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1. Introduction

The study of the properties of multi-variable generalized special functions has provided new means of analysis for the

derivation of the solution of large classes of partial differential equations often encountered in physical problems. The

relevance of the special functions in physics is well established. Most of the special functions of mathematical physics as

well as their generalizations have been suggested by physical problems. The Tricomi function

Cn(x) =

∞∑
r=0

(−1)r xr

r! (n+ r)!
, (1)

is a Bessel like function and is characterized by the following link with the ordinary Bessel function Jn(x) [5]:

Cn(x) = x−n/2Jn
(

2
√
x
)
. (2)

or

Jn(x) =
(x

2

)n
Cn

(x2
4

)
. (3)

The Tricomi function Cn(x) satisfies the generating function

exp
(
t− x

t

)
=

∞∑
n=−∞

Cn(x) tn, (4)
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The zeroth-order Tricomi function C0(x),is an eigenfunction of the operator

D̂t = − ∂

∂t
t
∂

∂t
(5)

indeed we have

D̂tC0(αt) = αC0(αt). (6)

The operator given in (5) plays the role of derivative operator for 2-varible laguerre polynomials Ln(x, y) within the context

of the monomiality [1, 6]. According to the principle of monomiality the polynomials pn(x) (n ∈ N, x ∈ C) are called

quasi-monomials, if two operators M̂ and P̂ , can be defined in such a way that

M̂{pn(x)} = pn+1(x),

P̂{pn(x)} = npn−1(x).
(7)

The operators M̂ and P̂ are called multiplicative and derivative operators and can be recognized as raising and lowering

operators acting on the polynomials pn(x). Obviously M̂ and P̂ satisfy the commutative relation

[P̂ , M̂ ] = 1 (8)

and thus display a Weyl group structure. Further consequence of Equation (7) is the eigen property of M̂P̂

M̂P̂ pn(x) = npn(x). (9)

The polynomials pn(x) are obtained by taking the action of M̂ on p0(x)

pn(x) = M̂n p0(x), (10)

(in the following we shall always set p0(x) = 1) and consequently the exponential generating function of pn(x) is

G(t, x) =

∞∑
n=0

pn(x)
tn

n!
= exp(tM̂){1}. (11)

Recently, Subuhi Khan and Rehana Khan [9] studied the properties of 3-variable 2-parameter Hermite-Tricomi function

(3V2PHTF) HCn(x, y, z; τ1, τ2)which are constructed in terms of quasi-monomials. To extend there work, we define 4-

variable 3-parameter Hermite-Tricomi function (4V3PHTF)HCn(x, y, z, w; τ1, τ2, τ3) as follows:

exp
(
t− x

t
+
yτ1
t2
− zτ2

t3
+
wτ3
t4

)
=

∞∑
n=−∞

HCn(x, y, z, w; τ1, τ2, τ3) tn, (12)

In this paper,we derive multi variables Hermite Tricomi functions and drive its generating relation. In Section 2, we

derive Hermite Tricomi function of 4-variables and 3-parameters (4V3PHTF) HCn(x, y, z, w; τ1, τ2, τ3). In Section 3, we

give properties of 4V3PHTF HCn(x, y, z, w; τ1, τ2, τ3) and their special cases. In Section 4, we derive generating relations

involving 4V3PHTF by using the representation Q(w,m0) of the Lie algebra T3. In Section 5, we obtain certain new and

known generating relations involving various forms of Hermite- Tricomi,Tricomi and Bessel functions as applications.
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2. Generating function of 4V3PHTF HCn(x, y, z, w; τ1, τ2, τ3)

In order to obtain the generating function of 4-variable 3-parameter Hermite-Tricomi function (4V3PHTF)

HCn(x, y, z, w; τ1, τ2, τ3), let us recall the definition of 3-variable 2-parameter Hermite functions Hn(x, y, z; τ1, τ2) which

is given by [9]:

Hn(x, y, z; τ1, τ2) = n!

[n
3 ]∑

r=0

(zτ2 )rHn−3r(x, y; τ1)

r!(n− 3r)!
. (13)

The above definition is equivalent to the following generating function for Hn(x, y, z; τ1 , τ2)

exp
(
xt+ yτ1 t

2 + zτ2 t
3) =

∞∑
n=0

Hn(x, y, z; τ1 , τ2) tn. (14)

We define the 4-variable 3-parameter analogue of 3V2PHP Hn(x, y, z; τ1 , τ2) as follows:

Hn(x, y, z, w; τ1, τ2, τ3) = n!

[n
4 ]∑

r=0

(wτ3 )rHn−4r(x, y, z; τ1, τ2)

r!(n− 4r)!
, (15)

which is equivalent to the following generating function for Hn(x, y, z, w; τ1 , τ2, τ3)

exp
(
xt+ yτ1 t

2 + zτ2 t
3 + wτ3 t

4) =

∞∑
n=0

Hn(x, y, z, w; τ1 , τ2, τ3) tn. (16)

These polynomials are quasi-monomials under the action of the operators

M̂ = x+ 2yτ1
∂

∂x
+ 3zτ2

∂2

∂x2
+ 4wτ3

∂3

∂x3
,

P̂ =
∂

∂x
. (17)

which play the role of multiplicative and derivative operators respectively in the sense that

M̂Hn(x, y, z, w; τ1 , τ2, τ3) = Hn+1(x, y, z, w; τ1 , τ2, τ3),

P̂Hn(x, y, z, w; τ1 , τ2, τ3) = nHn−1(x, y, z, w; τ1 , τ2, τ3). (18)

we can explicitly write the polynomials Hn(x, y, z, w; τ1 , τ2, τ3) in terms of the operators (17) as follows

Hn(x, y, z, w; τ1 , τ2, τ3) = (x+ 2yτ1
∂

∂x
+ 3zτ2

∂2

∂x2
+ 4wτ3

∂3

∂x3
)n. (19)

To generate Hermite-Tricomi functions associated with the polynomials Hn(x, y, z, w; τ1 , τ2, τ3), we introduce the generating

function

G(x, y, z, w; τ1 , τ2, τ3, t) = exp

(
t− M̂

t

)

= exp

(
t− (x+ 2yτ1

∂

∂x
+ 3zτ2

∂2

∂x2
+ 4wτ3

∂3

∂x3
)
1

t

)
. (20)

Now by decoupling the exponential on the r.h.s. of Equation (20) by means of the rule [7]

eÂ+B̂ = em
2/12e−m/2Â1/2+Â

eB̂ ; [Â, B̂] = mÂ1/2, (21)
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with

m = (−1)−1/22
√

3t−3/2z1/2τ
1/2
2 w1/3τ

1/3
3 ,

and again decoupling the exponential by means of the rule [7]

eÂ+B̂ = eÂ+B̂e−m/2; [Â, B̂] = m,

where Â and B̂ are the operators and m a complex number,we obtain

G(x, y, z; τ1 τ2, t) = exp (t) exp
(−zτ2

t3

)
exp

(wτ3
t4

)
exp

(
−x
t

+
yτ1
t2

)
exp

(
−2yτ1

t

∂

∂x
− 3zτ2

t2
∂

∂x
− 3zτ2

t

∂2

∂x2
− 4wτ3

t3
∂

∂x
− 4wτ3

t2
∂2

∂x2
− 4wτ3

t

∂3

∂x3

)
. (22)

If the r.h.s. of Equation (22) is not considered as an operator, the last exponential can be replaced by 1, thus we get

exp
(
t− x

t
+
yτ1
t2
− zτ2

t3
+
wτ3
t4

)
=

∞∑
n=−∞

HCn(x, y, z, w; τ1, τ2, τ3) tn, (23)

where HCn(x, y, z, w; τ1, τ2, τ3) defined by

HCn(x, y, z, w; τ1, τ2, τ3) =

∞∑
r=0

(−1)rHr(x, y, z, w; τ1 , τ2, τ3)

r! (n+ r)!
. (24)

is the 4V3PHTF

3. Properties and Special Cases of 4V3PHTF HCn(x, y, z, w; τ1, τ2, τ3)

The 4V3PHTF HCn(x, y, z, w; τ1, τ2, τ3) defined by Equation (??) satisfy the following differential and pure recurrence

relations:

∂

∂x
HCn(x, y, z, w; τ1, τ2, τ3) = −HCn+1(x, y, z, w; τ1, τ2, τ3),

∂

∂y
HCn(x, y, z, w; τ1, τ2, τ3) = τ1 HCn+2(x, y, z, w; τ1, τ2, τ3),

∂

∂z
HCn(x, y, z, w; τ1, τ2, τ3) = −τ2 HCn+3(x, y, z, w; τ1, τ2, τ3),

∂

∂w
HCn(x, y, z, w; τ1, τ2, τ3) = τ3 HCn+4(x, y, z, w; τ1, τ2, τ3),

∂

∂τ1
HCn(x, y, z, w; τ1, τ2, τ3) = yHCn+2(x, y, z, w; τ1, τ2, τ3),

∂

∂τ2
HCn(x, y, z, w; τ1, τ2, τ3) = −zHCn+3(x, y, z, w; τ1, τ2, τ3),

∂

∂τ3
HCn(x, y, z, w; τ1, τ2, τ3) = wHCn+4(x, y, z, w; τ1, τ2, τ3), (25)

and

nHCn(x, y, z, w; τ1, τ2, τ3) =H Cn−1(x, y, z, w; τ1, τ2, τ3, ) + xHCn+1(x, y, z, w; τ1, τ2, τ3)− 2yτ1HCn+2(x, y, z, w; τ1, τ2, τ3)

+ 3zτ2 HCn+3(x, y, z, w; τ1, τ2, τ3)− 4wτ3 HCn+4(x, y, z, w; τ1, τ2, τ3). (26)

The differential equation satisfied by 4V3PHTF HCn(x, y, z, w; τ1, τ2, τ3) is(
−x ∂2

∂x2
− (1 + n)

∂

∂x
− 2y

∂2

∂x∂τ1
− 3z

∂2

∂x∂τ2
− 4w

∂2

∂x∂τ3
− 1

)
HCn(x, y, z, w; τ1, τ2, τ3) = 0. (27)

We note the following special cases of 4V3PHTF HCn(x, y, z, w; τ1, τ2, τ3):
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(1).

HCn(x, y, z, 0; τ1, τ2, τ3) =H Cn(x, y, z; τ1, τ2) (28)

where HCn(x, y, z; τ1, τ2) denotes 3-variable 2-parameter Hermite-Tricomi functions(3V2PHTF)defined by [9].

HCn(x, y, z; τ1, τ2) =

∞∑
r=0

(−1)rHr(x, y, z; τ1 τ2)

r! (n+ r)!
. (29)

(2).

HCn(x, y, z, 0; 1, 1, τ3) =H Cn(x, y, z) (30)

where HCn(x, y, z) denotes 3-variable Hermite-Tricomi functions(3VHTF)defined by [4],

HCn(x, y, z) =

∞∑
r=0

(−1)rHr(x, y, z)

r! (n+ r)!
. (31)

(3).

HCn(x, y, 0, 0; 1, τ2, τ3) =H Cn(x, y), (32)

where HCn(x, y) denotes 2-variable Hermite-Tricomi function (2VHTF) defined by the generating function [3]

∞∑
n=−∞

HCn(x, y)tn = exp
(
t− x

t
+
y

t2

)
. (33)

(4).

HCn (x, 0, 0, 0; τ1, τ2, τ3) = Cn(x), (34)

where Cn(x) is given by Equation (1.4).

(5).

Cn

(
x2

4
, 0, 0, 0; τ1, τ2, τ3

)
=
(x

2

)−n

Jn(x), (35)

where Jn(x) denotes the ordinary Bessel function.

4. Generating Relations of HCn(x, y, z, w; τ1, τ2, τ3) using Representation
Q(w,m0) of T3

The theory of special functions from the group-theoretic point of view is a well established topic, providing a unifying

formalism to deal with the immense aggregate of the special functions and a collection of formulae such as the relevant

differential equations, integral representations, recurrence formulae, composition theorems, etc., see for example [10, 11].

The first significant advance in the direction of obtaining generating relations by Lie-theoretic method is made by Weisner

[12–14] and Miller [8]. Miller [8] have determined realizations of the irreducible representationQ(ω,m0) of T3 where ω,m0 ∈ C

such that ω 6= 0 and 0 ≤ Re m0 < 1. The spectrum S of this representation is the set {m0 + k : k an integer} and the

representation space V has a basis (fm)m∈S , such that

J3fm = mfm, J+fm = ωfm+1, J−fm = ωfm−1,

C0,0fm = (J+J−)fm = ω2fm, ω 6= 0. (36)
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The commutation relations satisfied by the operators J3, J± are

[J3, J+] = J+, [J3, J−] = −J−, [J+, J−] = 0. (37)

In order to find the realizations of this representation on spaces of functions of two complex variables x and y, Miller [8]

has taken the functions fm(x, y) = Zm(x)emy, such that relations (36) are satisfied for all m ∈ S, where the differential

operators J3, J± are given by

J3 =
∂

∂y
,

J+ = ey
[
∂

∂x
− 1

x

∂

∂y

]
,

J− = e−y

[
− ∂

∂x
− 1

x

∂

∂y

]
. (38)

In particular, we look for the functions

fm(x, y, z, t; τ1, τ2) = Zm(x, y, z; τ1, τ2)tm, (39)

such that

K3fm = mfm, K+fm = ωfm+1, K−fm = ωfm−1,

C0,0fm = (K+K−)fm = ω2fm, (ω 6= 0; m ∈ S). (40)

The set of operators {K3,K+,K−} satisfy the commutation relations identical to (37). There are numerous possible solutions

of Equation (40). We assume that the set of linear differential operators {K3,K+,K−} takes the form

K3 = t
∂

∂t
,

K+ = t
∂

∂x
,

K− = −x
t

∂

∂x
− 2y

t

∂

∂y
− 3z

t

∂

∂z
− 4w

t

∂

∂w
− ∂

∂t
. (41)

The operators in Equation (41) satisfy the commutation relations (37). In terms of the functions Zm(x, y, z, w; τ1, τ2, τ3)

and using operators (41), relations (40) reduce to

(i). ∂
∂x
Zm(x, y, z, w; τ1, τ2, τ3) = ωZm+1(x, y, z, w; τ1, τ2, τ3),

(ii).
[
−x ∂

∂x
− 2y ∂

∂y
− 3z ∂

∂z
− 4w ∂

∂w
−m

]
Zm(x, y, z, w; τ1, τ2, τ3) = ωZm−1(x, y, z, w; τ1, τ2, τ3),

(iii).

[
x
∂2

∂x2
+ 2y

∂2

∂x∂y
+ 3z

∂2

∂x∂z
+ 4w

∂2

∂x∂w
+ (m+ 1)

∂

∂x

]
Zm(x, y, z, w; τ1, τ2, τ3) = ω2Zm(x, y, z, w; τ1, τ2, τ3). (42)

We see that for ω = −1, (iii) of Equation (42) coincides with the differential equation (27) of 4V3PHTF

HCn(x, y, z, w; τ1, τ2, τ3). In fact, for all m ∈ S the choice for Zm(x, y, z, w; τ1, τ2, τ3) =H Cm(x, y, z, w; τ1, τ2, τ3) satisfy

Equation (42). Thus we conclude that the functions fm(x, y, z, w, t; τ1, τ2, τ3) =H Cm(x, y, z, w; τ1, τ2, τ3)tm, m ∈ S form a

basis for a realization of the representation Q(−1,m0) of T3. By using ([8]), this representation of T3 can be extended to a
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local multiplier representation T ([8]) of T3. Using operators (41), the local multiplier representation T (g), g ∈ T3 defined

on F , the space of all functions analytic in a neighbourhood of the point (x0, y0, z0, w0, t0, τ01 , τ
0
2 , τ

0
3 ) = (1, 1, 1, 1, 1, 0, 0, 0),

takes the form

[T (exp bJ+)f ](x, y, z, w, t; τ1, τ2, τ3) = f

(
x

(
1 +

bt

x

)
, y, z, w, t; τ1, τ2, τ3

)
.

[T (exp cJ−)f ](x, y, z, w, t; τ1, τ2, τ3) = f

(
x
(

1− c

t

)
, y, z, w, t

(
1− c

t

)
; τ1
(

1− c

t

)2
, τ2
(

1− c

t

)3
, τ3
(

1− c

t

)4)
,

[T (exp aJ 3)f ](x, y, z, w, t; τ1, τ2, τ3) = f(x, y, z, w, tea; τ1, τ2, τ3), (43)

If g ∈ T3, we find

T (g) = T (exp bJ+)T (exp cJ−)T (exp aJ 3)

and therefore we obtain

[T (g)f ](x, y, z, w, t; τ1, τ2, τ3) = f

(
x

(
1 +

bt

x

)(
1− c

t

)
, y
(

1− c

t

)2
, z
(

1− c

t

)3
, w
(

1− c

t

)4
, tea

(
1− c

t

)
; τ1, τ2, τ3

)
,

(44)∣∣ bt
x

∣∣ < 1,
∣∣ c
t

∣∣ < 1. The matrix elements of T (g) with respect to the analytic basis (fm)m∈S are the functions Alk(g) uniquely

determined by Q(−1,m0) of T3 and are defined by

[T (g)fm0+k](x, y, z, w, t; τ1, τ2, τ3) =

∞∑
l=−∞

Alk(g)fm0+l(x, y, z, w, t; τ1, τ2, τ3), k = 0,±1,±2,±3 · · · . (45)

Therefore, we prove the following result:

Theorem 4.1. The following generating relation holds

(
1− c

t

)m
HCm

(
x

(
1 +

bt

x

)(
1− c

t

)
, y
(

1− c

t

)2
, z
(

1− c

t

)3
, w
(

1− c

t

)4
; τ1 , τ2, τ3

)
=

∞∑
p=−∞

(−1)|p|

|p|! b(p+|p|)/2 c(−p+|p|)/2
0F1[−; |p|+ 1; bc] HCm+p(x, y, z, w; τ1, τ2, τ3)tp,

∣∣∣∣ btx
∣∣∣∣ < 1,

∣∣∣c
t

∣∣∣ < 1. (46)

Proof. Using (44) and (45) we obtain

exp(ma)
(

1− c

t

)m
HCm

(
x

(
1 +

bt

x

)(
1− c

t

)
, y
(

1− c

t

)2
, z
(

1− c

t

)3
, w
(

1− c

t

)4
; τ1 , τ2, τ3

)
=

∞∑
l=−∞

Al,m−m0(g)HCm0+l(x, y, z, w; τ1, τ2, τ3)tm0+l−m (47)

and the matrix elements Alk(g) are given by ([8]),

Alk(g) = exp((m0 + k)a)
(−1)|k−l|

|k − l|! b(l−k+|k−l|)/2 c(k−l+|k−l|)/2
0F1[−; |k − l|+ 1; bc], (48)

valid for all integral values of l, k and where 0F1 denotes confluent hypergeometric function. Substituting the value of Alk(g)

given by (48) into (47) and simplifying we obtain result (46).

Corollary 4.2. The following generating relation holds

(
1 +

r

2νt

)m
HCm

(
x

(
1 +

rνt

2x

)(
1 +

r

2νt

)
, y
(

1 +
r

2νt

)2
, z
(

1 +
r

2νt

)3
, w
(

1 +
r

2νt

)4
; τ1 , τ2, τ3

)
=

∞∑
p=−∞

(−ν)p Jp(r) HCm+p(x, y, z, w; τ1, τ2, τ3)tp,

∣∣∣∣rνt2x

∣∣∣∣ < 1,
∣∣∣ r
2νt

∣∣∣ < 1. (49)
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Proof. If bc 6= 0, we can introduce the co-ordinates r, ν such that b =
rν

2
and c = −

( r

2ν

)
, with these new co-ordinates

the matrix elements (48) can be expressed as

Alk(g) = exp((m0 + k)a) (−ν)l−k Jl−k(r), k = 0,±1,±2 · · · (50)

and generating relation (46) yields (49).

5. Applications

We discuss some applications of the generating relations obtained in the preceding section.

I. Taking c = 0 and t = 1 in generating relation (46), we get

HCm((x+ b), y, z, w; τ1, τ2, τ3) =

∞∑
p=0

(b)p

p!
HCm+p(x, y, z, w; τ1, τ2, τ3),

∣∣∣∣ bx
∣∣∣∣ < 1. (51)

Again, taking b = 0 and t = 1 in generating relation (46), we get

(1− c)m HCm(x(1− c), y(1− c)2, z(1− c)3, w(1− c)4; τ1 , τ2 , τ3) =

∞∑
p=0

cp

p!
HCm−p(x, y, z, w; τ1, τ2, τ3), |c| < 1. (52)

II. Taking w = 0, τ3 = 1, in generating relation (46) and using Equation (29), we obtain [9]

(
1− c

t

)m
HCm

(
x

(
1 +

bt

x

)(
1− c

t

)
, y
(

1− c

t

)2
, z
(

1− c

t

)3
; τ1 , τ2

)
=

∞∑
p=−∞

(−1)|p|

|p|! b(p+|p|)/2

× c(−p+|p|)/2
0F1[−; |p|+ 1; bc] HCm+p(x, y, z; τ1 , τ2)tp,

∣∣∣∣ btx
∣∣∣∣ < 1,

∣∣∣c
t

∣∣∣ < 1, (53)

where HCm(x, y, z; τ1 , τ2) is given by Equation (29). Similar results can be obtained from generating relations (49).

III. Taking w = 0, τ1 = τ2 = 1, in generating relation (46) and using Equation (30), we obtain [4]

(
1− c

t

)m
HCm

(
x

(
1 +

bt

x

)(
1− c

t

)
, y
(

1− c

t

)2
, z
(

1− c

t

)3)
=

∞∑
p=−∞

(−1)|p|

|p|! b(p+|p|)/2

× c(−p+|p|)/2
0F1[−; |p|+ 1; bc] HCm+p(x, y, z)tp,

∣∣∣∣ btx
∣∣∣∣ < 1,

∣∣∣c
t

∣∣∣ < 1, (54)

where HCm(x, y, z) is given by Equation (31). Similar results can be obtained from generating relations (49).

IV. Taking τ1 = 1 and z = w = 0, in generating relation (46) and using Equation (32), we get ([4])

(
1− c

t

)m
HCm

(
x

(
1 +

bt

x

)(
1− c

t

)
, y
(

1− c

t

)2)
=

∞∑
p=−∞

(−1)|p|

|p|! b(p+|p|)/2

× c(−p+|p|)/2
0F1[−; |p|+ 1; bc] HCm+p(x, y)tp,

∣∣∣∣ btx
∣∣∣∣ < 1,

∣∣∣c
t

∣∣∣ < 1, (55)

where HCm(x, y) is given by Equation (33). Similar results can be obtained from generating relations (49).

V. Taking y = z = w = 0 and τ1 = τ2 = τ3 = 1, in generating relation (46) and (49), we obtain the generating relation of

tricomi function

(
1− c

t

)m
Cm

(
x

(
1 +

bt

x

)(
1− c

t

))
=

∞∑
p=−∞

(−1)|p|

|p|! b(p+|p|)/2
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× c(−p+|p|)/2
0F1[−; |p|+ 1; bc]Cm+p(x)tp,

∣∣∣∣ btx
∣∣∣∣ < 1,

∣∣∣c
t

∣∣∣ < 1, (56)

and

(
1 +

r

2νt

)m
Cm

(
x

(
1 +

rνt

2x

)(
1 +

r

2νt

))
=

∞∑
p=−∞

(−ν)p Jp(r)Cm+p(x)tp,

∣∣∣∣rνt2x

∣∣∣∣ < 1,
∣∣∣ r
2νt

∣∣∣ < 1. (57)

VI. Replacing x by z2/4, t by zt/2 in generating relation (56) and using Equation (3), we obtain ([8]), for Zm = Jm)


(

1− 2c

zt

)
(

1 +
2bt

z

)


m/2

Jm

(
z

(
1 +

2bt

z

)1/2(
1− 2c

zt

)1/2
)

=

∞∑
p=−∞

(−1)|p|

|p|! b(p+|p|)/2

× c(−p+|p|)/2
0F1[−; |p|+ 1; bc] Jm+p(z)tp,

∣∣∣∣2btz
∣∣∣∣ < 1,

∣∣∣∣2czt
∣∣∣∣ < 1. (58)

Several of the fundamental identities for cylindrical functions are special cases of generating relation (58). Also, for

c = 0, t = 1 and b = 0, t = 1, relation (58) gives the formulas of Lommel ([8], for Zm = Jm).

Again, replacing x by z2/4, t by z/2 in generating relation (57) and using Equation (3), we obtain a generalization of Graf’s

addition theorem ([8], for Zm = Jm)


(

1 +
r

νz

)
(

1 +
rν

z

)
m/2

Jm

(
z
(

1 +
rν

z

)1/2 (
1 +

r

νz

)1/2)
=

∞∑
p=−∞

(−ν)p Jp(r)Jm+p(z),
∣∣∣rν
z

∣∣∣ < 1,
∣∣∣ r
νz

∣∣∣ < 1. (59)
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