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1. Introduction

By a graph G = (V(G), E(G)) with p vertices and q edges we mean a simple, connected and undirected graph. In this paper
a brief summary of definitions and other information is given in order to maintain compactness. The term not defined here
are used in the sense of Harary [3]. A graph labeling is an assignment of integers to the vertices or edges or both subject
to certain conditions. A useful survey on graph labeling by J.A. Gallian (2016) can be found in [1]. If the domain of the
mapping is the set of vertices (or edges) then the labeling is called a vertex labeling (or an edge labeling). Somasundaram
and Ponraj [12] have introduced the notion of mean labeling of graphs. R. Ponraj and D. Ramya introduced Super mean
labeling of graphs in [5]. S. Somasundaram and S.S. Sandhya introduced the concept of Harmonic mean labeling in [6] and

studied their behavior in [7-9]. In this paper, we investigate k-harmonic mean labeling of some graphs.

1.1. Basic Definitions

Definition 1.1. Let G be a (p,q) graph. A function f is called a harmonic mean labeling of a graph G if f : V(G) —

{1,2,3,...,q + 1} is injection and the induced edge function f* : E(G) — {1,2,...,q} defined as

wpo ooy [ 2f (W) 2f (u) f (v)
frle=wv) = [f(UH-f(v)—‘ or {f(UH-f(v)J

is bijective. The graph which admits harmonic mean labeling is called harmonic mean graph.

Definition 1.2. Let G be a (p,q) graph. A function f is called a k-harmonic mean labeling of a graph G if f : V(G) —
{k,k+1,k+2,....,k + ¢} is injection and the induced edge function f*: E(G) — {k,k+1,k+2,....k 4+ q¢— 1} defined as

ooy [ 2w 2/ (w)f ()
frle=uv) = [f(u)ﬂ’(v)—‘ or {f(u)ﬂ’(v)J
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is bijective. The graph which admits k-harmonic mean labeling is called k-harmonic mean graph.

Definition 1.3. The product P> X P, is called a Ladder and it is denoted by Ly,.

Definition 1.4. A Triangular ladder TLy,,n > 2 is a graph obtained from a ladder L, by adding the edges u;viy1 for

1<i<n-—1, whereu;, and v; 1 <i <n—1, are the vertices of L,, such that u1,u2, ..., un and vi,va,...,v, are two paths of

length n in L,

Definition 1.5. A Triangular snake T,, is obtained from a path ui,us, ..., un by joining u; and u;+1 to a new vertex v; for

1<i<n-—1.

Definition 1.6. A Quadrilateral snake Q, is obtained from a path ui,us2, ..., u, by joining u; and u,+1 to new vertices v;

and w; for 1 <i <n —1 respectively and then joining v; and w;.

Definition 1.7. If G has order n, the corona of G with H, G ® H 1is the graph obtained by taking one copy of G and n

copies of H and joining the i'" vertex of G with an edge to every vertex in the i'" copy of H.

2. Main Results

Theorem 2.1. T,, ® K1, (n > 2) is k-harmonic mean graph for all k > 1.

Proof. Let V(T,, ® K1) = {wi,zi;1 < i < nyv,yi31 < i < n}y E(Th © K1) = {uwittigr1, wivi, uit1vi, viyi; 1 < i <

n — 1;u;x5,1 < i < n} be denoted as in the following figure

Y1

Il vl

Ig vz

Y2

Uy

Uz

First we label the vertices as follows. Define a function f: V (T, © K1) — {k,k+ 1,k +2,...,k + q} by

Then the induced edge labels are
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flus) =k +5i—4, for
Fv)) =k +5i—3, for
flx) =k
flaa) = k+4

f(zi) =k+5i—5, for

flys) =k+5i—2, for

f*(u1U,2) =k+3

1<1<n
1<i<n-1
3<i<n
1<i<n-1
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Fuuig) =k+5i—2, for 2<i<n-—1

fuiz)) =k+5i—5, for 1<i<mn
fluw)=k+5i—4, for 1<i<n-—1
Frluipiv)) =k+5i—1, for 1<i<n-—1

fr(viyr) =k +2

ff(viy) =k+5i—3, for 2<i<n-—1.

The above defined function f provides k-harmonic mean labeling of the graph. Hence T, ® K1, (n > 2) is k-harmonic mean

graph for all k& > 1. O

Example 2.2. 500-harmonic mean labeling of Ts ® K1 is as follows:

503 508 513 518 523

Figure 1. 500-harmonic mean labeling of Ts ® K;.

Theorem 2.3. Q, ® K1, (n > 2) is k - harmonic mean graph for all k > 1.

Proof. Let V(QnOK1) = {ui,xi;1 < i < myvi,wi, ¥i,2i51 <i <n—1}; B(QnO K1) = {witlig1, wivs, ;i zi, 0iYi, Uip1wi; 1 <

1 <n—1l;u;x:,1 <i<n} be denoted as in the following figure

First we label the vertices as follows. Define a function f: V(Q, ® K1) = {k,k+ 1,k +2,...,k + q} by

flur) =k +2

fu)=k+Ti—6, for 2<i<n
) =k+1

f)=k+Ti—5, for 2<i<n—1

fla) =k+3
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Fa)=k+Ti—8, for 2<i<n
fy) =k

) =k+Ti—4, for 2<i<n—1
fw)=k+Ti—3, for 1<i<n-—1

flzi)=k+T7i—2, for 1<i<n-—1

Then the induced edge labels are

) k+4ifk<5
[T (uruz) =
k+5ifk>6
F(uivizr) =k +7i — 3, for 2<i<n-—1

f*(ulxl) =k+3

Frluizs)) =k+7i—1, for 2<i<n
Fr(uw;) =k +7i — 6, for 1<i<n-1
o) =k

frvy) =k+7i—5, for 2<i<n-—1

f*(’U1’LU1) =k+2

f*(viwi):k+7i—47 for 2<i<n-1

The above defined function f provides k-harmonic mean labeling of the graph. Hence Q. ® K1, (n > 2) is k -harmonic mean

graph for all k£ > 1. O

Example 2.4. 550 harmonic mean labeling of Qs ® K1 is as follows:

550 555 560 562 567 569 574 576 581 593

Figure 2. 550 harmonic mean labeling of Qs ® K.

Theorem 2.5. TL, ® K1, (n > 2) is k - harmonic mean graph for all k > 1.

Proof. Let V(TL, ® K1) = {ui,vi,zi,yi;1 < i < n}; E(TL, © K1) = {uittiq1,vi0i41,wvi41;1 < @ < n —

1, uvi, Tius, ¥ivi; 1 < i < n} be denoted as in the following figure
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“ e n e * [ tu-1@ o
uy ) et il ity
¥ ¥ e e Yy Yy

Ve e L] L ] Yu-1@ Yy ®

First we label the vertices as follows. Define a function f: V(TL, ® K1) = {k,k+ 1,k +2,....k+ ¢} by

k+3ifk<2
fur) =
k+2if k>3
flu)) =k +6i—3, for 2<i<n
flo)=k+1
flvi)) =k +6i—6, for 2<i<n
k+2ifk <2
f(l’l):
k+3ifk>3
f(z:) =k +6i—4, for 2<i<n
fly1) =k
fly) =k+6i—7, for 2<i<n

Then the induced edge labels are

fuiug) =k +
[r(uuipr) =k +
[H(vivigr) =k +
Fr(uivigr) =k +

£ (uivs) = k +

Frlum) =k+

o) =k

[ (viy2) =k +

5

61, for
6i — 3, for
6i — 2, for
6i — 5, for

6 —4, for

6

fvy) =k+6i—7, for

The above defined function f provides k-harmonic mean labeling of the graph. Hence T'L,, ® K1, (n > 2) is k - harmonic

mean graph for all k& > 1.

Example 2.6. 300 harmonic mean labeling of TLs ® K1 is as follows:



k- Harmonic Mean Labeling of Some Cycle Related Graphs

3]13 3“8 3‘ .4 3“"0 3‘]6 3"‘2 3. 5 3%4
302 308 314 320 326 332 338 344
302 305 3009 312 3 318 321 324 327 330 33 336 3309 342 345
301 4 pO7 0 B13 6 19 2 h25 t 331 4 B37 40 343
101 303 209 315 21 327 3 330

306 312 318 324 330 336 342
300 po6 B11 317 323 329 335 341
L J * > L J L J [ ] * Ld
300 305 311 317 323 329 335 341

Figure 3. 300 harmonic mean labeling of TLg ® K;.

Theorem 2.7. L, @E(n > 2) is k - harmonic mean graph for all k > 1.

PT’OOf. Let V(Ln @Fz) = {ui,m,si,ti,mi,yi;l < 3 < n}; E(Ln @FQ) = {uiui+1,vwi+1;1 < 1 < n -

1, siui, tits, wivs, Vi Ti, Viys; 1 <4 < n} be denoted as in the following figure

51 ty 52 tz

Uy

vy

1 ¥

First we label the vertices as follows. Define a function f: V(L, ® k2) — {k,k+ 1,k +2,...,k + ¢} by

flui) =k +7i — 6, for 1<i<n
fo)=k+4

flva) =k +9

flvs) =k + 18

f(v)) =k +Ti—5, for 4<i<n
flai) =k +7i—4, for 1<i<n
fy) =k+5

f(y2) =k + 16

Fyi) =k+7i—2, for 3<i<n
f(s1) =k

f(si) =k +7i—8, for 2<i<n
ft) =k+2

f@)=k+T7i=7 for2<i<n
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Then the induced edge labels are

k+3if k<3

[r(uruz) =

f*(UQu:g) =k+11

f*(U3'LL4) =k+18

k+4if k>4

f* (uiuH_l) =k -+ 7T — 2,

frivigr) =k +7i — 1,

k+4if k<3

fr(nx) =

k+3if k>4

f*(’l)zibz) =k+7i—4,

(o) =k+5
f*(v2y2) =k+12

f*(v3y3) =k+19

[ (viyi) =k +Ti—3,

f*(uivi) = k + i — 5,

f*(uisi) =k+7i—7,

f*(uiti) =k+7i—6,

for
for

for

4<i<n-—1

<n—1

—_ —
IN A
INIA
3 3

,_.
IN
IN
S

The above defined function f provides k-harmonic mean labeling of the graph. Hence L, ® k2, (n > 2) is k - harmonic mean

graph for all k£ > 1.

Example 2.8. 800 harmonic mean labeling of Le ® ko is as follows:

200 902 806 207 813 214 820 221 227 g28 934
200 01 207 0z 814 15 821 22 828 29 835
501 0 15 822 20 836
204 211 318 726 233
202 209 316 823 230 837
20 206 209, 213 218 820 823 227 230 g14 837
203 05 810, 12 217, 19 22 25 231 32 233
° [ ] [ . ° .
203 205 210 216 §17 219 524 936 831 233 213

Figure 4.

800 harmonic mean labeling of Lg © ks.

Theorem 2.9. Cony1 © K1, (n > 1) is k - harmonic mean graph for all k > 1.

Proof.

(van+1,v1) U{e; = (vi,ui);1 <i < 2n+ 1} be denoted as in the following figure

O

#35

26

a9

840

Let V(an+1 ® K1) = {vi,ui;l <3< 2n+ 1}; E(CQnJrl ® Kl) = {61‘ = (U¢U¢+1);1 <3 < 21’L} U eant1 =

187



k- Harmonic Mean Labeling of Some Cycle Related Graphs

e, e,
[T — . — ',_.___"_"_1_____..1,1““
Fn 43 2,
' |
e, e,
n+4 n
Ut @@y, V@,
|
)
i
i
i
! i
*—9 | e
i :
i
i
} i i o
e
U@, e @u,
L2 ez
e, e,
Uiy @—2ntl gy vig— 3 @uz
Fin+1 2
2 e
U @ 1 L} ! Lo 8 ® u;

First we label the vertices as follows. Define a function f : V(Caont1 © K1) = {k,k+ 1,k +2,...,k + g} by

Flo) =k +1

Fvs) = k +4i — 6, for
Fonsi) =k +4n—4i+9, for
flu) =k

Flus) =k +4i — 5, for

flunt2) =k+4n+1

funti) =k+4n—4i+38, for

Then the induced edge labels are

fle)=k+1
frle:) =k +4i — 4, for
f(enti) =k+4n—4i+7, for
I (uivi) =k + 5i — 4, for
Fuigiv) =k + 50— 1, for
f*(61/) =k
kE+3ifk=1
e =
k+2ifk>2
Fr(e) =k +4i—6, for

ffenti)=k+4n—4i+9, for

The above defined function f provides k-harmonic mean labeling of the

mean graph for all £ > 1.

188

2<i<n+2

3<i<n+1

2<i<n+1

3<i<n+1

3<i<n+1

2<i<2n+1

graph. Hence C2n41 ® K1, (n > 1) is k - harmonic
O
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Example 2.10. 200 harmonic mean labeling of C19 ® K1 1s as follows:

1 e—233 o

231 72

nse—222 ¢ 230 ¢——230 o3
o 28

nse—25 — ¢ns 26 ¢—225 ey
23 224

noe—22  ¢m e
a0 20

nee—2AT 45 213 ——218—a@919
215 216

me—2i ¢, n4@—24 @55
211 b12

nz3e—200  ¢on saue— o
07 208

nee— g 206 ——206 g7
03 204

200 @ 200 201 201 202 202 *203

Figure 5. 200 harmonic mean labeling of Ci9 ® K;.

Theorem 2.11. Cs, ® K1, (n > 2) is k - harmonic mean graph for all k > 1.

Proof.  Let V(Cap ©® K1) = {vi,ui51 <1 < 2n}; E(Con © K1) = {e; = (vivit1);1 <1 < 2n — 1} Uean = (von,v1) U{e =

(vi,ui);1 < < 2n} be denoted as in the following figure

Unt2@ Entz 2 Fn+1 Vay Fnri =un+l
Pup Oy
, '
U en+3 €n
i g Yy @
|
|
i
i i
i
L — e
i i
i
i
. : i .
Uin-1@—20=1 @y, B e YT
F2n -1 e
e
Uiy @—0———— @1y, R e
F2u| f
ei 13 V. @
ue n L % L eu;

Figure 6. 200 harmonic mean labeling of Ci9 ® K.

First we label the vertices as follows. Define a function f: V(Can ® K1) — {k,k+ 1,k +2,....k+ q} by

flor)=k+1

f(vi) =k +4i—6, for 2<i<n+1
f(nti) =k+4n—4i+5, for 2<i<n

flur) =k

flu;) =k +4i—5, for 2<i<n+1
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f(un+2) =k+4n+1

flunts) =k+4n—4i+4, for 3<i<n
Then the induced edge labels are
fler) =k+1
filei) =k+4i—4, for 2<i<n

fent1) =k+4n—3

flenti) =k+4n—4i+3, for 2<i<n-—1

[e)=k
. E+3ifk=1
f(e2) =
E+2ifk>2
e =k+4i—6, for 3<i<n

f*(€n+1l) = k +4Tl -1
[ (ente’) =k+4n —2

fi(enyi)=k+4n—4i+5, for 3<i<n-—1

k+2ifk=1
[r(ed) =
k+3ifk>2

The above defined function f provides k-harmonic mean labeling of the graph. Hence C, ® K1, (n > 2) is k - harmonic

mean graph for all k& > 1. O

Example 2.12. 100 harmonic mean labeling of Ci6 © K1 is as follows:

131 @—129 29 129 130 131 .52
127 128

124e—125 ¢35 1264— 126 o137
123 124

P — S Y 1226—122 o,
19 fz0

nse—7 o1, nse—218 oy
1s 116

ne—i— g3 nae—4 s
111 f112

w3e—109 ¢4 noe—H0 o,
107 108

04ie—05  gi05 106 4 106 107
103 104

100 @100 101 4y 102 02 o0

Figure 7. 100 harmonic mean labeling of Ci16 ® K;.
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