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1. Introduction

Fuzzy set theory lets us quite intuitively represent imprecise or vague information. Fuzzy numbers, which form a particular
subclass of fuzzy sets of the real line, play a significant role in many important theoretical and/or practical considerations.
In fuzzy sets the degree of acceptance is considered only but in IFS it is characterized by a membership function and a
non-membership function so that the sum of both values is less than one [1,2]. Later Cheng [4] used interval of confidence for
analyzing the fuzzy system reliability. This is because we often describe our knowledge about objects through numbers that
are uncertain. To deal such fuzziness in decision making, Bellmann and Zadeh [3] and Zadeh [12] introduced the concept of
fuzziness. The basic arithmetic operation on generalized intuitionstic triangular fuzzy numbers and notation of («, 8) cut sets
was defined by Seikh [11]. A new operation on hexagonal has been introduced with its basic membership function followed
by the properties of its arithmetic operation of fuzzy numbers [5,10]. Fuzzy set theory permits the gradual assessment of
the membership and non membership of elements in a set which is described in the interval [0, 1]. Its application can be
implemented in a wide range of domains where sequence is incomplete and vague. In this paper a new arithmetic operations

using membership functions of Hexagonal Intuitionistic Fuzzy numbers has been introduced.

2. Definition

Definition 2.1. An Intuitionistic Fuzzy Set (IFS) Al in X is defined as an object of the form A’
{{z, pir (x),v41 (x)) : @ € X} where the functions pzr : X — [0,1] andvzr : X — [0, 1] define the degree of the membership

and the degree of non membership of the element x € X in A', 0 < psr () + vz (x) < 1.
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Definition 2.2. An Intuitionistic Fuzzy Number (IFN) Al is
(1). an intuitionistic fuzzy subset of the real line,

(2). convex for the membership function pzr (x) i.e., pzr (Az1+ (1 — X)) z2) > min (p 41 (1), i1 (22)), for every x1,x2 €

R, A €[0,1].

(8). concave for the membership function vz; (z), that is, vz (Az1+ (1 — A)z2) < max (vir (z1),v40 (z2)) for every

xr1,T2 € R, A€ [07 1]‘
(4). mormal, that is, there is some xo € R such that p 51 (z0) = 1,v 41 (z0) = 0.

Definition 2.3. A hezagonal intuitionistic fuzzy numbers AL, = (a1,a2,a3,a4,a5,a6 : a\,ah,a3,a4,05,a5), where
ai,as,as,as,as,as and ay,,ay, as,aq,as,as are real numbers such that a} < a1 < ay < as,a3 < as < as < aj < ag < ag and

its membership and non-membership functions are given below

07 fOT’ 3730/1 1 z—a/l ! I
L ea 1—§(a/2_a/1), fora'yt <z <ad2
5(,12,,111)7 forai <z <a )

%(“3,9“,), fora's<z<as
1yl (z=as) foras<z<a e
2 2 \ag—az )’ 2= = a3

0, foras <z <ay

parn () =4 1, foras<z<as vap (@) =9 /

175(&5*&4)7 fOT'CL4SZ'SCL5 1 1 (z—a’ , ,

§+§( T— /5)7 fora's <z <as
1 (ag—=z a’'g—a’s
5(@), fOTa5SfESa6

1, otherwise
0, otherwise

3. Degree of Membership Function of Alpha Cut

The classical set A, called alpha cut set of elements whose degree of membership is the set of elements in Ay =

(a1,a2,as,a4,a5, a6 : ay,as,as,as,as,as) is not less than . It is defined as Ao = {x € X/MAH (z) > a, VAH(QT) > a}

Pi(a), P2(a), fora €]0,0.5) R'y(a), R'2(a), fora €[0,0.5),
i, = Vi, =
! Ql(a)v QQ(OZ), fora € [057 1] ! Sll(a)v Slz(a)7 fora € [057 1}

The a—cut intervals are as follows

Pi(a) = a1 + alas — a1), Py(a) = ag + a(as — ag)
Q1(a) =2a(az — a2) — 2a3, Q2(a) = —2a(as — as) + 2a5 — aa
Ri(a) =d) +alas —a1),  Rs(a) = as + alas — ap)

S1(a) = 2a(az — a5) — 2a3, Sh(a) = —2a(as — as) + 2a5 — aq

A / / / / », /o /oyt
Theorem 3.1. If Ag = (a17a2za37a4,a57a6 : a17a27a37a4,a57a6) and Bu = (bl’b27b37b47b57b6 © 01, 27b37b4,b57b6) are two

hexagonal intustinustic fuzzy numbers then Dy = Ay + By is also a fuzzy number.
Proof.  The membership function and the non-membership 5, (2),v4, («) functions can be transformed in to Dr(a) =

(x +y). The membership function of Ag (x) is

. Pi(a) =a1 + alas —a1), P(a)=as+ alas — as)
z
Q1(a) = 2a(asz — a2) — 2a3, Q2(a) = —2a(as — as) + 2as — as
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The non-membership function of Ay (z) is

, Ri(e) = ay + afas —at)  Ra(a) = a6 + aas — ag)

HAS
Si(a) =2a(as — ab) — 2a3 Sy(a) = —2a(as — as) + 2a5 — aa

Let the membership function of By (z) is y The non-membership function of By (z) is 3’

J e T/ (o) = ay + alaz —ay)  Ty(a) = ag + alas — ag)
Ui(a) = 2a(as — ab) — 2a3 Us(a) = —2a(al — a4) + 2a5 — a4
2a(a2 — a1) + a1, —2a(as — as) + as+
20(([)2 — bl) + b1, 72&(1)6 — b5) + bg fO’f' o€ [005)
€@ty =
2a(as — a2) — as + 2az2, —2a(as — a4) + 2as — aq,
(

2a(bs — bg) — b3 + 2ba, —20[(1)5 — b4) + 2bs — by for [ AS (0.5, 1]

2a(ay — al) + ay, —2a(ag — as) + ag+
, ., 2a(by — b)) + by, —2a(bg — by) + bg for a € [0.05)
e +y)=
2a(as — ab) — as + 2a5, —2a(as — aq) + 2a5 — aa,
2a(b3 — b2) — b3 + 2b2, 72&(()5 — b4) + 2b5 — b4 fO'r' o € (0.57 1]

The membership function [7H =A "+ B i is

0, for z<(a1+b1)

Tz o taan)y JoranTbi <z <as+bo

z—2(az+ba)+(az+bs)
[('lsib3)2 (ﬂ2ib2)3 , foraz+bx<z< as+bs

z=(x+y) €9 1, foras+bs<z<as+bs (1)

z+(aq+bs)—2(a5+bs)
“alastos)—(aatoa) JOT A4 Fbe S 2 < as+bs

~(ag+b6)
“Hlastbe) (s’ 07 a5 +bs <2< as+bo

0, for z > as + bs

And the non membership function

(a/+b)z / ’
1+W, foral +b] <2< ah+ by

(az3+b3)—=2
Wj(afﬁrbé)]’ foray+by <2< asz+bs
0 foras+bs <z<as+bs
#=@ e (as+bs) (2)
S e Joraa+ba<z<ap+05

—(al+bl
%—’_W? foras +b5 <z <ads+bs

L forz> ag +bg

Hence addition rule is proved. Hence we have DH = AH + BH = (a1 + b1,a2 + b2, a3 + b3, as + ba, as + bs, a6 + be : al + b
ah + by, as + bs, as + ba, as + by, ag + bg) is also a HIFN. O

Example 3.2 (Addition of two HIFN by (a,f8)-cut method). Let us consider two HIFN Ap(z) =
(7,9,11,13,16,20;5,7,11,13,19,23); Bu(y) = (6,8,11,14,19,25:4,7,11,14,21,27). Using (1) and (2) we get the addition

of two HIFN approximation as

(Aw + Br)(z +vy) = (13,17, 22,27,35,45; 9, 14, 22, 27, 40, 50)

[\
5]
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Now when we consider the addition using its membership function and the non membership functions we arrive at the

following results.

=8 for 13 <a <17 2 for9<y<14
x—12 22—
oo, for 171 <x <22 52, for14 <y <22
or <zx<

1, for22 <z <27 0

n(z)ex+y= vg(z) €z 4y = o
=B for21<x<35 42T for22 <y <27
245 for35<ax <35 u220, for 40 <y <50
0, for x > 45 1, fory >50

/

A ! / / / », / /oy
Theorem 3.3. If Ay = (a1,a2,as3,a4,a5,a6 : a1,a5,0as3,a4,as,as); Ba = (b1,b2, b3, ba,bs,bs : by, by, bs, ba, by, bg) are two

hezxagonal intustinustic fuzzy numbers then Dy = Ay @ By is approximated HIFN
Ay @ By = (a1b1, asbz, asbs, asba, asbs, asbs : ab}, aybh, asbs, asbs, akbh, agby)

Proof. Now with the conversion of z = (z + y) we can find the membership and non-membership function of acceptance

IFS Dy = Ay ® By bya-cut method

(2a(az — a1) + a1, —2a(as — as) + as)®

(20&(1)2 — bl) + b1, *QQ(bG - b5) + b@), for «a€e [005)
z=(zxy)=

(2a(as — a2) — as + 2a2, —2a(as — as) + 2a5 — a4)®
(20

2a(bs — bz) — bz + 2b2, —20((1)5 — b4) + 2bs — b4), for o € (0.5, 1]

So the membership and the non- membership (rejection) function Dy =Any @ By

—B1+4/B2—4A1(a1b1 —2)

34, ; for aibr < z < azb2
_B2+\/B%_4A2(4a2b22;22(a2b3+a3b2)+a3b3_z) , forasbs <z < aszbs

Hp,(2) =14 1, for azbs < z < asby (3)
B37\/B§74A3(4u.5b5;js(a5b4+u.4b5)+a4b47z)’ For ashs < z < asbs
B47\/W, for asbs < z < agbs

where A; = 4(ait1 — ai)(bit1 — bi), i =1,2,3,4; B1 = 2[bi(a2 — a1) + a1(b2 — b1)}; Bj = 2[(aj+1 — a;)(jbj — bj+1) + (bj+1 —

bj)(jaj — (4 — Daj1)], j = 2,3, 4.

—B1++4/B%—-4A1(a) b} —2)

1— o , for aiby < z < asbh
1_ —Bg+\/B§—4A2(4a’2b’22;22(a’2b3+a3b’2)+a3b37z) . for abby < z < asbs
vp, (2) =14 0, for azbs <z < asbs (4)
1_ B3—\/Bg—4A3(4agbg2—;4(agb4+a4bg)+a4b4—z)7 For asby < z < abbl
1-— B47\/W, for asbs < z < agbg

where

Ay = (a3 —ay)(bs —by),  Bi=(ay(bs — b))+ bi(as —ay)
As = 4(a3 — a’)(bg — bll), By = 4[()3((13 — a'z) + (l3(b3 — blz)}
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Az = 4((1/5 — ail)(b5 — bg), Bz = 2[(a/5 — a4)(2b/5 — b4) + (b/5 — b4)(2a/5 — (14)

Ay = (as —ag)(bs — bg),  Bi=ag(ba — bg) + bg(as — ag)]

So Dy = Ay ® By represented by (3) and (4) is a Hexagonal IFN. O

Example 3.4 (Multiplication of two HIFN by (a,f)-cut method). Let us consider two HIFN Ag(z) =
(7,9,11,13,16,20;5,7,11,13,19,23) and BH(y) = (6,8,11,14,19,25;4,7,11,14,21,27) Using (3) and (4) the multiplica-

tion of these two HIFN is defined by
(Ap x By)(z x y) = (48,772,121, 182,304, 500 : 20,49, 121, 182, 399, 621)

With membership and non-membership function we get the result as follows

zg6127 for42 <z <72 %, for 20 <y <49
z—T72 121—

55> Jor72<x <121 s, ford49 <y <121
1, for121 < z < 182 0

np(z) ex+y= vg(z) €z 4y =

426-2 - for 182 < x < 304 y182 0 for 121 <y < 399
500—= —177

395, for 304 < x < 500 Yo for 399 <y <621
0, for x > 500 1, fory > 621

4. Extension Principle for Intuitionistic Fuzzy Sets

Let f: X — Y be a mapping from a set X to a set Y. Then the extension principle allows us to define the IFS B in Y
induced by the TFS A’ in X through f as follows B = {< y, us:(y), v5:(y) >: y = f(z),z € X} with

sup ,LLAI(IL') : fﬁl(y)¢¢ 1nf VAI(-T) . f—l(y)#q&
ppi(y) =4 v=1@ and vgi(y) ={ v=@

0 Ty =9 0 Ty =9
Where f~*(y) is the inverse image of y.

4.1. Cartesian product of Intuitionistic Fuzzy sets

Let Al AL A% ... AL be IFSs in X1 X Xo X X3 X --- x X, with the corresponding membership function
AT (v), il (y),---,p 4 (y) and the non membership function Var (v), Vil (y),...,v 41 (y) respectively. Then the Cartesian
product of IFSs A{7A£7A§7 ..., Al denoted by Al x Ab x A~§ X - x AL is defined as IFS in X1 x X2 X X3 X « -+ X X, whose

membership and non-membership functions are expressed by (141, i1 ...x iz (x1...20) = min[u/;{ (z)...p4z1 (z)] and

VA{xAIxMxA{,,(xl e Tp) = max[uA{(m) v ()]

2 n
4.2. Arithmetic Operations of intuitionistic Fuzzy Number based on Extension Prin-
ciple
The arithmetic operation (*) of two IFNs is a mapping of an input vector X = [z1, xg]T. Define in the Cartesian product
space R X R onto an output y defined in the real space R. If Al and A} are IFNs then their outcome of arithmetic operation
is also a IFN determined with the formula

[/H * Aé] (y) = {y, sup [min (,uA{ (ml),,ugé (xz))] , inf [max (Z/A{ ("El),I/Aé (582))] Va1, 22,y € R}

y=z1 *zq Y=x1*T2
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To calculate the arithmetic operations of IFNs it is sufficient to determine the membership function and non-membership

function as follows

mar.ar(y) = sup [min (MA{(ml)vugg(wz))] and v, z1(y) = _inf [max (VA{(IM),VAg(M))]

y=x1+w0 Yy=w1%T2

4.3. Addition of Two HIFN by Intuitionistic Fuzzy Extension principle

Let Ag(z) = (7,9,11,13,16,20 : 5,7,11,13,19,23); Bu(y) = (6,8,11,14,19,25: 4,7,11,14,21,27) and Dy = Ay +Bp. By

extension principal .z (2) = sup {(min(p z: (z), pg1 (y)) : * +y = z} and VpI (z) = inf {(max(v 4: (z), vz (v)) : x +y = z}
(Ag + Br)(z) = (13,17,22,27, 35,45; 9, 14, 22, 27, 40, 50)

Let us solve the above problem using the extension principal and find the left and right divergent for both membership and
non membership functions. Let us select a number z = 14 for membership function and z = 10 for the non-membership
function and split it between x and y (i.e.,) x =7 and y = 7 and z = 5, y = 5. Few values can be taken as shown in Table

1 and Table 2. Next we have to evaluate (min(u 4r(x), pgr(y)) and (max(v 41 (x), vz:(y))for both x and y.

z |pi)| y |pp(y) | min(pi(), n(y))
71 0 | 7] 25 0
7.25| 0.06 |6.25| .18 .06
7.5|0.125 | 6.5 | .125 .125
7.75(0.1875(6.25| .06 .06

8| 25 | 6| 0 0

Table 1. Membership function of sum of two HIFNs

The Maximum appears at = 7.5 and y = 6.5 so that us(14) = .125.

v [va@] v [ve@)[max(v;(@),ve()
5 1 5 [.8333 1
5.25(0.9375(4.75| .875 .9375

5.5 | 0.875 | 4.5 | .9166 .9166
5.75(0.8125(4.25| .9583 .9583

6 .75 4 1 1

Table 2. Non-Membership function of sum of two HIFNs

The Minimum appears at « = 5.5 and y = 4.5 so that v5(10) = .9166.

5. Conclusion

In this paper, we have proposed the definition of HIFN according to the intuitionistic fuzzy number approach. Arithmetic
operations are proposed on HIFN and explained through theorems and the concepts are made clear using examples. Also
arithmetic operations of Hexagonal intuitionistic Fuzzy Number based on Extension Principle and («, 3)-cuts method has

been illustrated..
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