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1. Introduction

The study of the properties of multi-variable generalized special functions has provided new means of analysis for the
derivation of the solution of large classes of partial differential equations often encountered in physical problems. The
relevance of the special functions in physics is well established. Most of the special functions of mathematical physics as

well as their generalizations have been suggested by physical problems. The Tricomi function

Cu(ey =3 A (1)

ol (n+r)l

is a Bessel like function and is characterized by the following link with the ordinary Bessel function Jy,(z) [5]:
Culz) =z "2, (2\/5) . (2)

or

The Tricomi function Cy(z) satisfies the generating function

exp (t - %) = i Cy(x) t", (4)

n=-—oo
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The zeroth-order Tricomi function Co(x),is an eigenfunction of the operator

A o 0
indeed we have
D:Co(at) = aCo(at). (6)

The operator given in (5) plays the role of derivative operator for 2-varible laguerre polynomials Ly (z,y) within the context
of the monomiality [1, 6]. According to the principle of monomiality the polynomials p,(z) (n € N, x € C) are called

quasi-monomials, if two operators M and 15, can be defined in such a way that

M{pn(z)} = pnt1(z),

. (7)
P{pn(z)}

npn—1(x).

The operators M and P are called multiplicative and derivative operators and can be recognized as raising and lowering

operators acting on the polynomials p,(z). Obviously M and P satisfy the commutative relation
[P, M]=1 (8)
and thus display a Weyl group structure. Further consequence of Equation (7) is the eigen property of MP
MP p,(z) = npn(z). 9)
The polynomials p,(x) are obtained by taking the action of M on po(z)
p(x) = M" po(x), (10)

(in the following we shall always set po(z) = 1) and consequently the exponential generating function of p,(z) is

Gt:) =3 po(@ L = exp(tND){1}, (11)
Recently, Subuhi Khan and Rehana Khan [9] studied the properties of 3-variable 2-parameter Hermite-Tricomi function

(3V2PHTF) pCh(z,y,z;T1,T2)which are constructed in terms of quasi-monomials. To extend there work, we define 4-

variable 3-parameter Hermite-Tricomi function (4V3PHTF) g Cy(x,y, 2, w; 71, T2, 73) as follows:

oo

Z #Cn (2, y, 2, w; 71, T2, T3) T, (12)
n=—oo
In this paper,we derive multi variables Hermite Tricomi functions and drive its generating relation. In Section 2, we
derive Hermite Tricomi function of 4-variables and 3-parameters (4V3PHTF) pCy(x,y, 2z, w;T1,72,73). In Section 3, we
give properties of 4V3PHTF yCy(z,y, 2z, w; 1,72, 73) and their special cases. In Section 4, we derive generating relations
involving 4V3PHTF by using the representation Q(w,mg) of the Lie algebra T3. In Section 5, we obtain certain new and

known generating relations involving various forms of Hermite- Tricomi, Tricomi and Bessel functions as applications.
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2. Generating function of 4V3PHTF g C,(x,y, z, w; 11, T2, T3)

In order to obtain the generating function of 4-variable 3-parameter Hermite-Tricomi function (4V3PHTF)
aCn(z,y, 2z, w;T1,72,73), let us recall the definition of 3-variable 2-parameter Hermite functions Hy(z,y, z;71,72) which

is given by [9]:

(5]

w3

(272 )" Hn—sr(z,y;T1)

. -
Hn($7y7z77-1,7—2) =n. T'(’I’L—?)T')' (13)
r=0
The above definition is equivalent to the following generating function for Hy(x,y, z; 71 , T2)
exp (xt +ym1 24 am t Z (z,y,2;11 ,72) t". (14)
We define the 4-variable 3-parameter analogue of 3V2PHP H,(z,y, z; 71 ,72) as follows:
Ho(2,y, 2, w ) =n! &l (w73 )" Hn—ar(x,y, 2; 71, T2) (15)
n\L,Y, 2, W;T1,72,7T3) = T )
Y LT T 2 ri(n — 4r)!
which is equivalent to the following generating function for Hy(z,y, z, w; 71 , T2, 73)
exp (@t + ymi 2+ 21 2+ wrs t Z (z,y,z,w;T1 ,T2,7T3) t". (16)
These polynomials are quasi-monomials under the action of the operators
0 02 o?
M: —|—2y7'18 +3ZT28 2-’-411_)7'3%7
- 19}
P=—. 17
py (17)
which play the role of multiplicative and derivative operators respectively in the sense that
MHn(xv y7 Z7 ’LU, T1 7T27 T3) = H”H'l(x? ya 27 w7 T1 ) T27 T3)7
PHn(:L‘, Y, 2, W;T1 , T2, 7—3) = an—l(l'7 Y, 2, W;T1 , T2, T3)' (18)
we can explicitly write the polynomials H,(x,y, z,w;T1 ,T2,73) in terms of the operators (17) as follows
o 82 3
Hy(z,y,z,w;T1 ,T2,73) = (x + 2yT18 + 327’28 5+ 4wT378x3)". (19)

To generate Hermite-Tricomi functions associated with the polynomials H,(z,y, z, w; 71 , T2, T3), we introduce the generating

function

M
G(z,y,z,w;T1 ,T2,T3,t) = exp <t — t)

0 0? o .1
:exp( (alc—|—2y7'1a —}—327’282—1—411)7'3a 3)7 ) (20)

Now by decoupling the exponential on the r.h.s. of Equation (20) by means of the rule [7]

ATB _ €m2/12€_m/2A1/2+A€B; (A, B] = mA' )2, (21)
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with

m = (—1)_1/22\/?:t_3/2z1/27'21/2w1/37'§/3,
and again decoupling the exponential by means of the rule [7]

€A+B _ €A+B€_7n/2; [A, B] =m,

where A and B are the operators and m a complex number,we obtain

. o —ZT2 wTs3 xr Yym
G(x,y, z;T1 T2, t) = exp (t) exp ( 3 ) exp (tT) exp (—? + t—2>
2yt O 3219 O 32719 O? 4wty O 4wt 0?2 4wty 93
_77_77_77_77_77_7% (22)

If the r.h.s. of Equation (22) is not considered as an operator, the last exponential can be replaced by 1, thus we get

o]

T Yym zT2 wT3\ . n
eXp(t—;-f—tT—tT‘f'tT)— Z HC'n(l’,y7Z7w77'177’277'3)t ) (23)
n=-—oo
where yCy(z,y, 2z, w; T1, T2, 73) defined by
— (—1)"H, ;
ch(ﬁC,y7Z,w;7'177'2,T3):Z ( ) T(-Tyy:szth 77'2,7—3)4 (24)

rl (n+r)!

r=0

is the 4V3PHTF

3. Properties and Special Cases of 4V3PHTF ;C,(x,y, z,w; T, T2, 3)

The 4V3PHTF yC,(z,vy, z,w;T1,72,73) defined by Equation (??) satisfy the following differential and pure recurrence

relations:
P2 HCn(z,y, 2z, w; 71,72, 73) = —aCht1(z,y, 2, w; T1, T2, T3),
Biy ch(x7y7sz;7-177277—3) =T ch+2($7y7z7w;7-177-277-3)7
EHCn(x7yaz7w;T17T27T3) = —T2 HC”+3(m7y7Z7w;TlaT27T3)a
0
ow HCn(xayvz7w;T177—27T3) = T3 ch+4(x’yaZ7IU;le7'277'3)7
87' ch(%%va%Tl»T%TS) = yHCn+2(557y:va§7'1»7'277'3)7
1
ad
? HCn(%y,Z,w;Tl,T%TB) = *ZHC’,th(CL',y,Z,'U);Tl,Tz,Tg),
2
1o}
or: HC"(I’y7Z7w;T17T27T3) = wHCn+4(x7yvz7w;7_177—277—3), (25)
3
and

nHC"(:ryy7 Z,’LU;Tl,TQ,T:’)) =H Cn—l(x7y727w;7—177—277_37 ) + £H0n+1(x7yaz7w;7_177—277—3) - 2yTlHCn+2(f7y:Zaw§7'177'2773)

+ 3270 wCny3(x,y, 2, w; 71,72, 73) — 4wtz gCnia(,y, 2, w; T1, T2, T3). (26)

The differential equation satisfied by 4V3PHTF yC.,(z,vy, 2, w; T1, T2, T3) is

0? 0 0? o? 0?

—2 - _4 _1 n RS Nad] 5 ) ) =Y. 27
or yaxan 3282:87’2 waxarg ) 1#Cn (2,9, 2,051, 72,75) = 0 (27)

We note the following special cases of 4V3PHTF yCy(x,y, 2, w; T1, T2, 73):
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HCn(x7y7Z70;Tl7T27T3) —H On(x,wa;ThTZ) (28)

where yC, (z,y, z;T1,T2) denotes 3-variable 2-parameter Hermite-Tricomi functions(3V2PHTF)defined by [9].

_ > (z,y,2;7172)
HCn (T,Y, 2,71, T2 —rz: n+r) . (29)
(2).
ch(x,y,2,0;1,1,7'3) —H Cﬂ(xayvz) (30)
where yCy(z,y, z) denotes 3-variable Hermite-Tricomi functions(3VHTF)defined by [4],
S (z y, 2)
= . 31
(z,y,2 Z T, o) (31)
3)-
ch($7y»070;177'2,73) =H Cn(xzy)7 (32)
where yC, (z,y) denotes 2-variable Hermite-Tricomi function (2VHTF) defined by the generating function [3]
Z 1Cn(z,y)t" = exp (t - % + t%) . (33)
(4).
#Cn (2,0,0,0;71,72,73) = Cn (), (34)
where C,(z) is given by Equation (1.4).
(5).
z? T\~
Cn (Z,o,o,O;n,m,m) =(3) "), (35)

where J,,(x) denotes the ordinary Bessel function.

4. Generating Relations of yC),(z,y, z, w; 71, 72, 73) using Representation

Q(w, mg) of T3

The theory of special functions from the group-theoretic point of view is a well established topic, providing a unifying
formalism to deal with the immense aggregate of the special functions and a collection of formulae such as the relevant
differential equations, integral representations, recurrence formulae, composition theorems, etc., see for example [10, 11].
The first significant advance in the direction of obtaining generating relations by Lie-theoretic method is made by Weisner
[12-14] and Miller [8]. Miller [8] have determined realizations of the irreducible representation Q(w, mo) of 73 where w,mo € C
such that w # 0 and 0 < Re mo < 1. The spectrum S of this representation is the set {mo + k : k an integer} and the

representation space V' has a basis (fm)mes, such that

Jsfm M frn, J+fm:‘*)fm+la J fm=wfm-1,

Coofm = (I T ) fmn =’ frn, w#0. (36)

w
-3
~
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The commutation relations satisfied by the operators J3, J* are
[P =0t I ==, T =0 (37)

In order to find the realizations of this representation on spaces of functions of two complex variables z and y, Miller [§]
has taken the functions fm(z,y) = Zm(x)e™”, such that relations (36) are satisfied for all m € S, where the differential

operators J2, J* are given by

1o}
3 —
Jo = ay’
JT =¢Y g _ lg
Oox x0y|’
_ _ 0 10
e
Jo=e { Ox xay] (38)
In particular, we look for the functions
fm(w7y727t§ 7—177-2) = Zm($7y7Z;T1,T2)tm7 (39)
such that
K fo =mfm, K" fm=wfmsr, K fm=wfn-1,
Coofm =(KTK ) fm =w’fm, (wW#0; meS9). (40)

The set of operators {KS, K%, K~} satisfy the commutation relations identical to (37). There are numerous possible solutions

of Equation (40). We assume that the set of linear differential operators {K?®, K+, K~} takes the form

19}
3
K =ta
0
+ _
K _tax’
Kk-—_ %9 290 320 4w 0 (41)

The operators in Equation (41) satisfy the commutation relations (37). In terms of the functions Z,(z,y, z, w; 1, T2, T3)
and using operators (41), relations (40) reduce to
(i). B%Zm(:r,y,z,w;ﬁ,rgﬁg) = wZm+1(2,y, 2, w; T1, T2, T3),

s ) ) ) ) . _ .
(ii). [fx 5o — 23437, — 325 — 4wy — m] Zm (T,y, 2, W; T1, T2, T3) = WZm—1(T, Y, 2, W; T1, T2, T3),

(ii).

3]
(m—&—l)%

Zm(x7y,z7w;7'1,7-277'3)= W2Zm(1‘7y,2,w;7'1,7'2,7'3). (42)

02 0? 02 02
{m 9z2 +2y 0x0y 3z 0x0z w Oxow +

We see that for w = -1, (iii) of Equation (42) coincides with the differential equation (27) of 4V3PHTF
aCn(z,y, 2z, w;T1,72,73). In fact, for all m € S the choice for Z,(x,y, z,w;T1,72,73) =g Cwm(z,y, 2, w; T1, T2, T3) satisfy
Equation (42). Thus we conclude that the functions fm(x,y, 2, w,t;71,72,73) =1 Cm(2,y, 2,w; 71, T2, 73)t™, m € S form a
basis for a realization of the representation Q(—1,mo) of Ts. By using ([8]), this representation of 73 can be extended to a
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local multiplier representation 7' ([8]) of 73. Using operators (41), the local multiplier representation 7'(g), g € T5 defined
on F, the space of all functions analytic in a neighbourhood of the point (z°,y°, 2%, w°® t°, 7,79, %) = (1,1,1,1,1,0,0,0),

takes the form

[T(eprj )f]($>y7sz7t;7-177-277-3):f x 1"'—; 7y7Z,w7t;7'177'2,7'3 .

_ c c c\ 2 c\3 c\4

[T(expcj )f](m,y7z,w,t,7'1,7'2,7'3) - f <$ (1 - E) y Y, Z, W, T (1 - E) ;T (1 - Z) y T2 (1 - 7) » T3 (1 - 7) ) P

[T(expa\73)f](x7yvszat; 7_177—277—3) = f(m7yvsz7tea;7—177—277_3)7 (43)
If g € T3, we find

T(g) = T(expbT )T (exp cT )T (exp aT?)

and therefore we obtain

[T(9)f(z,y, z,w, t; 71,72, 73) = f (:r (1 + %) (1 — %) Ly (1 _ %)2 2 (1 _ %)3711) (1 _ %)4,75@“ (1 — %) ;7'177'2,7'3) ,
(44)

|%‘ <1, ’ﬂ < 1. The matrix elements of T'(g) with respect to the analytic basis (fm)mes are the functions A;;(g) uniquely
determined by Q(—1,mo) of T3 and are defined by

[T(g)me‘Fk](x?yaZ7w7t;7_177—277—3) = Z Alk(g)fm0+l(x7yaszvt; 7_177—277—3)7 k= O,il,i2,i3 . (45)

l=—o0

Therefore, we prove the following result:

Theorem 4.1. The following generating relation holds

(=) nn (o (1 5) (Dl 0 w1 ) )

o~ (=D)PL b2 (—ptinh/2 bt
= Z Wbp P c prip OFl[i;‘p‘+1;bc}HOm+P(x7y7zvw;TlvT27T3)tp7 x

p=—00

Proof. Using (44) and (45) we obtain

i) (1) (2 (1 5) (=)0 (1) (-5 0 (1) )

= Z Alam_mo(g)HCmO"rl(m?yaz7w;7—1a7—277—3)tmo+l7m (47)

l=—oc0

and the matrix elements A;x(g) are given by ([8]),

_IE=U _ o
Aue) = expl(mo + k) Sl B0 QO 1 1, )

valid for all integral values of [, k and where ¢F1 denotes confluent hypergeometric function. Substituting the value of A;x(g)

given by (48) into (47) and simplifying we obtain result (46). O
Corollary 4.2. The following generating relation holds

r\™ rut T ro\2 r o3 r \4
1 7) m 1 e (1 7) 3 (1 P ) (1 Py ) 1 a4 ) ) )
( + 2vt = (x < + 2z ) + ovt) Y + 21/t) U 21/t) v ( + 21/t) TR

(oo}

= Z (_V)p JP(T) HCm+P(‘T7y7va;T177—277_3)tp7

p=—00

rvt

.
WE (—’ 1. 4
2z < 2ut < ( 9)
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Proof.  If bc # 0, we can introduce the co-ordinates r, v such that b = % and ¢ = — (QL), with these new co-ordinates
v

the matrix elements (48) can be expressed as
Ak (g) = exp((mo + k)a) (=) F Ji_x(r), k=0,4£1,42--. (50)

and generating relation (46) yields (49). O

5. Applications

We discuss some applications of the generating relations obtained in the preceding section.

I. Taking ¢ =0 and ¢ = 1 in generating relation (46), we get

= b
HCOm((z +b),y, z,w; T1, T2, T3) = Z (p—HCerp T, Y, 2, W; T1, T2, T3), ’E‘ < 1. (51)
p=0

Again, taking b = 0 and ¢t = 1 in generating relation (46), we get

(1—¢)" gCm(z(1 —c),y(1 — )%, 2(1 — &), w(l — )71 , 72, 73) Zc—'HCm p(z,y, 2, w;T1,T2,73), |c|] <1. (52)

:0

II. Taking w = 0,73 = 1, in generating relation (46) and using Equation (29), we obtain [9]

(1-5) 00 (2« (1+2) (19w (1-9)" 2 (1) im ) = 3 i<—|;|>!‘p' o) /2

p=—00
bt
x

« c(mptiph/2 0F1[

9‘ <1, (53)

= Ipl + 1;0c] 5Cmap(2,y, 2,71, T2)T7, ’t

where gCpn (2,9, 2; 71 ,72) is given by Equation (29). Similar results can be obtained from generating relations (49).

III. Taking w = 0,71 = 72 = 1, in generating relation (46) and using Equation (30), we obtain [4]

(-5 (o1 2 (- 5) 1= (-5 - 5 v

p=—o0

b, H<1, (54)

> C(—P+|PD/2 oF1 [7; |p| —+ 1; bC] HCm+p(x7 Y, z)tp7 T

where yCp (2,9, ) is given by Equation (31). Similar results can be obtained from generating relations (49).

IV. Taking 71 = 1 and z = w = 0, in generating relation (46) and using Equation (32), we get ([4])

(=) e (= (145) (=) w2 %)2) - zﬁf

x TPHPD/Z B | 4 15 be] 5 Cmp(z ‘ ‘ <1, (55)

where gCpn(z,y) is given by Equation (33). Similar results can be obtained from generating relations (49).

V. Taking y = z = w = 0 and 71 = 72 = 73 = 1, in generating relation (46) and (49), we obtain the generating relation of
tricomi function

(1- g)mcm (m (1 n %) (1- %)) _ i (—|;7|)!“" P+ /2

p=—00
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X P2 B bl 1 be] G ()27, % <1, |3 <1, (56)
and
Tym Y (14 ) ) = S (o R A
(1+2m) C%(x<1+2x>(1+2m)>_‘ D (V) H) Cnsp@)t, |52 <1 |5 <1 BT

p=—00

VI. Replacing x by 22/4, t by zt/2 in generating relation (56) and using Equation (3), we obtain ([8]), for Zm = Jim)

m/2
(1 - %> 1/2 1/2 o
N A Im (z <1 + 2—bt> <1 — %> > — Z L)lp‘ plptipD /2
z

t !
O+2@) z lpl
z

p=—00

20t

x TPEPDE OB [ |l + 15be] T (2)27, .

<1, <1. (58)

Several of the fundamental identities for cylindrical functions are special cases of generating relation (58). Also, for

¢=0,t=1and b=0, t =1, relation (58) gives the formulas of Lommel ([8], for Z,, = Jp).

Again, replacing = by 2?/4, t by z/2 in generating relation (57) and using Equation (3), we obtain a generalization of Graf’s

addition theorem ([8], for Z,, = Jm)

r m/2
(H;{g) T (z (1+ 2)1/2 (1+ i)l/z) = Y WL, Y | D<n 69
(1 + 7) z vz S z vz
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