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1. Introduction

The concept of domination in graphs was introduced by Ore and Berge [4]. Throughout this paper G = (V,E) denotes a

finite undirected simple graph with vertex set V and edge set E. A subset D of V (G) is a dominating set of G if every vertex

in V −D is adjacent to at least one vertex in D. The minimum cardinality of a dominating set of G is called the domination

number of G and is denoted by γ(G). The concept of Steiner number of a graph was introduced by G. Chatrand and P.

Zhang [1]. For a nonempty set W of vertices in a connected graph G, the Steiner distance d(W ) of W is the minimum

size of a connected subgraph of G containing W . Necessarily each such subgraph is a tree and is called a Steiner tree with

respect to W or a Steiner W -tree. The set of all vertices of G that lie in some Steiner W -tree is denoted by S(W ). If

S(W ) = V , then W is called a Steiner set for G. A Steiner set with minimum cardinality is the Steiner number of G and

is denoted by s(G). The concept of Steiner domination number of a graph was introduced by J. John et al., [3]. For a

connected graph G, a set of vertices W in G is called a Steiner dominating set if W is both a Steiner set and a dominating

set. The minimum cardinality of a Steiner dominating set of G is its Steiner domination number and is denoted by γs(G).

A steiner dominating set of cardinality γs(G) is said to be a γs-set.

The minimum of {degv : v ∈ V (G)} is denoted by δ(G). A k-dominating set is a subset S of V (G) such that every vertex

v ∈ V − S is adjacent to atleast k vertices in S. A vertex and an edge are said to cover each other if they are incident. A

set of vertices which covers all the edges of a graph G is called a vertex cover for G. The smallest number of vertices in any

vertex cover for G is called its vertex covering number and is denoted by α0(G) or α0. A set S of vertices in a graph G

is independent if no two of its vertices are adjacent in G. The largest number of vertices in such a set is called the vertex

independence number of G and is denoted by β0(G) or β0. If G is a graph with p vertices, then α0(G) + β0(G) = p. A
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dominating set S of a graph G which is also independent is called an independent dominating set of G. The minimum

cardinality of all independent dominating sets of G is called its independent domination number and is denoted by i(G).

Theorem 1.1 ([3]). For the complete bipartite graph G = Km,n,

s(G) = γs(G) =


2 if m = n = 1;

n if n ≥ 2,m = 1;

min{m,n} if m,n ≥ 2

Theorem 1.2 ([7]). For a Wheel graph W1,n, n ≥ 5, γs(W1,n) = n− 2.

Theorem 1.3 ([3]). Each extreme vertex of a connected graph G belongs to every minimum Steiner dominating set of G.

Theorem 1.4 ([3]). For the complete graph Kp(p ≥ 2), γs(Kp) = p.

Lemma 1.5 ([5]). Let n ≥ 6. Then, dn
3
e = bn

2
c if and only if n = 7.

Theorem 1.6 ([6]). γs(Pn) =


dn−4

3
e+ 2 if n ≥ 5;

2 if n = 2, 3 or 4.

Theorem 1.7 ([6]). For n > 5, γs(Cn) = dn
3
e.

2. Independent Steiner Domination Number

Definition 2.1. A Steiner dominating set W of G is said to be an independent steiner dominating set of G if the subgraph

induced by W is independent.

Definition 2.2. Let ζ denote the collection of all graphs having atleast one independent steiner dominating set. Let G ∈

ζ. Then, the minimum cardinality among all independent steiner dominating set of G is called the independent steiner

domination number of G. It is denoted by Iγs(G). An independent steiner dominating set of cardinality Iγs(G) is called an

Iγs-set of G.

Example 2.3. Consider the graph G in Figure 1s
s
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Here, W = {v1, v2, v5} is the minimum steiner dominating set of G. Therefore, γs(G) = 3. But, the subgraph induced by W

is not independent. Here, {v1, v3, v5, v7} is a minimum independent steiner dominating set of G and hence Iγs(G) = 4.

Observation 2.4. Let G be a connected graph. Then,

(i). All graphs do not possess independent steiner dominating sets.

(ii). For a complete graph on n vertices, the vertex set V (G) is the unique steiner dominating set. But it is not independent

and so complete graphs have no independent steiner dominating sets.

(iii). C3, C5 and C7 have no independent steiner dominating set.

Observation 2.5. Let G ∈ ζ. Then, the following are observed.

(i). Every independent steiner dominating set is a steiner dominating set of G. Therefore, 2 ≤ γs(G) ≤ Iγs(G) ≤ p.

(ii). Every extreme vertex of G belongs to every independent steiner dominating set of G.

(iii). Let W be the set of all extreme vertices of G. If it is an independent steiner dominating set of G, then W is the unique

minimum independent steiner dominating set of G.

(iv). If G contains atleast two adjacent extreme vertices, then G has no independent steiner dominating set.

Remark 2.6. Let G be a connected graph G ∈ ζ. Clearly, every independent steiner dominating set of G is an independent

dominating set of G. Therefore, the following are true:

(i). Iγs(G) ≥ i(G).

(ii). If W is a minimum independent steiner dominating set of G, then V −W is a dominating set of G.

Theorem 2.7. Let G be a connected graph with p vertices. Let G ∈ ζ. Then, Iγs(G) ≤ p− γ(G).

Proof. Let W be a minimum independent steiner dominating set of G. By Remark 2.6 (ii), γ(G) ≤ |V −W |. Therefore,

γ(G) ≤ |V | − |W | = p− Iγs(G). Therefore, Iγs(G) ≤ p− γ(G).

Theorem 2.8. Let G ∈ ζ and let W be an independent steiner dominating set of G. If δ(G) ≥ k, then V − W is a

k-dominating set of G. Further, Iγs(G) ≤ p− γk(G).

Proof. Let v ∈W . Then, W is independent and δ(G) ≥ k imply that v is adjacent to atleast k vertices of V −W . Therefore,

V −W is a k-dominating set of G and γk(G) ≤ |V −W | = |V | − |W | ≤ p− Iγs(G). Therefore, Iγs(G) ≤ p− γk(G).

Remark 2.9. Let G be a connected graph with p(≥ 3) vertices. Then, Iγs(G) ≤ β0(G) = p− α0(G).

Theorem 2.10. Let G ∈ ζ be a connected graph with p(≥ 3) vertices. Then, Iγs(G) = 2 if and only if γs(G) = 2.

Proof. Suppose Iγs(G) = 2. Then, by Observation 2.5 (i), 2 ≤ γs(G) ≤ Iγs(G) = 2. Therefore, γs(G) = 2.

Conversely, if p ≥ 3 and γs(G) = 2, then every minimum steiner dominating set is independent and so an independent

steiner dominating set. Hence, Iγs(G) ≤ γs(G) = 2. Therefore, Iγs(G) = 2.

Theorem 2.11. For n ≥ 3, Iγs(Pn) = γs(Pn).

Proof. Let n ≥ 3 and Pn = (v1, v2, ..., vn). If n ≡ 0(mod3) or n ≡ 1(mod3) or n ≡ 2(mod3), then W = {v1, v4, ..., vn−2, vn}

or W = {v1, v4, ..., vn−3, vn} or W = {v1, v4, ..., vn−2, vn} is a minimum steiner dominating set of Pn. Also, W is independent.

Therefore, Iγs(Pn) ≤ γs(Pn). Hence, by Observation 2.5(i), Iγs(Pn) = γs(Pn).
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Theorem 2.12. For n ≥ 4(n 6= 5, 7), Iγs(Cn) = γs(Cn) = dn
3
e.

Proof. Let Cn = (v1, v2, ..., vn, v1).

Case (i): n = 4. In this case, every steiner dominating set is independent. Hence, Iγs(C4) = γs(C4) = 2.

Case (ii): n > 4. By observation 2.4 (iii), it is enough to prove the theorem for n 6= 5 and 7. If n ≡ 0(mod 3) or n ≡

1(mod 3) or n ≡ 2(mod 3), then W = {v1, v4, ..., vn−2} or W = {v1, v3, v6, v9, ..., vn−4, vn−2} or W = {v1, v4, ..., vn−4, vn−1}

is a minimum steiner dominating set of Cn. Also, W is independent implies, Iγs(Cn) ≤ γs(Cn). Therefore, by Observation

2.5 (i), Iγs(Cn) = γs(Cn). Hence, by Theorem 1.7, for n ≥ 4(n 6= 5, 7), Iγs(Cn) = γs(Cn) = dn
3
e.

Theorem 2.13. The Wheel graph W1,p(p > 4), has no independent steiner dominating set.

Proof. Let p > 4, then W = {v1, v3, v4, v5, ..., vp−1} is the minimum steiner dominating set of W1,p and is not independent.

Hence, the wheel graph W1,p where p > 4 has no independent steiner dominating set.

Observation 2.14. For the wheel graph W1,p where p = 4, Iγs(W1,p) = γs(W1,p) = 2.

Theorem 2.15. Let m,n ≥ 2. Then, Iγs(Km,n) = min{m,n}.

Proof. Let S and T be the bi partitions of Km,n with |S| = m and |T | = n. Let W be a minimum steiner dominating set

of Km,n. Then, by Theorem 1.1 , W = S or T . Clearly, W is independent and so W is an independent steiner dominating

set of Km,n. Therefore, Iγs(Km,n) = γs(Km,n) = min{m,n}.

Theorem 2.16. Let G be a connected graph on p vertices. Then, G+ ∈ ζ and Iγs(G+) = p.

Proof. Let V (G) = (v1, v2, ..., vp) and w1, w2, ..., wp be the end vertices attached to v1, v2, ..., vp respectively in G+. Then,

W = {w1, w2, ..., wp} is the unique minimum independent steiner dominating set of G+ and so Iγs(G+) = p.

3. Upper Steiner Domination Number

Definition 3.1. A steiner dominating set W is said to be minimal steiner dominating set of G if no proper subset of W

is a steiner dominating set of G. The maximum cardinality of all minimal steiner dominating sets of G is called the upper

steiner domination number of G and is denoted by Γs(G). A steiner dominating set of cardinality Γs(G) is called a Γs -set

of G.

Example 3.2. Consider the graph G in Figure 2. Here, W = {v1, v2, v3, v4, v11, v12, v13}, W1 =

{v1, v2, v3, v5, v6, v7, v11, v12, v13} and W2 = {v1, v2, v3, v8, v9, v10, v11, v12, v13} are the minimal γs-sets of G. Also, no subset

T of V (G) is a γs-set of G if |T | < |W | or |T | > |W1| = |W2|. Therefore, W is a γs-set of G and W1 and W2 are Γs-sets of

G. Hence, γs(G) = 7 and Γs(G) = 9.t
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Example 3.3. Consider the graph G in Figure 3.
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Here, W = {v, u3, v3, w3},W1 = {u1, u2, v2, w2, u3, v3, w3},W2 = {v1, u2, v2, w2, u3, v3, w3},W3 = {w1, u2, v2, w2, u3, v3, w3}

are the minimal γs-sets of G. Also, no subset T of V (G) is a γs-set of G if |T | < |W | or |T | > |W1| = |W2| = |W3|.

Therefore, W is a γs-set of G and W1,W2 and W3 are Γs-sets of G. Hence, γs(G) = 4 and Γs(G) = 7.

Example 3.4. Consider the graph G = C6 in Figure 4. Here, {v1, v4}, {v2, v5}and {v3, v6} are the only γs-sets of G and

are all minimum. Therefore, γs(G) = Γs(G) = 2.
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Remark 3.5. Let G be a (p, q) connected graph. Then, 2 ≤ γs(G) ≤ Γs(G) ≤ p. The above bounds are sharp. For,

γs(C6) = Γs(C6) = 2 and γs(Kp) = Γs(Kp) = p. The above bounds are also strict. For example, consider the graph G in

Example 3.2. We observe that, V (G) = 13, γs(G) = 7 and Γs(G) = 9. Hence, 2 < γs(G) < Γs(G) ≤ p.

Remark 3.6. For a complete graph Kp on p vertices, γs(Kp) = Γs(Kp) = p.

Theorem 3.7. For the path Pn, n ≥ 3,Γs(Pn) = dn
2
e.

Proof. Let V (Pn) = {v1, v2, ..., vn}. Let W = {v1, v3, ..., vn−2, vn} when n is odd and W ′ = {v1, v3, ..., vn−3, vn} when n

is even. Clearly, W and W ′ are upper steiner dominating sets of Pn, in the corresponding cases. Therefore,

Γs(Pn) =


|W | if n is odd

|W ′| if n is even

= dn
2
e.

Theorem 3.8. For the cycle Cn,Γs(Cn) = bn
2
c, n ≥ 6. Also, Γs(Cn) = γs(Cn) if and only if n = 3, 4, 5 or 7.
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Proof. Let n ≥ 6 and Cn = (v1, v2, ..., vn, v1). By Theorem 1.7, γs(Cn) = dn
3
e. Now, W = {v1, v3, ..., vn−2} and

W ′ = {v1, v3, ..., vn−1} are the upper steiner dominating sets of Cn according as n is odd or n is even and so

Γs(Cn) =


|W | if n is odd

|W ′| if n is even

= bn
2
c.

It is easy to observe that, Γs(C3) = γs(C3) = 2,Γs(C4) = γs(C4) = 2 and Γs(C5) = γs(C5) = 3. Also by Lemma 1.5, for

n ≥ 6,Γs(Cn) = γs(Cn) if and only if dn
3
e = bn

2
c if and only if n = 7. Hence, Γs(Cn) = γs(Cn) if and only if n = 3, 4, 5 or

7.
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