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1. Introduction

The concept of bulk arrivals and bulk services has picked up a huge importance in present situations. Bulk queueing systems
have been studied by several authors including Neuts (1967) and Chaudhry and Templeton (1983). Recently, Sasikala and
Indhira (2016) provided a survey of the bulk service queueing models. The general bulk service rule states that the server
will start to provide services only when at least 'a’ units are present in the queue, and maximum service capacity is 'b’. When
the server could not be repaired or reestablished by the principal basic repair, the next repairs are expected to reestablish
the server. Ayyappan and shyamala (2013) investigated batch arrival queue with second optional repair. Balamani (2014)
has discussed a two stage batch arrival queue with compulsory server vacation and second optional repair.

For balancing the real time system’s efficiency and availability, the queueing models with stand-by’s support have become
worth mentioning as far as the analysis of queueing modelling study is concerned. The provision of stand-by’s and repairmen
support to the queueing system maintains smooth functioning of the system. In the field of computer and communication
systems, distribution and service systems, production/manufacturing systems etc., the applications of queueing models with
standby’s support is essential. Mok et al. (1987) has studied a transient queueing model for business office with standby
servers. Khalaf et al (2012), Preeti et al (2014), Kamlesh Kumar et al (2013) have discussed a standby server queueing

models with a combination of vacation. In this work, we studied a batch arrival general bulk service queuing system with
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active breakdown and second optional repair, balking, variant arrival rate, multiple vacation with an additional significant
assumption that the system employs a standby server during the repair period of the main server.

This paper is organised as follows. In section 2 the queuing problem is defined. The system equations have been developed in
sections 3. The probability generating function (PGF) of the queue length distribution in steady state is obtained in section
4. Various performance measures of the queuing system are derived in section 5. A computational study is illustrated in

section 6. Conclusions are given in section 7.

2. Model description

This paper deals with a queueing model whose arrival follows a compound Poisson process with intensity rate A1, A2, A3z
during main server in the system, stand-by in the system, main server is in vacation respectively. The main server’s service
time, vacation time, stand-by server’s service time are all follows general distributions, breakdown and two repair times of
main server follows exponential distributions with rate a, 11, and 72 respectively. Customers balking during main server
and stand-by server’s busy period with probability w, no balking with probability (1 —w). The main server may breakdown
at any time during service with exponential rate a and in such a case the main server immediately goes for a repair which
follows an exponential distribution with rate 7 after the first repair completion the main server go to second repair which
is optional with probability € and the repair rate n2. The interrupted batch service is exchanged to the stand-by server who
starts service to that batch afresh. The stand-by server remain in the system until the main server’s repair’s completion.
At the instant of repair completion, if the stand-by server is busy then the service to that batch of customers is interrupted
and that batch of customers is transferred to the main server who starts service to that batch of customers afresh. At the
instant of the completion of a service (served by main server) or the main server’s repair completion, number of customers
in the queue is less than a the server will avail a vacation of a random length. The server takes a sequence of vacation until

the queue size reaches at least a.

2.1. Notations

Let X be the group size random variable of arrival, gr be the probability of ‘k’ customers arrive in a batch and X (z) be its
PGF. Sy(.), Ss(.) and V(.) represent the Cumulative Distribution Functions (CDF) of service time of main server, service
time of stand-by server and vacation time of main server with corresponding probability density functions are sy(z), ss(x)
and v(z) respectively. Sp(t), SO(t) and V<0)(t) represent the remaining service time of service given by main server, service
given by stand-by server and remaining vacation time of main server at time ‘t’ respectively. Sy(6), Ss(8) and V (6) represent
the Laplace Stieltjes transform (LST) of Sy, Ss, and V respectively. For the further development of the queueing system,
let us define the following.

e(t) =1,2,3, and 4 at time t the main server is in service, vacation and the stand-by server is in service, idle respectively.
Z(t) = j, if the server is on the 40 vacation.

N, (t)=Number of customers in service station at time t.

Ny (t)=Number of customers in the queue at time t.

Define the probabilities

Tn(t)At = Pr{Nqy(t) =n, e(t) =4}, 0<n<a—-1,

Pon(,t)At = Pr{N(t) =m, Ny(t) =n, z < Sp(t) <z + At, e(t) =1}, a <m < b, n >0,
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Quj(@, t)At = Pr{Z(t) =1, Ny(t)=j, 2 <V°(t) <z + At, e(t) =2}, 1 > 1,5 > 0.

3. Queue Size Distribution

From the above-defined probabilities we can easily construct the following steady state equations

b
Ao +m +m2)To = Z Bim,0(0) + emTo,
b n
Ao+ m+m)Tn =Y Bnn(0)+emTo+ > T khge, 1<n<a—1,
m=a k=1
’ b 0
—P;o(z) = —(A\1 + a)Pio(z) + Z P i(0)sp(x) + 772/ B;o(y) dyss(x)

+m 176/ B;o(y) dyss(x +ZQM )sp(x) + wA1Pio(x), a <i<b,
=1
“PL(#) = —(M + @) Paj (@) + wha Pg(a) + m (1 — € / By ;(y) dysi(a)
+172/ B; i (y) dysy(x 1-w ZP”’“ JAige, j>1, a<i<b-1,

—P, j(x) = —(\ +a)Py j(z) + Z P p15(0)sp(2) + wA1 P (2)

+m(l—e / By y(y) dys(z) + o / By (y) dysy(x)

+ZQl,b+j(O) (1-w ZPb] k() Agr, § 2> 1,
, b
—B,o(z) = —(A2+m +m2)B )+ Z B, ,i(0 z) + en Bio(x)
a—1
+Oé/ PZO )dys.s +ZTk)\2gz kss( )+W)\QBzO( )7 aSZSbv
k=0

~B; ;(x) = —(Aa + m +12)Bij(x) + a/ Pij(y) dyss(x) + em B j ()
0

J
+ (1 — w) ZBi,j—k(m)AQQk + (JJ)\QBiJ(J)), 7> 1, a <1< b— 1,
—B;,j(%’) —(A2 +m +n2) By ;(x) + Z B p15(0)ss(x) + w2 By ()

1 —0)> By )Azgwa/ Pyj(y) dy 5,(z) + em Bus(z)

k=1
a—1

+ ZTk)\ng-s-j—kSs(m)a j=>1,
k=0

b

~Quo(x) = —23Qu0() + > Pro(0)v(z) + mTov(z) + (1 — e)mTov(x),

m=a

b

*Qll,n(x) =—X3Q1,n(x) + Z Prn(0)v(z) + noTrv(z) + (1 — e)mThv(x)
+ZQ1n k(@) Azge, 1<n<a—1,

~Q1n(2) = ~XQun(x) + O Qun-r(x)Asgr, n > a,
k=1

—Q;0(x) = —XaQj.0(x) + Q-1.0(0)v(x), j > 2,
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~ Qi () = =23Qjn () + Q51,0 (0) +ZQM K@) Asgr, §>2, 1<n<a—1, (13)

,Q;‘,n(az) =—X3Qjn(z) + ZQ] n—k(T)A3gk, 7>2, n>a. (14)
Taking LST on both sides of equations (3) to (14), we get,

0P;0(0) — Pio(0) = (\ + ) = P —wA1Pio(0) — i Qu,1(0)S,(6)

77]11*6/ Blo )dySb 772/ Bzo )dySb() S Sb (15)

6P ;(0) — Po;(0) = (M + )Py (6) — whi Py (6) — mo / Bi(y) dySy(8) — m(1 — o) / By s () dySh(6)

—(1=w)> P x@Mgr, j>1, a<i<b-1, (16)
k=1
0Ps,;(0) — Po,3(0) = —(M1 + ) Po 5 ( Z Prn5(0)S5(0) — wi Py, (6) — mi (1 — 6)/ By,;(y) dySy(6)
0
j ~
- 772/ By (y) dySu(0 ZQZ b+4(0 —(1=w)> P k(@Ngk, 5> 1, (17)
k=1
9B¢,0(9) — Bio(0)=(A2+mn1+n2)B Z Bo,,i( — 6"71Bi,0(9) — Oé/ Pio(y) dyS. (6)
0
a—1 B B
— ZTk}\QgikaS(e) — U.))\2Bz‘,0(0)7 a S 7 S b, (18)
k=0

<.

0B ;(0) — Bi;(0) = (A2 + m +m2)Bi ;(0) — a/ P j(y) dy S<(0) — emBi;(0) — (1 —w) > Bij—x(0)Aag
0

k=1
—wheBij(0), j>1,a<i<b-—1, (19)
j
0Bb,5(0) — By,5(0) = (A2 +m +12) By ( Z Bin,p+5(0)95(0) — waBu,;(0) — (1 —w) Y By j—k(0)Aog
k=
o B _ a—1 '
—a [ Pas) dy 3.0) — emBus(6) = S Tidagnes 15406, 5 > 1. (20)
0 k=0
b
0Q1,0(0) — Q1,0(0) = X3Q1,0(0) = D Prmo(0)V(0) — (1 — )mToV (6 — 2TV (6), (21)
b
0Q1,7(0) — Q1,1 (0) = X3Q1,n(0) = > Prn(0)V(0) — (1 — )mTuV (0) — 2T,V (6)
— Z Q1,n—k(9))\3gk, 1<n<a-1, (22)
0Q1,1(0) — Q1.2(0) = A3Q1,n( Z Qun—r(0)Asgr, n > a, (23)
0Q;.0(0) — Q;.0(0) = A3Q;.0(0) — Qj—1.0(0)V(0), j > 2, (24)
0Q),n(0) = Qjn(0) = =X3Q;,n(0) = Q—1,n(0)V(0) = > Qjn-r(0)Xagr,j > 2, 1<n<a-1, (25)
k=1
0Qjn(0) = Qj.n(0) = A3Qjn( ZQ; n-k(0)Xagr, j>2, n>a. (26)
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4. System Size Distribution

To find the Probability Generating Function (PGF) for queue size, we define the following PGF’s

Pi(z,0) = ii) i(0)27, Pi(z,0) ZiPLJ(O)z ,a<i<b

Bi(z,0) = iéi,j(e))zj, Bi(z,0) = iBz‘,j(O)Zj, a<i<b, (27)
j=0 Jj=0

Qu(z,0) = ZQ (0)27 Qu(2,0) = ZQz,j(O)Zj7 I>1

<.
Il
o

<.
Il
o

By multiplying Equations (15) to (26) with suitable power of 2/ and summing over j (j = 0 to 00), and using Equation (27),

we get,
(0 — u(2))Pi(2,0) = (,o)—Sb(e)[zb: +ZQ“ )+ 1B 20)],agigb—1, (28)
220 — u(2))Py(2,0) = (2" — 54(0)) Py (2,0) [;_:tlpm (2,0) + lf; Qi(2,0) + 2°nBy(2,0)

g(ﬂipm](())zwi@](mzf)], (29)
(0 — v(2))Bi(z,0) = Bi(2,0) — 8(0) [aﬁi(z,()) n i Bum.i(0) + :Z_;Tkx\ggi_k], a<i<b-1, (30)

220 — v(2))By(2,0) = (2° — 5.(0))By(2,0) — 5. (6) [:gBm(z 0) + 2*aBy(z,0) iiBmJ
+ AQ(;Z:iTkz’“gj_kzjk], (31)
(6 = w()Qu(2,60) = Q1(,0) = V(0) Z_j [mi_a Ponn(0)2" +nTz"], (32)
(0 — w(2))Q;(2,0) = Q;(=,0) = V() :z;l)le,n(O)Z", jz2, (33)

where u(z) = a+ M (1—w)(1—X(2)), v(z) =n+ A2l —w)(1— X(2)), w(z) = A3 — A3 X (2), n = (1 — €)n1 +n2). Substitute
0 = u(z) in (28) and (29), we get,

Pi(2,0) = Sb(u(z))[ zb_: P (0 +ZQ“ )+ nBi(z 0)], a<i<b-1, (34)
Py(2,0) = % [;ipm(z, 0) + ; Qu(=,0) + 2"By(2,0) — : (miapm,j (0)27 + g Qui(0)2)],  (35)
Substitute 6 = v(z) in (30) and (31), we get,
Bi(2,0) = 8:(v(2)) [al:’i(z,O) + Xb: Bn.i(0) + :i:Tk)\zgik], a<i<b—1, (36)
Bb(z,o):(f[iz_iBmzo ) + 2PaPy(z,0) —&—)\gzz;l)iTkz gind™ jzégBmJ O)Z] (37)
Substitute § = w(z) in (32) and (33), we get,
@ (20) = V() S [ 3 Pronl0)” 407,27 (33)
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Q;(2,0) = V(w ZQJM )2", > 2. (39)

Substitute the equations (34) to (39) in equations (28) to (33) after simplification, we get,

(0 — u(2))Pi(z,0) = (Sp(u(z) [Z Po., +ZQH )+ nBi(z o)], a<i<b-1, (40)

m=a

(0 — u(2)) Py(2,0) = (S(b u(z)) = 5v(8)) [ Pulz0) + Z Qi(2,0) + 2"nBy(z,0)

b—1 :11) [e’s}
=2 (X P02 + 3o Qu(0))] (41)
b a—1
(0 — v(2))Bi(2,0) = (3:(v(2)) — 5. (0)) [api(z,()) + 3 Bui(0) + ZTkAzgi_k] a<i<b-1, (42)
m=a k=0
~ ~ b—1 a—1 oo
(0= vl Bo(z,0) = SLEDSD 57 1y (2.0) + a0 RED D) oS

b

b
(0= w(2)Qi(2,0) = (V(w(=) = VO) D[ D Prn(0)2" + nTnz"], (44)
(0 = w(2))Qj(2,0) = (V(w(2) = V(0)) Y Qi-1.n(0)z", j > 2. (45)
5. Probability Generating Function of Queue Size

5.1. The PGF of the queue size at an arbitrary time epoch

Let P(z) be the PGF of the queue size at an arbitrary time epoch. Then,

P(z) = ZE(Z’O) +ZB¢(Z,O) +>Qi(2,0) + T(2). (46)

By substituting = 0 in equations (40) to (45) then equation (46) becomes

bz (2" — 2))e; +K2(z)§(z —20di + (1= V(w (z)))Kg(z)afcnz"
- _ - a-1 " (47)
+ [ (2) = V(w(2) Ka(2)] = v1(2) Ka(2) + w(=)Ya(2)] S Tzt
PE= W) =
where
pi = zb: Pr,i(0), v; = lzo?QM(()), ¢ = zb: B.,,i(0), ¢i =pi + vy, and d; = q; + :z_::Tk/\ggik

and the expressions for K1(z), K2(z), K3(z), vi(z) and Yi(z) are defined in Appendix-I.

5.2. Steady state condition

The probability generating function has to satisfy P(1) = 1. In order to satisfy this condition applying L’ Hopital’s rule

and evaluating lirn1 P(z), then equating the expression to 1, we have, H = (—A\3X1)E1, where the expressions H and F; are
z—
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defined in Appendix-II. Since ¢;, d; and T; are probabilities of ’i’ customers being in the queue, it follows that H must be

positive. Thus P(1) =1 is satisfied iff (—A3X1)E; > 0. If

_ (- w)Xi(ads + 7)1 —~5'b(04))(1 - Ss(n))
ban[Sy(a)(1 — Ss(n)) + Ss(n)(1 — Sp(a))]

then p < 1 is the condition for the existence of steady state for the model under consideration.

5.3. Computational aspects

Equation (47) has 2b unknowns co,c1, ..., Cb—1,da, ..., dp—1, and To,T1,...,Ta—1. Now equation (47) gives the PGF of the
number of customers involving only 2b unknowns. By Rouche’s theorem, it can be proved that Y1(z) has 2b — 1 zeros inside
and one on the unit circle |z| = 1. Since P(z) is analytic within and on the unit circle, the numerator must vanish at these

points, which gives 2b equations in 2b unknowns. We can solve these equations by any suitable numerical technique.

5.4. Particular case

When there is no breakdown, no balking and A1 = A2 = A3 = X then equation (47) reduces to

b—1

(Sp(w(=) = 1) X (2 = 2)es + (2 = )(V(w(2)) — 1) ;

P(Z) _ i=a - _ (48)
(—w(2))(z" = Sp(w(2)))

which coincides with the PGF of Senthilnathan et al. (2012) without closedown.
PGF of queue size at main server’s service completion epoch: The probability generating function of main server’s

service completion epoch M (z) is obtained from the equations (40) and (41)

(1 — Sp(u(2))) [zbv(z)(z — Ss(v ch + 21 — Zd

() = 502 (V(w(2) i@n T 4 vz ch ) "
+ z 77(1 (Z Y Tz )\zgj w2t TR iquj)]
M(Z) = =P R0 )/1(2) =

PGF of queue size at vacation completion epoch: The PGF of main server’s vacation completion epoch V(z) is
obtained from the equations (44) and (45) we get,

(1= V(w(2)) Xonzo(Pn +1T0 +va)2"

Vi) = w(z)

(50)

PGF of queue size at stand-by server’s service completion epoch: The probability generating function of stand-by

server’s service completion epoch N(z) is derived from the equations (42) and (43), we get,

b—1

(1 - S.(v(2))) [zbu( )2 — Sy (u Zd +2%a(1 - Sy(u ch
+2a(1 — S(u(2) (V(w(2) i(m T + )2 chz ) -
+ u(z) (2" — (Z iTka)\ng_ijik — i: quj)]

j=b k=0 Jj=0

Yi(2)
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6. Some Performance Measures
6.1. Main server’s expected length of idle period

Let K is the random variable denoting the ‘Idle period due to multiple vacation process’. Let Y be the random variable

defined by

0 if the server finds atleast ‘a’ customers after the first vacation
Y =
1 if the server finds less than ‘a’ customers after the first vacation

Now

E(K)=E(K/Y =0)P(Y =0)+ E(K/Y = 1)P(Y = 1)

= E(V)P(Y = 0) + (E(V) + E(K))P(Y = 1),

solving for E(K), we get

B - — BV B(V)

1-PY =1) (1 D DD DN [%[pnfi +nTn7i]D

where ~y; are the probabilities of ¢ customers arrive during main server’s vacation time.

6.2. Expected queue length

The mean number of customers waiting in the queue E(Q) at an arbitrary time epoch, is obtained by differentiating P(z)

at z =1 and is given by

b—1 b—1
F1(X 80,8 [ D166 = 1) = i = Dles] + £1(X, 80, 5[ Do (b6 = 1) = iGi — 1))d]

Z_[Lb—l b—1 o a—1
+ F2(X, 80,5 D00 = )es| + f3(X, S0, 8) DO (b = )i + fa(X, 85,85, V) Y en

i=a i=a n=0
a—1 a—1 a—1
+ f5(X, 8,86, V) D> men + fo(X, S5, 86, V) D T+ f2(X, 84,85, V) Y nTn
EQ) = = ST Ll , (52)

the expressions for f;(i = 1,2,...,7) are defined in Appendix-II.

6.3. Expected Waiting time

The expected waiting time is obtained using the Little’s formula as
EW)= —=t
where E(Q) is given in equation (52).

7. Numerical Example

A numerical example of our model is analysed for a particular case with the following assumptions:

(1). Batch size distribution of the arrival process is geometric distribution with mean 2.
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(2). Take a=5, b=8 and service time distribution is Erlang-2 (both servers).

(3). Vacation time of main server follows exponential distribution with parameter £ = 5.

(4). Let my be the service rate for the main server.

(5). Let ma be the service rate for the stand-by server.

The unknown probabilities of the queue size distribution are computed using numerical techniques. The zeros of the function

Y1(z) are obtained and simultaneous equations are solved by using MATLAB. The expected queue length E(Q) and the

expected waiting time E(W) are calculated for various arrival rate and service rate and the results are tabulated. From

Tables 1 and 2 the following observations can be made.

(1). As arrival rate X increases, the expected queue size and expected waiting time are also increasing.

(2). When the main server’s service rate increases, the expected queue size and expected waiting time are decreasing.

A1 P EQ) EW)
8.00 0.237171 22.411092 0.659150
8.25 0.243581 26.612317 0.771372
8.50 0.249991 31.347449 0.895641
8.75 0.256401 36.664048 1.032790
9.00 0.262811 42.613069 1.183696
9.25 0.269221 49.248890 1.349285
9.50 0.275631 56.629509 1.530527
9.75 0.282041 64.816643 1.728444
10.00 0.288451 73.876750 1.944125
10.25 0.294861 83.880140 2.178705
10.50 0.301271 94.901974 2.433384
10.75 0.307681 107.022511 2.709431
11.00 0.314091 120.327418 3.008185

Table 1. Arrival rate vs expected queue length and expected waiting time for the values Ao = 5, A3 = 4, my

2, 12 =3 w=0.2, and e = 0.5

m P EQ) E(W)
5.00 0.431507 254.868361 5.540617
5.25 0.412984 210.408446 4.574097
5.50 0.395983 174.830196 3.800656
5.75 0.380324 146.017683 3.174297
6.00 0.365854 122.435815 2.661648
6.25 0.352443 102.954901 2.238150
6.50 0.339979 86.727275 1.885376
6.75 0.328366 73.107729 1.589298
7.00 0.317518 61.600645 1.339144
7.25 0.307364 51.819086 1.126502
7.50 0.297838 43.458621 0.944753
7.75 0.288885 36.276967 0.788630
8.00 0.280453 30.079824 0.653909

Table 2. Main server’s service rate vs expected queue length and expected waiting time for the values

4, a=1, 1 =2, n2 =3w=20.2, and € = 0.5

A1:10, )\2:8, )\3:57 mo =

3
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8.

Conclusion

In this paper, a batch arrival general bulk service single server queueing system with server’s breakdown and second optional

repair, stand-by server, balking, variant arrival rate and multiple vacation is analysed. Probability generating function of

queue size distribution at an arbitrary time is obtained. Some performance measures are calculated. Particular cases of the

model are also deduced. From the numerical results, it is observed that when the arrival rate increases the expected queue

length and waiting time of the customers are also increasing. It is also observed that if the main sever’s service rate are

increase, then the expected queue length and expected waiting time are decreased.

References

(1]

=)

[10]

G. Ayyappan and S. Shyamala, M[X]/G/l with Bernoulli schedule server vacation random breakdown and second
optional repair, Journal of Computations and Modelling, 3(2013), 159-175.

N. Balamani, A two stage batch arrival queue with compulsory server vacation and second optional repair, International
Journal of Innovative Research in Science, Engineering and Technology, 3(2014), 14388-14396.

M.L. Chaudhury and J.G.C.Templeton, A First Course in Bulk queues, Wiley, New York.

Kamlesh Kumar and Madhu Jain, Threshold N-policy for (M, m) degraded machining system with K-heterogeneous
servers, standby switching failure and multiple vacations, Int. J. Mathematics in Operational Research, 5(2013), 423-
445.

R.F. Khalaf, K.C. Madan and C.A. Lucas, On an M[X]/G/l queuing system with random breakdowns, server vacations,
delay times and a standby server, International Journal of Operational Research, 15(2012), 30-47.

S.K. Mok and J.George Shanthikumar, A transient queueing model for Business Office with standby servers, European
Journal of Operational Research, 28(1987), 158-174.

Madhu Jain and Preeti, Cost analysis of a machine repair problem with standby, working vacation and server breakdown,
Int. J. Mathematics in Operational Research, 6(2014), 437-451.

M.F. Neuts, A general class of bulk queues with Poisson input, The Annals of Mathematical Statistics, 38(1967), 759-770.
Sasikala and Indhira, Bulk service queueing models - a survey, International Journal of Pure and Applied Mathematics,
106(2016), 43-56.

B.Senthilnathan and S.Jeyakumar, A study on the behaviour of the server breakdown without interruption in a
M[X]/G(a, b)/1 queueing system with multiple vacations and closedown time, Applied Mathematics and Computation,

219(2012), 2618-2633.

Appendix 1

The expressions used in equation (47) are defined as follows:

Ki(2) = w(z)(1 = Sp(u(2))As(2),

Ka(z) = w(z)(1 = Ss(v(2)))A2(2),

Ks(z) = Y1(2) — K1(2),

where
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A1(z) = v(2) (2" = 8s(v(2))) + 2"a(l = S:(v(2))),
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Appendix II

The expressions for f; (i=1,2,...,7) in (52) are defined as follows:

f1(X, Ss, Ss) = 3E9E1g,

f2(X, Sy, Ss) = 3E10E19 — 2E9 E2,

f3(X, Sp, Ss) = 3E12E19 — 2E9 E»,
F4(X, Sp, Ss, V) = 2V EvaFao — 3[VaEva + Vi E1s) Euo,
f5(X, S, 85, V) = —6V1 F14Fno,
f6(X, Sp, Ss, V) = ErgEv9g — E17Eo,

fr(X, Sy, Ss,V) = 3E17Eng,

where

Er = —(1 - w)Xi(Aaa + Ain)(1 = Sp())(1 = Ss(n)) — ban[Se(@)(Ss (1) — 1) + Ss(1)(S(@) — 1)],

Bz = [2A22(1 - w)? X1 — (1 — w) Xz2(Aoa + Aun)](1 = Sy(a))(1 = Ss(n))
—2(1 = w) X1 (Ao + An)[(b = Sp1) (1 = Ss(n)) + (b= Se1)(1 = Sy(@))]
+anb(b = 1) = Sp2)(1 = Ss(m)) +2(b = Sp1) (b = Ss1) + (b(b — 1) = Se2) (1 = Sp(@))],

Es = [ba — (1 — w)A2X1](1 = S5 (1)) — (@ + 1) S + b,

By = [ab(b—1) = (1 — w)XaX2](1 = Ss(n)) — 2Ss1 (b — (1 — w)AaX1) — (v + 1) S
Fb(b— 1) — 2b(1 — w)A1 X1,

Bs = [ab(b— 1)(b—2) — (1 — w)AeX3] (L = 8s()) — 3561 (b(b — 1) — (1 — w) Ao X2)
—3Ss2(bar — (1 —w)A2X1) — (@ +1)Ss3 — 3b(1 — w) A2 X
~3b(b— 1)(1 — w)Aa Xy + b(b — 1)(b — 2),

Es = [bn — (1 —w)\i X1](1 = Sy(a)) — (a +n)Se1 + by,

Er = [nb(b = 1) — (1 = w)M Xa)(1 = Sp(@) = 2801 (bn — (1 = w)Ai X1) — (@ + ) Sbe
+ab(b—1) — 2b(1 — w)hi X3,

Es = [nb(b—1)(b—2) — (1 = w)AiXs](1 = Sp(@)) = 3Sp1(b(b — 1)1 — (1 — w) A1 X2)
= 3Sp2(bn — (1 —w)Ai X1) — (@ +7)Sbs — 3b(1 — w) M1 X
~3b(b— 1)(1 — W)\ X1 + ab(b — 1)(b — 2),

Ey = —X1Xs(a +n)(1 = Sy(a))(1 — S:(n)),

Eo = (Sp(@) — 1)[AsX2(o 4+ 1)(1 = Ss(n)) + 2X1 A3 Es] 4+ 2X1 s (e + 1) Ser (1 — Ss(n)),
En = (Sp() — 1)[AsXs(a+n)(1 = Ss(n)) + 3X2AsEs + 3X1 X3 E4]

+ 350 [XoAs(a +n)(1 = Se(1) + 2X1 A3 B3] + 3Sp2 X1 Aa (o + 1) (1 — Ss (1)),
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Eiz = (Ss(n) — DAsXa(a +n)(1 = Sy(a)) + 2X1 A3 E6] + 2X1 A3 (e + 7)Ss1 (1 = Sp(a)),
Eiz = (Ss(n) — 1)[MsXz(a+n)(1 — Sp(a)) + 3X2A3Es + 3X1 A3 E7]

+ 3841 [XoAs(a +1)(1 — Sp(a)) + 2X1 X3 Es] + 3S:2X1A3(a + 1) (1 — Sp(a)),
E1y=FEy — Ey, Ei5=Ey— Fo,
Er7 = n[Ey — Ers — 2E1uVi] + 2EoXa X1 — nE1a — 223 X1 By,
Erg = n[E11 — 3E15Vi — 3E14Va] + Ae[X2Eo + X1 E12) — nE13 — 3X3[XoE1 4+ X1 Eo),

E19 = —2X1)\3E1, E20 = —3)\3[X2E1 + X1E2]7 A= )\1 + >\2 + >\3~

b—1 b—1 a—1
Eg > (b—i)ci+Ey9 Y (b—i)di — E14V1 Y cn
H = i=a i=a n=0
a—1
+(E17/2) 3 Ty,
n=0

where

Sbl = 7)\1X15/b(a), Sbg = (*)\1X1)2S”b(a) — )\1X2S'b(a),
Sar ==X X1Su(m), iz = (—XaX1)*S" o (n) — Ao X2S's (),

Vi=—-MX1EV), Vo= MsX1)’EWV?) +X2E(V).
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