(xn, x) ≥ Cα

(v). if {xn} is a nondecreasing sequence in X such that xn → x as n→∞, then xn � x for all n ∈ N.

Then f has a fixed point in X, provided ψ is continuous.

The following is an example in support of Theorem 2.3.

Example 3.5. Let X = [0,∞), with the usual metric d. We define a partial order � on X by �:= {(x, y) ∈ X ×X : x =

y} ∪ {(0, 1
2
), ( 3

2
, 2)} with x � y if and only if x ≤ y in the usual sense. We define f : X → X by

f(x) =

 x+ 3
2

if x ∈ [0, 1
2
),

2 if x ≥ 1
2
.
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Clearly f is continuous and nondecreasing on X. Now, we define functions α, β : X ×X → [0,∞) and ψ : [0,∞)→ [0,∞)

by

α(x, y) =


3
2

if x � y

0 otherwise,
β(x, y) =

 1 if x � y

0 otherwise,
and ψ(t) =

t2

1 + t
for all t ≥ 0.

let Cα = 5
4

and Cβ = 1 then
Cβ
Cα

= 1
5
4

= 4
5
< 1. Clearly f is α − β−admissible map. Also ψ(t) < t and ψ is nondecreasing

so that ψn+1(t) ≤ ψn(t) for n = 0, 1, 2, . . . . Therefore {ψn(t)} is a decreasing sequence of non-negative real numbers.

Therefore there exists r ≥ 0 such that lim
n→∞

ψn(t) = l. We write un = ψn(t) so that un+1 = (un)
2

1+un
. Therefore lim

n→∞

un+1

un
=

lim
n→∞

un
1 + un

=
l

1 + l
< 1. Hence by D’Alembert’s ratio test, we have

∞∑
n=1

un < ∞. Therefore ψ satisfies all the properties

of Ψ. Now we show that f is a generalized α − β − ψ− contractive mapping. Now, let (x, y) = (0, 1
2
) ∈ X, with 0 � 1

2
.

Then α(0, 1
2
) = 3

2
, β((0, 1

2
) = 1, d(f0, f 1

2
) = d( 3

2
, 2) = 1

2
and M(0, 1

2
) = 3

2
. Now α((0, 1

2
)d((f0, f 1

2
) = 3

2
. 1
2
≤ 1. 9

10
=

β((0, 1
2
)ψ(M(0, 1

2
)).

In the remaining possible cases, the inequality (2) holds trivially. Therefore f is a generalized α−β−ψ− contractive mapping

and all the hypotheses of Theorem 2.3 and (H1) are satisfied and hence the hypotheses of Theorem 2.6 (i) hold and 2 is the

unique fixed point of f . But α(x, y)d(fx, fy) = α((0, 1
2
)d((f0, f 1

2
) = 3

2
. 1
2
� 1. 1

3
= β((0, 1

2
)ψ(d(0, 1

2
)) = β((x, y)ψ( 1

2
), fails to

hold for any α, β and ψ. Hence (1) fails to hold so that f is not a α− β − ψ− contractive map so that Theorem 1.5 is not

applicable.

The following example is in support of Theorem 2.5 in which f is not continuous.

Example 3.6. Let X = [0,∞), with the usual metric d. We define a partial order on X by �:= {(x, y) ∈ X ×X : x =

y} ∪ {( 1
2n
, 0)/n = 1, 2, . . . .} with x � y if and only if x ≥ y in the usual sense. We define f : X → X by

f(x) =


x
2

if x ∈ [0, 1),

2x+1
3

if x ≥ 1.

Clearly f is not continuous and nondecreasing on X. Now, we define functions α, β : X×X → [0,∞) and ψ : [0,∞)→ [0,∞)

by

α(x, y) =


1
2

if x � y

0 otherwise,
β(x, y) =


1
3

if x � y

0 otherwise,
and ψ(t) =


4t
4+t

if t ≥ 1

4t
5

if t ≤ 1.

let Cα = 2
5

and Cβ = 1
3

then
Cβ
Cα

=
1
3
5
4

= 5
6
< 1. Clearly f is α− β−admissible map. Also ψ(t) < t, ψ is nondecreasing and

∞∑
n=0

ψn(t) <∞. For

Case (i): Let t ≤ 1 so that ψn(t) = ( 4
5
)n(t) for n = 1, 2, 3 . . . . Therefore,

∞∑
n=0

ψn(t) =

∞∑
n=0

(
4

5
)n(t). <∞.

Case (ii): Let t ≥ 1 so that ψ(t) = 4t
4+t

. If ψ(t) ≥ 1 then ψ2(t) = ( 2t
2+t

). If ψ2(t) ≥ 1 then ψ3(t) = ( 4t
4+3t

). If

ψ3(t) ≥ 1 then ψ4(t) = ( t
1+t

). Since ψ4(t) < 1, ψn+4(t) = ( 4
5

n
)ψ4(t) for n = 0, 1, 2 . . . . Therefore by comparison test,

we have
∞∑
n=0

ψn(t) < ∞. Hence ψ satisfies all the properties of Ψ with ψ continuous on [0,∞). We now show that f

is a generalized α − β − ψ− contractive mapping. Now, let (x, y) = ( 1
2n
, 0) ∈ X, with 1

2n
� 0. Then α( 1

2n
, 0) = 1

2
,

β( 1
2n
, 0) = 1

3
, d(f( 1

2n
), f0) = d( 1

2n+1 , 0) = 1
2n+1 and M( 1

2n
, 0) = 1

2n
. Consider α( 1

2n
, 0)d(f( 1

2n
), f0) = 1

2
1

2n+1 = 1
2n+2 ≤

1
3

4
5

1
2n

= β( 1
2n
, 0)ψ(M( 1

2n
, 0)). In the remaining possible cases, the inequality (2) holds trivially. Now, we verify condition

(iv) of Theorem 2.5. The sequences {xn}∞n=0 in X satisfying α(xn, xn+1) ≥ 2
5

and β(xn, xn+1) ≤ 1
3

for n = 0, 1, 2, . . . are of

the following forms.
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(i). xn = x for n = 0, 1, 2 . . . so that lim
n→∞

xn = x.

(ii). There exists positive integers N, k such that

xn =


1
2k

for n = 0, 1, 2, . . . , N

0 otherwise
(20)

so that lim
n→∞

xn = 0 = x. It is easy to see that α(xn, x) ≥ 2
5

and β(xn, x) ≤ 1
3

for n = 0, 1, 2, . . . .

Hence all the hypotheses of Theorem 2.5 are satisfied and x = 0 and y = 1 are two fixed points of f . Here we observe that 0

and 1 are not comparable and (H2) fails to hold for any z ∈ X.
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