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1. Introduction

In the beginning of fixed point theory on complete metric space, one of the most important result is known as Banach

cotraction principle, published in 1922.

Theorem 1.1. Let (X,d) be a metric space and T : X — X be a mapping. Then T is said to be a contraction mapping if
there exists a contant L € [0,1) called a contraction such that d(Tz,Ty) < Ld(z,y)Vx,y € X.

Banach Contraction Principle says that any contraction self-mappings on a complete metric space has a unique fixed
point.Because of its importance Banach Contraction Principle has been extended and generalized in many direc-
tions([1,2,4,5,6,7,8] etc.). Recently, Wardoski [16] introduced a new concept of contraction and proved a fixed point theorem
which generalizes Banach contraction principle. Further Cosentino and Vetro [10] proved some fixed point results of Hardy-
Rogers Type for a self map on a complete metric space.Motivated by these results we prove some fixed point theorems for

a self map.

2. Preliminaries

Throughout in this article we denote by R, the set of all real numbers, by R the set of all positive real numbers and by N

the set of all positive integers.

Definition 2.1 ([16]). Let F : RT — R be a mapping satisfying:
(F1). F is strictly increasing;
(F2). for each sequence o, C RT of positive numbers lim,, oo ctn, = 0 if and only if lim,,  p(a,) = —00;

F3). there exists k € (0,1) such that lim +afF(a) =0.
a—0
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Definition 2.2 ([16]). Let (X,d) be a metric space and T : X — X be a mapping. Then T is said to be an F-contraction

if € F and there exists T > 0 such that

Ve,y € X[d(Tz,Ty) >0 = 7+ F(d(Tz,Ty)) < F(d(z,y))]. (1)

Example 2.3 ([16]). Let Fi : (0,00) — R be given by Fi(a) = Ina. It is clear that Fy € F. Then each self mappings T on

a metric space (X,d) satisfying is an Fy—contraction such that

d(Tz,Ty) < e "d(z,y)Vz,y € X, Tz # Ty. (2)
It is clear that for x,y € X such that Tx = Ty the inequality d(Tz,Ty) < e”"d(z,y) also holds. Therefore T satisfies ()
with L = e~ ", thus T is a contraction.

The following theorem is generalization of Banach Contraction Principle given by Wardowski:

Theorem 2.4 ([16]). Let (X,d) be a complete metric space and let T : X — X be an F-contraction. Then T has a unique

fixed point in X.

Lemma 2.5 ([1]). Let f and g be weakly compatible self maps on a set X. If f and g have a unique point of coincidence

w = fr = gx, then w is unique common fized point of f and g.

3. Main Results

Theorem 3.1. Let (X,d) be a metric space and let S and T be self maps on X. Assume that there exist F € F and 7 € R

such that

d(Sz,Sy) >0 = 7+ F(d(Sz,Sy)) < F(maz{d(Tz,Ty),d(Sz,Tz),d(Sy,Ty)}) 3)

forallz,y € X. If S(X) C T(X) and T(X) is a complete subspace of X. Then S and T have a unique point of coincidence

in X. Moreover if S and T are weakly compatible, then S and T have a unique common fixed point in X.

Proof. Let zo be an arbitrary point of X. Since S(X) C T(X), we construct a sequence {x, } in X such that Sz,, = T, 11
for all n > 0. If there exists an integer N > 0 such that Sxny = Szny41 then Txny1 = Sxn+1 that is S and T have a point

of coincidence. Hence we shall assume that Sz, # Szny1 for all n > 0. By (3), we have for all n > 0

7+ F(d(Szn, Snt1)) < F(maz{d(Tzn, TTn+1),d(STn, Txrn), d(STni1, TTni1)})

that is

T4+ F(d(Szn, Snt+1)) < F(maz{d(Stn-1,5%n),d(STn-1,5%n),d(STn, STnt+1)})

= F(maz{d(Stn_1,S2n),d(Stn, STni1)}) (4)

If d(Szn—1,S5%n) < d(STn, STrn+1) for some n € N, then we have

T+ F(d(STn, Snt1)) < F(d(STn, STn+1),
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a contradiction.Thus d(Sxn—1,Szn) > d(Szn, Stri1) for all n € N, from (4) we have
T+ F(d(Szn, Snt1)) < F(d(Sxn-1,Szn)
implies
F(d(Sxn,Sn+1)) < F(d(Szn-1,Sxn) —T.
Therefore, we have
F(d(Szn, Snt+1)) < F(d(Szpn-1,Szn) — 7 < F(d(Szn—2,5%n-1)) — 27 < .... < F(d(Sz0, Sz1)) — N1 (5)

From (5), we get limy, o0 F(d(STn, STnt1)) = —00.Thus from (F2), we have lim, o0 d(Sxrn, Stnt+1) = 0. From (F3), there
exists k € (0,1) such that lim,— o0 d*(Sxn, STni1)F(d(STn, Stri1)) = 0. By (5), the following holds for all n € N

d"(Szn, Sty 1) F(d(S2n, Snyi1)) — d"(Szn, Stny1)F(d(Szo, Sz1)) < d*(S2n, STpit)nr <0 (6)
Letting n — oo in (6), we obtain that
limnﬁwndk(Sa@n, Stnt1) =0 (7)
From (7), there exists n1 € N such that nd*(Sz,, Szni1) < 1 for all n > ny. So, we have for all n > n;
d(STn, STnt1) = ik (8)
n

In order to show that {Sx,} is Cauchy sequence. Consider m,n € N such that m > n > n,. Using triangular inequality for

metric and from (8), we have

d(STn, STm) < d(STn,STn+1) + d(STn+1,STnt2) + ... + d(STim—1,STm)

‘ -

s

m—1 O 0
= > d(Swi, Swit1) < 37 d(Swi, Swita) < 30

i=n n

By the convergence of the series > —%-,as limit n tends to oo we get d(Sxy,, Szm) — 0. This yields that {Sx,} is a Cauchy

i=n nk

sequence in T'(z), since T'(X) is complete, there exists a z € T'(X) such that Sz, — z as n — co. Since z € T(X), we can
find p € X such that z = T'p. Now we will prove that z = Sp, on contrary suppose z # Sp. Putting = z,+1 and y = p in

(3), we have
T+ F(d(SZn11,Sp)) < F(maz{d(Tzpi1,Tp),d(STni1, TTni1),d(Sp, Tp)})
that is
T+ F(d(Stn+1,Sp)) < F(maz{d(Stn,Tp),d(STnt1,Sxn),d(Sp, Tp)})
Taking the limit as n — oo and using z = T'p, we have

T+ F(d(z, Sp)) < F(maz{d(z, z),d(z, z),d(Sp,2)})

)
=)
S|
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= F(d(z, Sp)),
implies that
F(d(Z7 Sp)) < F(d('z7 Sp)) - T,

a contradiction. Thus z = Sp. Therefore, we have that z = Tp = Sp. Hence p is a coincidence point and z is a point of
coincidence of S and T. We next establish that the point of coincidence is unique. For this, assume that there exists another

point ¢ in X such that z; = Sq = T'q and suppose that z # z1. Then for x = p and y = ¢q, we have
T+ F(d(Sp, Sq)) < F(maz{d(Tp,Tq),d(Sp,Tp),d(Sq, Tq)})
that is
T+ F(d(z,21)) < F(maz{d(z1,21),d(z, 2),d(z,21)})

implies that F'(d(z,21)) < F(d(z,21)) — 7, a contradiction, which implies that d(z,z1) = 0 i.e., z = z1. Therefore z is the
unique point of coincidence of S and T.Now if S and T are weakly compatible, then by Lemma 2.5, z is unique common

fixed point of S and T O

Corollary 3.2. Let (X,d) be complete metric space and S and T be self map on X. Assume that there exist F € F and

T € RY such that
d(Sz,Sy) >0 = 7+ F(d(Sz,Sy)) < F(d(Tz,Ty)) 9)
forallz,y € X. If S(X) C T(X) and T(X) is a complete subspace of X. Then S and T have unique point of coincidence

i X. Moreover if S and T are weakly compatible then S and T have unique common fized point in X.

Corollary 3.3. Let (X, d) be a complete metric space and S be a self map on X. Assume that there exist F € F and 7 € RY

such that
d(Sz,Sy) >0 = 7+ F(d(Sz, Sy)) < F(d(z,y)) (10)

for all z,y € X. Then S have a fized point in X.

Theorem 3.4. Let (X,d) be a complete metric space and T be a self map on X also T satisfying following F-contraction

condition if F € F' and there exists T > 0 such that Vx,y € X d(Tz,Ty) > 0 implies

T+ F(d(Tz,Ty)) < F(k1 max{d(z,y),d(z, Tx)} + ke max{d(z,y),d(y, Ty) } + ks max{d(z, T'y), d(z, Ty) _g d(y, Tz) b (11)

for all z,y € X and k1 + k2 +2ks = 1. If T or F is continuous, then T has a unique fived point in X.

Proof. Let zo be arbitrary point and define sequence {zn} in X by z, = Tzpn_1 for n € N. If z,y41 = 2y, for some
no € N, then z,, = Tzp, and so T has a fixed point. Now let z,11 # z, for all n € NUO and let v, = d(zn,Zn+1) for

n € NUO, then v, > 0 for alln € NUO.

T+ F(d(Tzn-1,Tzn)) < F(kimaz{d(zn-1,2n),d(@n-1,TTn-1)} + kamaz{d(zn-1,zn), d(xn, Txn)}
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+ ksmaz{d(xn—1,Txn), d(@n—1,Txn) ‘;‘ d(zn, Txn_1) M

< F(kimaz{d(zn-1,2n), d(Tn-1,xn)} + kamaz{d(xn-1,2n),d(Tn, Tnt+1)}

+ ksmaz{d(Tn—1, Tnt1), d(zn-1, xn+12) + d(@n, zn) b

< F(kimaz{d(xn-1,2n),d(Tn-1,2n)} + kemaz{d(zn-1,2n),d(Tn, Tnt1)}
d(mn—h ,CEn) + d(m’fh :L'n+1)

+ ksmaz{d(zn—1,zn) + d(Tn, Tnt1), 3 H

Yn—-1+ Yn
= F(kimaz{yn—1,Yn—1} + kamaz{yn—1,vn} + kamaz{yn—1 + ¥n, #}) (12)
= F(k1yn—1 + kamaz{yn—1,7} + k3(yn—1 + ")) (13)

If v > 4n—1 for some n € N, then from (12) we have F(vn) < F(kiyn—1 + k2vn + 2ksyn) — 7 this implies that v, <

1—16571—21@,7"*1 = Yp—1. Since k1 + k2 + 2ks = 1 So yn < yn—1, a contradiction. Thus v, < yn—1 for all n € N and we from

(12) we have

T+ F(yn) < F((k1 + k2 + 2ks)yn-1)

F(yn) < F(yn-1) —7V¥n € N.
This implies
F(’Vn) SF(’y”*l)*TSF('}/n—I)*2T ..... SF(’yo)fn'nVneN (14)

From (13) limp—ooF () = —oo. Thus (F2), we have limp—ooyn = 0. From (F3) there exists kK € (0,1) such that
limn—oo¥E F(yn) = 0. By (3) the following hold V n € N

YnF () = 1 F(0) < —ypn7 < 0. (15)
Letting n — oo, we obtain that
lim nyF = 0. (16)
n— o0

From (15) there exists n1 € N such that n’y,’i <1V n>ni. So, we have for all n > n;

Y < (17)

3
==

In order to show that {z,} is Cauchy sequence.Consider m,n € N such that m > n > n,.Using triangular inequality and

from (16) we have

d(mnym'm) S d(In,In+1) + d(l‘n+lymn+2) + ...+ d(wmflyl‘m)

= Tn + Yn+1 + ... +7m71

oo

m—1 0o
1
=D WD WY T
i=n i=n i=n nk
By convergence of series L asn — oo we get d(xn,2m) — 0.This means {x,} is Cauchy in (X,d).Since (X,d) is
i=n nk

+

complete, so {x,} is converges to some x € X that is limn—coTn = 2. Now if T is continuous, then we have

z= lim zpy1 = lim Tz, =T(lim )="Txz. (18)
n—oo

n—r00 n—00
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So, z is a fixed point of T. Now, Suppose that F' is continuous we claim that z = T'z. Assume the contrary that is z # T'z.
In this case, there exists an ng € N and a subsequence {zn, } of {z,} such that d(Tx,,,Tz) > 0 for all ni > no.(otherwise
there exists n; € N such that z,, = T’z for all n > n;, a contraction).Since d(T'zn,,Tz) > 0 for all ny > ng, then from (11),

we have

T+ F(d(Txn,,T?)) < F(ki max{d(2n,, 2), d(Xn, , TTn, )} + ke max{d(zn,, z),d(z,T2)}

+ ks max{d(ngTz)’ d(xnk , T'z2) '; d(z, Tl'nk) })

Taking k — oo and using continuity of F we have

d(z,Tz) + d(z,Tz)

T4 F(d(2,T2)) < F(ki max{d(z, 2),d(z,Tz)} + ke max{d(z, z),d(z,Tz)} + ks max{d(z, Tz), 3

b))

= F((kl + ko + kg)d(z, TZ))

This implies 7+ F(d(z,Tz)) < F(d(z,T%)), a contradiction.Hence z = T'z. Now, we prove the uniqueness of the fixed point.
Assume that z* € X be another fixed point of T different from z. This means that d(z,z*) > 0. Taking z = z and y = 2"

in (11), we have

T+ F(d(Tz,Tz")) < F(ki max{d(z,2"),d(z,T2)} + ko max{d(z, 2%),d(z", T2")} + ks max{d(z, Tz"), d(zT2") ; d(=", T2) H

this implies that 7 4+ F(d(z,2")) < F((k1 + k2 + k3)d(z, 2")), which is a contradiction, since k1 + k2 + k3 < 1 and hence

z = z". Hence z is unique fixed point of 7. O

Corollary 3.5. Let (X,d) be a complete metric space and T be a self map on X .Assume that there exist F' € F and 7 € Rt

such that
T+ F(d(Tz,Ty)) < F(kid(z,y) + ked(z, Tx) + ksd(y, Ty) + kad(x, Ty) + ksd(y, Tx)),

for all z,y € X, Tx # Ty, where k1 + ko + ks + 2ks = 1, ks % 1 and L > 0. Then T has a fixed point. Moreover, if
k14 ka + ks < 1, then the fized point of T is unique.

4. Applications

In this section, we present an application on dynamic programming. The existence of solution of functional equations
and system of functional equations arising in dynamic programming which have been studied by using various fixed point
theorems.We will prove the extension of a common solution for class of functional equations. Here we assume that U and
V' are Banach spaces, W C U is a state space and D C V is a decision space. In particular, we are interested in solving the

following two functional equations arising in dynamic programming:

r(z) = Slglg{f(w,y) + Gz, y,r(r(z,y)}hz e W (19)
y
r(z) = Sgg{f(x,y) +Qz,y,r(r(z,y)}z e W (20)
v
Where 7: W xD — W, f: WxD — R, and G,Q : W x D x R — R.Here we study the existence and uniqueness of

h* € B(W) a common solution of the functional equations (18) & (19). Let B(W) denote the set of all bounded real-valued
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functions on W. We know that B(W) endowed with metric d(h, k) = sup|h(z) — k(z)|, h,k € B(W) is a complete metric
space. Consider S, T : B(W) — B(W) such that

S(h)(x) = sgg{f(x, y) + Gz, y, h(7(z,y)},x €W (21)
T(h)(z) = jgg{f(w, y) + Qz,y, h(t(z,y))},z € W (22)

It is clear that if f, G and @ are bounded, then the operation S and T are well defined.

Theorem 4.1. Suppose that there exists k € (0,1) such that for all (z,y) € W x D and hy,hs € B(W), we have

\G(x,y,h(T(x,y))) - Q(x,y,hz(T(x,y))N < kM(h17h2)7 (23)

where M (hi, h2) = max{d(Thi,Thz),d(Sh1,Th1),d(She,Ths)}. Then S and T have a unique common fized point in B(W).

Proof. Let A\ > 0 be arbitrary positive real number x € W, hi, ha € B(W). Then by (20) and (21), there exist y1,y2 € D

such that

S(h) (@) < f(z,y1) + G, y1, ba(r(z,91))) + A (24)
T(h2)(x) < f(z,y2) + Qx, y2, ha(7 (2, y2))) + A (25)
S(h)(z) = f(x,y2) + G(z,y2, b (7(2, y2))) (26)
T(he)(x) = f(x,y1) + Q(x, y1, ha(7(x,51))) } (27)

Form (23) and (26), it follows that

S(h) (@) = T(h2)(z) < G(z,y1,h(7(z, 1)) — Q@ y1, ha(7 (2, 91))) + A

<G, y1, ha(7(2, 1)) — Q@ y1, ha(7(2, y1))) | + A < EM(ha, ho) + A
Similarly T'(h2)(z) — S(h1)(x) < kM (hi,h2) + A. Consequently
|S(h1)(x) = T (h2)(x)| < kM (h1, h2) + A (28)
Since the inequality (27) is true for any © € W, we get
d(S(h1),T'(h2)) < kM (h1,h2) + A (29)
Finally, A is arbitrary, so
d(S(h1),T(h2)) < kM (h1, h2) (30)

that is (29) hold by taking 7 = —In(k) and F(t) = In(t). Applying the Theorem 3.1, the mappings S and T have a unique

common fixed point that is the functional equation (18) and (19) have unique common solution h* € B(W). O
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