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Abstract: In this paper, q- Steffensen’s Inequality for convex functions is presented with illustrative examples. Review of research

works on Steffensen’s Inequality and q-calculus is extensively carried out. Methods of q- differentiability and monotonicity

of functions are employed to establish the results.
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1. Introduction

The Steffensen’s inequality (1) was discovered in [16]

∫ b

b−λ
g(x)dx ≤

∫ b

a

g(x)f(x)dx ≤
∫ a+λ

a

g(x)dx, (1)

where λ =
∫ b
a
f(x)dx, f and g are integrable functions defined on (a, b), g is decreasing and 0 ≤ f(x) ≤ 1 for each x ∈ (a, b).

This inequality was initially not popular in the research environment until its appearance again in [15]. Many research

papers have been written on the inequality providing refinements, generalisations and numerous applications (see [8–11] and

the references cited therein). The first generalisation of this inequality appeared in [1] and the result was later detected to

be incorrect in [3]. About two decades later, Pečarić presented a corrected version of Bellman in [10] as

(∫ 1

0

f(x)g(x)dx

)p
≤
∫ λ

0

g(x)pdx (2)

where λ =
(∫ 1

0
f(x)dx

)p
, g : [0, 1] −→ < is a non-negative and non-increasing function and f : [0, 1] −→ R is an integrable

function such that 0 ≤ f(x) ≤ 1 (∀x ∈ [0, 1]) for p ≥ 1. Moreover, an analogous inequality to (2) was further given as

∫ 1

0
f(x)g(x)dx∫ 1

0
f(x)dx

≤ 1

λ

∫ λ

0

g(x)dx. (3)

Using the substitution f(x) = λF (x)∫ b
a F (x)dx

, a further inequality was established in [11] as

1

λ

∫ b

b−λ
g(x)dx ≤

∫ b
a
g(x)F (x)dx∫ b
a
F (x)dx

≤ 1

λ

∫ a+λ

a

g(x)dx (4)
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where f(x) and g(x)are assumed to be integrable functions defined on [a, b] and that g(x) never increases and

0 ≤ λF (x) ≤
∫ b

a

F (x)dx, (∀x ∈ [a, b]) ,

where λ is a positive number. Further generalisation of (1) appeared in [6], but this result was detected to be incorrect in

[17] (see also [5] and [12]) and modified as

∫ b

a

g(x)f(x)dx ≤
∫ a+λ

a

g(x)h(x)dx, (5)

where λ is given by ∫ a+λ

a

h(x)dx =

∫ b

a

f(x)dx,

with f , g and h being integrable functions on (a, b), g decreasing and 0 ≤ f ≤ h. The second inequality of (1) was also

modified as ∫ b

b−λ
g(x)h(x)dx ≤

∫ b

a

g(x)f(x)dx, (6)

where λ is given by ∫ b

b−λ
h(x)dx =

∫ b

a

f(x)dx,

with f , g and h being integrable functions on (a, b), g decreasing and 0 ≤ f ≤ h. The double inequality of (1) was thus

re-established as ∫ b

b−λ
g(x)h(x)dx ≤

∫ b

a

g(x)f(x)dx ≤
∫ a+λ

a

g(x)h(x)dx, (7)

provided that there exists λ ∈ [0, b− a] such that

∫ b

b−λ
h(x)dx =

∫ b

a

f(x)dx =

∫ a+λ

a

h(x)dx,

with f , g and h being integrable functions on (a, b), g decreasing and 0 ≤ f ≤ h. The study of q-analysis attracted the

attention of many researchers as well as those working on Steffensen’s inequality and this led to further re-establishment

of (1) via q-calculus (See for example [4]).

This paper aims at presenting another generalisation of the Steffensen’s inequality with the involvement of convex functions

and q-calculus.

2. Preliminaries on q-calculus

The notion of q-calculus (an analogue of the usual calculus) is presented in this section. This q-analysis was earlier discovered

in the eighteenth century by Euler, but the notion of the definite integral was introduced by Jackson in 1910 (see [4] and

the references cited therein). Some definitions and facts on q-calculus for the understanding of this paper is discussed here.

Throughout this paper, the real number q satisfies 0 < q < 1.

Definition 2.1. Let f(x) be any arbitrary function. The q-differential is defined as

(dqf)(x) = f(qx)− f(x).

In particular,

dqx = (q − 1)x.
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Definition 2.2. Let f(x) be any arbitrary function. The q-derivative is defined as

(Dqf)(x) =
(dqf)(x)

dqx
=
f(qx)− f(x)

(q − 1)x
.

It follows that (Dqf)(x)→ (df)(x)
dx

as q → 1.

Remark 2.3. The q-analogue of the Leibniz rule is given as (See [4, 14] and the references cited therein).

(Dqfg)(x) = g(x)Dqf(x) + f(qx)Dqg(x)

Example 2.4. Let f(x) = xα where α ∈ C. Then

Dqx
α =

(qx)α − xα

(q − 1)x
=
qα − 1

q − 1
xα−1 = [α]qx

α−1

where [α]q is the q-analogue of α given by

[α]q =
qα − 1

q − 1

= qα−1 + · · ·+ q + 1.

Definition 2.5. Let 0 < a < b. The definite q-integral also known as the q-Jackson integral is defined as (see [2, 4, 14])

∫ b

0

f(x)dq(x) = (1− q)b
∞∑
j=0

qjf(qjb) (8)

provided the series converges.

Note that ∫ b

a

f(x)dq(x) =

∫ b

0

f(x)dq(x)−
∫ a

0

f(x)dq(x). (9)

The values of such defined q-integrals of the polynomials form have very similar form to those in the standard integral

calculus. For example [7]. ∫ b

a

tndqt =
bn+1 − an+1

[n+ 1]q
. (10)

Remark 2.6 ([4]). If f(x) ≥ 0, it is not necessarily true that
∫ b
a
f(x)dq(x) ≥ 0.

Definition 2.7. The q-integration by parts for suitable functions f and g is given as ([2, 4]).

∫ b

a

f(x)(Dqg)(x)dq(x) = f(b)g(b)− f(a)g(a)−
∫ b

a

g(qx)(Dqf)(x)dq(x). (11)

Theorem 2.8 ([13]). Let f(x) be a continuous functions on a segment [a, b]. Then there exists ζ ∈ (a, b) such that

∫ b

a

f(t)dqt = f(ζ)(b− a) (12)

for every q ∈ (0, 1).

Theorem 2.9 ([13]). Let f(x) and g(x) be some continuous functions on a segment [a, b]. Then there exists ζ ∈ (a, b) such

that ∫ b

a

f(t)g(t)dqt = f(ζ)

∫ b

a

g(t)dqt (13)

for every q ∈ (0, 1).
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3. Results and Discussions

This section now presents the q-Steffensen’s inequality for convex functions.

Lemma 3.1. Let f, g be two q-integrable functions such that g is positive and q-decreasing defined on [0, 1] and 0 ≤ f(t) ≤ 1

for every t ∈ [0, 1], then (∫ 1

0

f(t)g(t)dqt

)p
≤
∫ λ

0

g(t)pdqt (14)

where λ =
(∫ 1

0
f(t)dqt

)p
for p ≥ 1.

Proof. Want to prove that ∫ λ

0

g(t)pdqt−
(∫ 1

0

f(t)g(t)dqt

)p
≥ 0. (15)

Since g is q-decreasing which implies g(qt) ≥ g(t) for every t ∈ [0, 1]. Then using equations (8) and (13) and for each

ζ ∈ (0, 1) we have

∫ λ

0

g(t)pdqt−
(∫ 1

0

f(t)g(t)dqt

)p
= (1− q)λ

∞∑
j=0

h(λqj)qj −

(
f(ζ)(1− q)

∞∑
j=0

g(qj)qj
)p

≥ 0

where (g(t))p = h(t) and λ =
(

(1− q)
∑∞
j=0 f(qj)qj

)p
for p ≥ 1.

Remark 3.2. A particular case of p = 1 reduces inequality (14) to the right side of the Steffensen Inequality (1) for a = 0

and b = 1.

Theorem 3.3. Let f : [0, 1]→ R be a continuous function with 0 ≤ f(t) ≤ 1 for each t ∈ [0, 1]. If Φ : [0, 1]→ R is a convex

and q-differentiable function with Φ(0) = 0, then

Φ

(∫ 1

0

f(t)dqt

)
≤
∫ 1

0

f(t)(DqΦ)(t)dqt (16)

for every t ∈ [0, 1].

Proof. Following Remark 3.2 we have ∫ 1

0

f(t)g(t)dqt ≤
∫ λ

0

g(t)dqt (17)

Since Φ is convex and −(DqΦ)(t) is q-decreasing for all t, replacing g in (17) yields

∫ λ

0

(DqΦ)(t)dqt ≤
∫ 1

0

f(t)(DqΦ)(t)dqt (18)

This gives

Φ(λ)− Φ(0) ≤
∫ 1

0

f(t)(DqΦ)(t)dqt (19)

Since λ =
∫ 1

0
f(t)dqt and Φ(0) = 0, thus

Φ

(∫ 1

0

f(t)dqt

)
≤
∫ 1

0

f(t)(DqΦ)(t)dqt.
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Remark 3.4. A special case of Φ(t) = tk for k ≥ 1 using (16) yields

(∫ 1

0

f(t)dqt

)k
≤ [k]

∫ 1

0

f(t)tk−1dqt

where (DqΦ)(t) = [k]qt
k−1 and [k]q = qk−1

q−1
.

Example 3.5. Let n > 1 and

f(t) =

 tn for 0 < t ≤ 1

0 elsewhere .

Then (∫ 1

0

tndqt

)k
≤ [k]q

∫ 1

0

tn+k−1dqt.

Applying (10) yields

1

([n+ 1]q)k
≤ [k]q

[n+ k]q
.

Lemma 3.6. Let f, g and h be q-integrable functions on [0, 1] with g decreasing and let 0 ≤ f(t) ≤ h(t), t ∈ [0, 1]. Then

∫ 1

0

f(t)g(t)dqt ≤
∫ λ

0

g(t)h(t)dqt (20)

where λ is given by ∫ λ

0

h(t)dqt =

∫ 1

0

f(t)dqt (21)

Proof. Following exactly the proof in [5] leads to the result in terms of q-calculus.

Theorem 3.7. Let f and h be q-integrable functions on [0, 1] with 0 ≤ f(t) ≤ h(t), t ∈ [0, 1]. If Φ is convex, then

∫ λ

0

(DqΦ)(t)h(t)dqt ≤
∫ 1

0

(DqΦ)(t)f(t)dqt (22)

Proof. Replace g(t) with −(DqΦ)(t) in (20) and the result follows immediately after simplification.

4. Conclusion

A review of the well-known Steffensen’s Inequality and q-calculus was presented together with some extensions and gener-

alisations. Using q-calculus, new results were established for the Steffensen’s Inequality for convex functions. Moreover, the

results were supported with remarks and illustrative examples.
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