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1. Introduction

Problems involving differential equations arise in various fields of science, mathematics and other related areas. Therefore
the task of determining the self adjointness and constructing the conservation laws for the equations is of great significance as
it plays an essential role in the study of nonlinear physical phenomena. In recent years, intense research has been conducted
in order to find classes of equations that are self-adjoint, quasi-self adjoint or weak self-adjoint. A number of significant
methods have been established for construction of conservation laws, one of them being the Noether’s approach that yields
conservation laws by using Lie symmetries of PDE’s with variable principle [10]. Further, IBragimov [3, 4] established a
theorem which is used to find conservation laws for PDE’s that do not possess Lagrangian. For instance in [3], he introduced
the general concept of nonlinear self-adjointness of differential equations by embracing the strict self-adjointness and quasi
self-adjointness. Moreover, he did show that the equation possessing the nonlinear self-adjointness can be written equivalently
in a strictly self-adjoint form by using appropriate multipliers and that all linear equations possess the property of nonlinear
self-adjointness and hence can be re-written in nonlinear strictly self-adjoint. Furthermore he illustrated the construction
of conservation laws using symmetry. In [6] , Igor and Julio applied the concept of self-adjoint equations formulated by
Ibragimov and Gandariasto to a class of fifth order evolution equations and went further to establish the conservation laws
for the generalized Kawahara equation, simplified Kawahara equation and Modified simplified Kawahara equation using
Ibragimov’s theorem on conservation laws. Other papers of Igor on self-adjointness and conservation laws can be found in
[5, 7, 8].

Researchers such as Jaskiran [9] obtained the conservation laws of variable coefficient time fractional Kawahara equation.
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This was achieved by first deriving the similarity reduction and power series solutions of the equation using Lie symmetry
method. Zhang [11] studied the nonlinear self-adjointness method for constructing conservation laws of partial differential
equations(PDE’s). He showed that any adjoint symmetry of PDE’s is a differential substitution of nonlinear self-adjointness
and vice versa and further illustrated that each symmetry of PDE’s correspond to a conservation law via a formula if the
system of PDE’s is non-linearly self-adjoint with differential substitution. Finally, as a byproduct, he found that the set of
differential substitutions include the set of conservation law multipliers as a subset.

In this paper, we determine the self-adjointness and conservation laws for the general Burgers equation given by:
U = aui + bugs (1)

where u(z,t) is the unknown function, a,b € R and a, b # 0. This equation represent the wave equation combining both the

dissipative and nonlinear effect and thus appears in a wide variety of physical applications [1].

2. Adjoint Equations and Self-adjointness
2.1. Adjoint equation

Consider the system of m differential equations (linear or nonlinear) given by [3]:
F(x,u,v,u1),v(1); - -+, U(s), V(s)) = 0, a=1,...,m (2)

with m dependent variables. The adjoint equation is written as

F™(x,u,0,u(1), U(1), - - -, U(s), U(s)) = 0, a=1...,m (3)
with F* defined by
X oL
F (CL‘,U,U,U(l),v(l),...,U(S),v(s>): 3u =0 (4)

where £, the formal lagrangian for equations (2) is given by

L=vF (5)
such that v = v(z) and
§ 0 N~ i d
e = o0t ;(—1) Dy ... Dis . (6)

2.2. Self-adjointness

Definition 2.1 ([3]). Equation (2) is said to be self-adjoint if the adjoint equation (3) becomes equivalent to the original

equation (2) upon the substitution of v = u.

Definition 2.2 ([6]). Equation (2) is called quasi self-adjoint or nonlinear self-adjoint if the adjoint equation (3) become

equivalent to (2) upon the substitution of the form v = ¢(x,u) with ¢, # 0.

Thus equation (3) is said to be nonlinear self-adjoint if there exists a function ¢ = ¢(z,u) such that
Flo=p = Mz, u,...)F (7)

for some differential functions A = A(z,u,...)
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2.3. Determination of the self-adjointness of equation (1)

Let
F =us — aui - bumz

The corresponding lagrangian of (1) is given by
L =0vF =v(us — aul — buigz)

Substituting (9) into (4), we have

F* = % = % [U(ut —au? — buwx)]
= g [pC— )] = D [ — )
~Du g [otan = au = b)) + D25 ot — au — b

= 0— D:¢(v) — Do(—2avuy) + D2 (—bv)

= —v¢ + 2avzUz + 2a0VUzz — bUze = 0

(10)

Remark 2.3. Note that equation (10) is not equivalent to equation (8) upon the substitution of v = u. Thus equation (1)

is not self adjoint.

Substituting v = ¢(z, t,u) into (10) with its derivatives expressed as follows,

vy = (% +ut%)¢

_ 06 99
= o T,

= ¢+ duus

o= (g o)

= ¢z + ¢uuz

T (Q w2y ..)(gbz + putis)

ox ou
1o} 19}
= ¢zz + (,bzuu:r + ¢uuzz + uz((z):vu + ¢uuuz)

= ¢xz + ¢uuxac + 2¢xuuac + ¢uuui

we obtain

Fr = _¢t - ¢uut + 2auy (¢x + ¢uux) + 2a¢uxa¢ - b(¢xa¢ + ¢uuxac + 2¢xuux + ¢uuui)

= _¢t - b¢zz - ¢uut + (2a¢z - Zb(z)zu)uz + (2a¢u - b¢uu)ui + (204(;5 - b¢u)uzz
Substituting (8) and (11) into (7), we have

- (bt - b¢zz - ¢uut + (Za(z)z - 2b¢zu)uz + (2a¢u - b¢uu)ui + (2&¢ - b¢u)uzz

= AMur — aui — bugs)

(11)

(12)

Equating the coefficients of various monomials in the first and second partial derivatives of u, we obtain the following

determining equations.
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Monomial terms Equation
Ut —Pu = A (a)
Uz 2ah — boy = —Ab  (b)
u2 2a¢y — by = —Aa (c)
1 7¢t — b(z)zz =0 (e)
Substituting (a) into (b), we have
2a¢p — b, = boy,
= 2a¢ = 2bo,
a
= ¢, = —
¢ b
do a
= — = —
du b
do a
> — = —d
6 ™
—Ing = %u—i— c
¢ = Cebv"
where C' is a constant of integration. Thus
v=¢=Cebt" (13)
Inserting (13) into (10), with its derivatives given by
a a,,
v = EC’eb Ut
Vg = %Cefuuz
o (12 aq. 2 a %u
Vg = b—QCe uy + ECe Uz
we have
a a2 a a (12 a a
—gCe%uut + Q?Ceguui +2aCe®“uyy — ?Ceiuui —aCe® uyy =0 (14)

Diving equation (14) throughout by aCe®™ and simplifying further, we obtain

—ug + aui +buze = 0

= U — aui —bug, = 0 (15)

Remark 2.4. Note that equation (10) becomes equivalent to equation (8) upon the substitution of (18). Therefore equation

(1) is quasi self-adjoint.

3. Conservation Laws for Equation (1)

Let

0 0 0
V:E(x,t,u)%+T(x,t,u)a+n(x,t,u)% (16)

be a Lie point symmetry generator of equation (1) and the formal lagrangian £ given by (5). The Ibragimov’s theorem on

conservation laws provides a conservation law of equation (1) written in the form [6].

D,C°+D,C' =0 (17)
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where C°, C?! are called the conserved vectors if they satisfy the conservation equation (17) on all solutions of equation (1).

The conserved vectors C° and C! are expressed as follows:

c’ = T£+W—‘%
But
1 oL _ oL oL
¢ = ££+W[8uz Dzaum}—i_Dz(W)aum

(18)

where W =1 — 7u; — €u,. The Lie point symmetry generators for equation (1) are spanned by the following vector fields

[1].

S

T

Vi = m% +2t%

Vs = 2(12‘}% _xf%

Ve = 4a:pta% + 4at2% —(z® + 2bt)%
3.1. Case l1l: V| = 8%
Here

&E=1, 71=0, n=0
and thus the characteristic function W is of the form
W = —u,

Substituting (9), (19) and (20) into (18), we have

c® = 0(vus — avui — bvlge)
= —VUz
ct = 1(vue — avui — bvuge) —

— Uy ——

aut

(vug — avu? — bVUzs)

U [72avuz — Dz(fbv)] —bvDy(—uy)

2 2
= vur — avuy — bvuge + 2avuy, — buguz + bVUL,

= vus + (wui — bUzUg
3.2. Case 2: V5, = %

Here

and thus the characteristic function W is of the form

Substituting (9), (22) and (23) into (18), we have

C% = 0(vur — avul — bvug,)

T=1, n=20
W = —Ut
0
—uta—ut(vut — avu? — bvlgy)

(19)

(20)

(21)

(22)
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= VUus — avui — bvUze — VUL
= —avui — bvuge

ot = 0(vur — avui — bvUzgs) — Ut [72(11)uz — Dz(fbv)] — bvDg(—uy)
= —u(—2avug + bug) + bvug:

= 2avutty — bugur + bvug: (24)

3.3. Case 3: V3 = a%

In this case we have that:

and the function W is of the form

Substituting (9), (25) and (26) into (18), we have

0
OO =0 + 871“ (Uut — avui — b’qug:)

= v

C' = 0+ 1[-2avus — Do(—bv)] + (=bv)Dx(1)

3.4. Case 4: V; = xa% + Qt%

Here

and the function W takes the form

= —2avuz; + bu, (27)
E=u, T = 2t, n=20 (28)
W = —zu, — 2tu, (29)

Substituting (9), (28) and (29) into (18), we have

c’ =

3.5. Case 5: V5 = 2atf% — 2

Here

2t (vur — avus — botes) + (—Tus — 2tug)v

2tvus — 2atv2um — 2btvU e — TVUL — 20Ut

—2atvu§ — 2btVU g — TVUL

z(vus — avul — boties ) + (—2uy — 2tur)[—2avu, — Do (—bv)] + (—bv) Dy (—zus — 2tus)

TUUE — amvui — bxVUze + (—Tuz — 2tut)(—2avUgs + bug) + bu(Us + TUgs + 2tugt)

TUOUE — axvui — bxvuge + 2a:rvuf, — bxva g + datvuiuy — 2btvaUe + bVUL + bTVULe + 26tV ULt

U + azvu’ — brvgug + datvusug — 2btvgus + bvug + 2btvug: (30)

ou

£ = 2at, 7=0, n=-x (31)
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and the function W takes the form

W = —x — 2atu,

Substituting (9), (31) and (32) into (18), we have

CO

Cl

0+ (—z — 2atugz)v

—xv — 2atvuy

2at(vus — avus — botigs) + (— — 2atu, )[—2avuy — Do(—bv)] + (—bv) Dy (—x — 2atus)
2atvus — 2a2tvui — 2abtvuzs + (—x — 2atus ) (—2avug + bvg) + bv(1 4 2atuzs)

2atvus — 2a2tvui — 2abtvug, + 2axvu, — bxv, + 4a2tvui — 2abtvgus + buv + 2abtvug,

2atvus + 2a2tvui + 2axvuy, — brvy — 2abtvzug + bu

3.6. Case 6: Vs = daxtZ + dat* 2L — (2% + 2bt) 2

Here

¢ = daxt, T = 4at2, n= —z% — 2bt

and the function W takes the form

W = —2% — 2bt — 4at2ut — 4axtuy

Substituting (9), (33) and (35) into (18), we obtain

CO

4at2(vut — avui — bvUzs) + (—m2 — 2bt — dat®u; — daztug)v

4at2vut — 4a2t2vui — 4abt2vum — 22y — 2btv — 4at2vut — daxtvug

f4a2t2wui - 4abt2vum — 2%y — 2bty — 4axtvug

dazt(vur — avul — boties) 4+ (—a® — 2bt — dat®u; — daztu,)[—2avu, — Dy (—bv))
+(=bv) Dy (—ax® — 2bt — dat®u; — daxtu,)

daztvu, — 4a’ztou’ — 4abwtvum(—x2 — 2bt — dat’u; — daztu,)(—2avugs + bug)
+bv(2z + dat*ug, + datu, + dartuzs)

4axtvus — 4a2mtvui — dabxtvug, + 2aw2vuz + dabtvu, + 8a2t2vutuz + 8a2wtvzu2
fbx2vz - 2b2tvz — 4abt2vzut — dabxtvgaug + 2bzv + 4abt2vuzt + dabtvu, + dabxrtvuge
4axtvus + 4a2:ctvui + 2ax2vuz + Sabtvu, + 8a2t2vutul — bxzvz — 2b2tvz

—4abt21)xut — 4abxtvyus + 2bxv + 4abt2vuu

(32)

(36)

Using the value of v in (13) and setting C' = 1, the conserved vectors (21), (24), (27), (30), (33) and (36) can, respectively,

be expressed as follows:

a
0 = —eby,
1 a
C" = ev"uy
0 a 2
c’ = —ebu(auz + bum)
1 a
C' = ev"(aurus + buat)
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C’ = et

' = —aettu, (39)
c’ = fe%”(Qatui + 2btugs + xuz)

cl = et (xuz + 2atuiug, + buy + 2btum) (40)
c® = —e%u(ac + Qatuw)

ct = e%u(Qatut + axuy + b) (41)
c’ = —e%u(4a2t2ui + dabt?ugy + 22 + 2bt + 4xtuz)

cl = b (4aaztut + az?us + 6abtuy + da*t uzus + 2bx + 4at2uzt) (42)

4. Conclusion

In this paper, we have investigated the self-adjointness of a general Burgers equation and thereafter used the Ibragimov’s

theorem on conservation laws to construct some of the conservation laws of the equation.
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