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1. Introduction

The concept of fuzzy set was introduced by Zadeh [20]. He studied their properties on the parellel lines to set theory. In
1971, Rosenfeld [13] defined fuzzy subgroups and gave some of its properties. Kuroki [6] introduced fuzzy semigroups as a
generalized of classical semigroups. Mordeson [9] obtained some characterization of fuzzy semigroups. Sen and saha [14, 15]
have introduced I'-semigroups and their properties. Soft set theory was proposed by Molotsov [8] in 1999. Maji [7] worked
on soft set theory and fuzzy soft set theory. Ali [1] introduced new operations on soft sets. Mukherjee [11] studied about the
fuzzy ideals and fuzzy prime ideals. Sujit kumar sardar [17] worked on characterization of prime ideals of I-semigroups in
terms of fuzzy subsets. Thawhat [18] introduced soft I'-semigroups and disscused interesting many results. Chinnadurai [2]
studied the fuzzy soft I'-regular semigroup. In this paper we have discussed some properties of prime ideals of I'-semigroups

and fuzzy soft I'-left quasi regular semigroups.

2. Preliminaries

Definition 2.1 ([14]). Let S ={a,b,c,...} and I = {a, 8,7, ...} be two non-empty sets. Then S is called a I'-semigroup if

it satisfies the conditions

(1). aab € S,

(2). (aBb)yc = afB(byc) V a,b,c € S and a, B3,y € T.

Definition 2.2 ([9]). An ideal I of a I'-semigroup S is called prime I'-ideal if for any ideals A and B of S, AUB C I.

Definition 2.3 ([9]). An ideal I of a I'-semigroup S is called semiprime T'-ideal if for any ideals A , if ATA C I implies
ACI.
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Definition 2.4 ([18]). Let S be a I'- semigroup. A non empty subset A of S is said to be idempotent ATA = A.
Definition 2.5 ([10]). A soft semigroup (F, A) over S is called a soft reqular semigroup if for each o € A, F(a) is regular.

Definition 2.6 ([16]). A semigroup S is called left quasi regular if every left ideal of S is idempotent. Also S is left quasi

reqular if and only if a € SaSa, that is there exist element x,y € S, such that a = zaya.

Definition 2.7 ([8]). Let U be the universel set and E be the set of parameters, P(U) denote the power set of U and A be

a non empty subset of E. A pair (F, A) is called a soft set over U, where F is a mapping given by F : A — P(U).

Definition 2.8 ([1]). The extended union of two fuzzy soft sets (F, A) and (G, B) over a common universe U is fuzzy soft
set denoted by (F, A) Uc (G, B) defined as (F, A) Uc (G, B) = (H,C) where C = AUB, VceC.

ILF(c) ifce A—B
H(c) = 4 G(c) ifce B—A

F(c)UG(c) ifce ANB.

Definition 2.9 ([1]). The extended intersection of two fuzzy soft sets (F, A) and (G, B) over a common unwerse U is fuzzy
soft set denoted by (F, A) Ne (G, B) defined as (F, A) N (G,B) = (H,C) where C = AUB, YceC.

lF(c) ifce A—B
H(c) =4 G(c) ifce B—A

F(e)NnG(c) ifce AUB.

Definition 2.10 ([18]). A soft set (F, A) over S is called a soft T'-semigroup over S if (F, A)o(F, A)C(F, A).

Definition 2.11 ([12]). The restricted product (H,C) of two fuzzy soft sets (F, A) and (G, B) over a semigroup S is defined
as (H,C) = (F, A)3(G, B) where C = AN B by H(c) = F(c)3G(c),Vc e C.

Definition 2.12 ([20]). Let X be a non-empty set. A fuzzy subset p of X is a function from X into the closed unit interval
[0,1]. The set of all fuzzy subset of X is called the fuzzy power set of X and is denoted by FP(X).

Definition 2.13 ([9]). A semigroup S is called a fuzzy left(right)duo if every fuzzy left(right)ideal of S is a fuzzy ideal of S

Definition 2.14 ([9]). A fuzzy ideal f of S is called prime if for any two fuzzy ideals g and h,go h C f implies g C f or
hCf.

Definition 2.15 ([9]). A fuzzy subset f of a semigroup S is called a fuzzy semiprime if f(a) > f(a®)Va € S.

Definition 2.16 ([3]). Let X be non empty set and A be subset of X. Then the characteristic function xa : X — [0,1] is
defined by

Ul ifzeA
xa(z) =
0 ifxzgA
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3. Prime Fuzzy Soft Ideals of I'-semigroups

In this section, the notion of prime fuzzy soft ideals of I"-semigroup introduced. We have also obtained equivalent conditions

simple soft I'-semigroups.

Definition 3.1. Let (F, A) be fuzzy soft I'-ideal of S is called prime fuzzy soft I'-ideal if and only if it is prime fuzzy I'-ideal

of S, (i.e) for each e € A satisfied the condition F(e)(p) = F(e)(pyq) V p,q €S and v € T.

Definition 3.2. Let (F, A) be fuzzy soft T'-ideal of S is called semiprime fuzzy soft T'-ideal if and only if it is semiprime

fuzzy T-ideal of S, (i.e) for each e € A satisfied the condition F(e)(p) = F(e)(pyq) Vp€ S and vy €T.

Theorem 3.3. A soft set (F, A) over S is a prime soft I'-ideal of S if and only if (xp(e), A) is a prime fuzzy soft T'- ideal
of S.

Proof. Suppose that (F,A) is a prime soft I'- ideal of S. Since F(e) is a I-prime ideal of S. Let a € S such that
pyq € F(e), then xr)(pyq) = 1V e € A. Since F(e) is a I'-prime ideal of S,pyq € F(e) = p € F(e) and ¢ € F(e) and
Xr(e)(P) =1 = Xr@)(Pr9) and xre)(q9) = 1 = Xr(e)(pyq). If pyg # F(e) then we have Xr(e)(p) = 0 = Xr(e)(pyg) and
XF(e)(@) = 0= Xre)(pyq). Hence (Xr(e), A) is a prime fuzzy soft I'- ideal of S.

Conversely, assume that (xr(), A) is a prime fuzzy soft I'- ideal of S. Let pyq € F(e) Ve € A. Then xp()(pyqg) =1 and
by hypothesis we have, xr(e)(P) = Xr(e)(Pvq) = 1 and Xr(e)(q) = Xr(e)(PYq) = 1. It follows that xr()(p) = Lxre)(q) =1
and so p,q € F(e). Hence F(e) is prime soft I'-ideal of S. Hence (F, A) is a prime soft I'-ideal of S. O

Theorem 3.4. If (F, A), (G, B) and (H,C) be fuzzy soft sets over a I'-semigroup S such that (F,A) C (G,B). If BN C is
non-empty or C C A then (FGH,AUC) C (G6H,BUC) and (H3F,C U A) C (H5G,C U B).

Proof. Note that AUC C BUC. Suppose BNC is non-empty, let e € AUC. Ife € A, e ¢ C, we have e € BUC, but e # C,
and hence e € B. Therefore (F6H)(e) = F(e) < G(e) = (GSH)(e). Hence (FoH)(e) < (GoH)(e). If e € C,e ¢ A thus
(FoH)(e) = H(e) and (GSH)(e) = H(e). Assume that C C A. If e € ANC, then (FGH)(e) = F(e)oH (e) < G(e)dH (e) =
(GoH)(e). Therefore (FSH)(e) < (GoH)(e). If e € A,e ¢ C, we have e € BUC, but e # C, hence e € B. Therefore
(FsH)(e) = F(e) < G(e) = (GoH)(e). Hence (F3H)(e) < (G3H)(e). Therefore (F3H), ANC) C (GsH), BN C). Similarly
(H3F,CUA) C (H3G),C U B). O

Note that, converse of Theorem 3.4 is not true in general, which is shows in the following example.

Example 3.5. Let S = {21,22,23,24} and T’ = {a, B}, where «, 8 is defined on S with the following Cayley table:

al|z1|z2|z3|za| | B |21 |22|23]24

Z1|Z1|R1|%Z1|%1| |Z1|”1|%1|%1|%1

Z2|21|Z1|22|21]| |22|%1|%1|%1|%1

Z3|Z1|Z1|23|21| |Z3|%1|%1|%1|%1

Z4|21|R2(21|%24| |24|21|R2|21|%4

Consider E = {e1,e2,es,ea} ;and A = {e1, ez}, B = {e1,e2,es},C = {e1,es}, BNC # ¢ and C & A, consider fuzzy soft
sets over a soft T-semigroup S.

(F,A) = {F(e1) = {(21,0.8), (22,0.5), (23,0.7), (24,0.5)}, Fl(ea) = {(21,0.7), (22,0.3), (23,0.5), (24,0.3)}}; (G,B) =
{G(e1) = {(21,0.5), (22,0.2), (23,0.4), (24,0.2)}, G(e2) = {(21,0.6), (22,0.2), (23,0.4), (24,0.2)}, G(es) = {(21,0.5),
(22,0.1), (23,0.3), (24,0.1)}}; (H,C) = {H(e1) = {(21,0.9), (22,0.6), (23,0.8), (24,0.6)}, H(es) = {(z1,0.6), (22,0.3),
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23,0.4), (24,0.3)}}. Consider (F, A)5(H,C) = (F6H, AU C).

FSH, AU C) = {{(FsH)(e1) = (21,0.8), (22,0.5), (23,0.7), (24,0.5) = (H5F)(e1); {(F3H)(e2) = (21,0.7), (22,0.3),
23,0.5), (24,0.3) = (HSF)(e2)}; {(FoH)(es) = (z1,0.6),(22,0.3), (23,0.4),(24,0.3) = (HSF)(e3)}} and consider
GSH,B U C) = {{(GsH)(e1) = (z1,0.5),(22,0.2),(23,0.4),(24,0.2) = (H3G)(e1), {(GoH)(e2) = (z1,0.6),(22,0.2),
(23,0.4), (24,0.2) = (H3G)(e2)}, {(GoH)(es) = (21,0.5),(22,0.1), (23,0.3), (24,0.1) = (H6G)(es)}}. Since (FH)(es) &

(
(
(
(

(GoH)(e;), (HOF)(e;) £ (H5G)(e;) Vi=1,2,3. Hence (F6H,AUC) ¢ (GGH,BUC),(H3F,CUA) € (HG,C U B).

Theorem 3.6. A soft set (F, A) over S is a semiprime soft I'-ideal of S if and only if (xp(e), A) is a semiprime fuzzy soft
T'- ideal of S.

Proof.  Suppose that (F, A) is a semiprime soft I'- ideal of S . Since F(e) is a I'-semiprime ideal of S.Let a € S such that
pyp € F(e), then xp)(pyp) = 1V e € A. Since F(e) is a I'-semiprime ideal of S,pyq € F(e) = p € F(e) and ¢ € F(e)
and Xr(e)(P) = 1 = Xr(e)(PyP) - If pyp # F(e) then xp(e)(p) = 0 = Xr(e)(Pyp) - Hence (Xr(e), A) is a semiprime fuzzy soft
T-ideal of S.

Conversely assume that (xp(e), A) is a fuzzy soft I'-semiprime ideal of S. Let pyp € F'(e), Ve € A. Then xp()(pyp) =1
and by hypothesis we have, xr(e)(P) = Xr(e)(Pyp) =1, it follows that x () (p) = 1,which implies p € F'(e). Hence F\(e) is

semiprime soft I-ideal of S,therefore (F, A) is a semiprime I'-ideal of S. (I

Theorem 3.7. Let (F, A), (G, B) and (H,C) be fuzzy soft -bi-ideals over a I'-semigroup S, suppose that (F, A) is a prime
fuzzy soft T'-bi-ideal with (GSH, BUC') C (F, A), then the following conditions are satisfied.

(i). If |(BNC)| is empty , then (G,B) C (F,A) and (H,C) C (F,A).
(i2). If (BN Q)| is non-empty, then (G, B) C (F,A) or (H,C) C (F,A).

Proof.  Suppose that (GGH, BUC) C (F, A), that is BUC C A and (G3H)(e) < F(e) for all e € BUC. Since BUC C A,
implies that B C A and C C A.

(i). Assume that |(BNC)| is empty ,e € B,then G(e) = (GH)(e) < F(e). That is (G, B) C (F, A), and similarly ¢ ec,
then H(e/) = (GéH)(e/) < F(e/). Therefore (H,C) C (F, A).

(ii). Assume that [(B N C)| is not empty , suppose (G, B) € (F, A) , then there exists ¢ € B such that G(e/) £ F(e). If
e ¢ C then G(e,) = (GGH)(e/) < F(e/).Therefore g€EBNC.Lete €C.

Claim: H(¢' )< F(¢'). If € € Cand ¢ ¢ B, then H(e ) = (GSH)(e') < F(e'). Ife’ € C,and ¢” € B, then ¢’ = e . Hence
G(e")eH (") = (GoH)(e") < F(e").Since (F, A) is a prime fuzzy soft I-bi-ideal over a I' semigroup S.That is G(e”) < F(e")
or H(e") < F(€"),but G(e") £ F(e"),and hence H(e") < F(e"). Therefore (H,C) C (F, A). O

Example 3.8. From the Ezample 3.5, consider E = {e1,ea,es,ea}, and A = {ei,ea,es,en}, B = {er,ea},
C = {en,es,esl. Let (F,A) = {F(er) = {(21,0.8), (22,0.4), (23,0.2), (24,0.5)}, F(e2) = {(21,0.9),(22,0.5),
(23,0.1), (22,0.7)}, Fles) = {(z1,1), (22,0.6), (23,0.5), (24,0.8)}, Fles) = {(21,0.7), (22,0.5), (23,0.4), (24,0.6)}}.
Let (G,B) = {G(e1) = {(z1,0.9),(22,0.7), (25,0.5), (24,0.8)}, G(ez) = {(21,0.8), (22,0.4), (23,0.1), (24,0.7)}}.  Let
(H,C) = {H(er) = {(21,0.7), (22,0.3), (23,0.1), (21,0.4)}, H(es) = {(21,0.6), (22,0.3), (23,0), (24,0.5)}, H(es) =
{(21,0.6), (22,0.4), (23,0.2), (24,0.5)}}. Consider (G, B)5(H,C) = (G5H, BUC).

(GsH,B U C) = {(G8H)(e1) = {(21,0.7), (22,0.3), (23,0.1), (22,0.4)}, (GSH)(e2) = {(z1,0.6), (22,0.3), (z3,0), (21,0.5)},
(GBH)(es) = {(21,0.6), (22,0.4), (23,0.2), (24,0.5)}}. Thus (GSH,B U C) C (F,A), since |(BNC)| is non-empty,and
(G,B) € (F, A) hence (H,C) C (F, A)
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4. Fuzzy Soft I'-left Quasi Regular Semigroups

In this section S denotes fuzzy soft I'- left quasi regular semigroup.
Definition 4.1. A soft I'-semigroup S is called soft left quasi regular if every soft I'-left ideal of S is idempotent.

Example 4.2. Let S = {21, 22,23,24} and T = {a, 3,7}, where a, 8,7 is defined on S with the following Cayley table:

o |z1|22|z3|2a| | B |21|22|23]24| |V |21|22|23]|24

zZ1lz1(21|21|21 Z1|R1|21|R1|”1| |R1|”R1|”1|%”1 (%1

Z2|Z21|%2|23|%4 Z2|21|%22|23|%4 Z2|21|%23|23|%3

23|21|23|23|%23| |23|%21|23|23|%23| |23|%21|23|23|23

Z4|Z1|%3|23|23| |R4|R%1 |22 (23|24 | |%4|Z1 |22 |23 |74

Consider E = {e1,e2,e3,es} , and A = {e1,e2,es,e4}F(e1) = {z1,23}, Fe2) = {z1,22,23},F (es) = {z1, 23,24}, F(es) =

{71, 22, 23, z4}. Here (F,S) is soft I'-left quasi regular semigroup.
Theorem 4.3. Let (F, A) be a soft U'-left quasi reqular then every fuzzy soft U'-left ideal is idempotent.

Proof. Let (F, A) be a soft I'-left quasi regular semigroup and F(e) be fuzzy soft T-left ideal of S. Let a € S there exists

p,q € S such that a = paafgya, and o, 5,y € I', V e € A. Thus

aililgy min{F(e)(x), F(e)(y)}
min{ F(e)(paa), F(e)(gvya)}
min{F(e)(a), F(e)(a)}

= F(e)(a)

(F(e)oF (e))(a)

v Il

Y

That is (F, A)o(F, A) D (F, A). Since F'(e) is a fuzzy soft I'- left ideal of S,then (F, A)o(F, A) C (F, A). Hence (F, A)o(F, A) =

(F, A),this impies that (F, A) is a soft idempotent. O

Theorem 4.4. If (F,A) is both soft I'-intra regular and soft T'-left quasi regular,then (F,A) N (G, A) N (H,B) C
(F,A)3(G, A)3(H, B) for every fuzzy soft I'-generalized bi-ideal, (H, B) every fuzzy soft U'-left ideal,(F, A) and every fuzzy
soft T'-right ideal of (G, A) of S.

Proof. Assume that (F, A) is both soft I-intra regular and soft I'-left quasi regular, let (H,B) be any fuzzy soft I'-
generalized bi-ideal, (F, A) and every fuzzy soft I'-left ideal, (G, A) be fuzzy soft I'-right ideal of S. Let a € S, (F, A) Ne¢
(G,A)Ne (H,B) = K1,AUB and (F,A) N (G, A) N (H, B) = K3, AU B for any e € AU B. By using the cases

Case 1: If e€ A — B then K1(e) = ANBN(H,B)=Ks(e),ANBY e AN B, we have K;(e) = Kz(e)

Case 2: If e € B — A then K;(e) = H(e) = Ki(e)

Case 3: If e € AN B then K;(e) = F(e) NG(e) N H(e) and K2(e) = F(e)oG(e)oH (e).

To prove (F,A)N. (G, A) N (H,B) C (F,A)3(G,A)5(H, B), since S is soft I'-intra regular, then there exists p,q € S
such that a = pdadang and since S is soft I'-left quasi regular, then there exists m,n € S such that a = maafnya =

ma(pdaranq)pnya = ((map)da)(Aan(gBn)vya). Consider

(F(e)oG(e)oH (e))(x) = sup min{F(e)(z),G(e)5H (€))(y)}

a=zTy

min{F(e)((map)da), (G(e)sH (e))((Aan(gfn)ya)}

%
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A%

min { F(e)(a), sup min{G(e)(z), H(e)(y)} }

min{F(e)(a), G(e)(AangBn), H(e)(a)}}

min{F(e)(a), min{G(e), H(e)(a)}}

v v

min{F'(e), G(e), H(e)}(a)
= (F(e)NG(e) N H(e))(a)
Therefore (F, A) N (G, A) N (H, B) C (F, A)3(G, A)o(H, B). O

Definition 4.5. A soft ['-regular semigroup (F, A) is called fuzzy soft duo if it is fuzzy soft U'- left duo and fuzzy soft I'-

right duo.

Example 4.6. From the Example 4.2 (8 and ). Consider E = {e1,e2,e3,ea} and A = {e1,e2,€e3,e4}, F(e1) = F(es) =

{z1,23}, F(e2) = F(ea) = {21, 22,23, 24}. Hence (F,S) is soft regular duo I'- semigroup.

Theorem 4.7. In a soft reqular right duo(left duo,duo) I'-semigroup S, the following conditions are equivalent
(i). (F,A) is a fuzzy soft I'-left ideal(right) of S.
(i1). (F,A) is a fuzzy soft I'- bi-ideal of S.

Proof. Let F(e) be a fuzzy soft left I'-ideal of S, and let p,q,r € S,a, 3 € T and e € A. Consider

F(e)(paqfr) = F(e)((paq)Br)
Fe)(r)

= min{F(e)(p), F(e)(r)}

v

Hence F'(e) is a fuzzy soft bi-ideal of S.
Conversely, let F(e) be a fuzzy soft bi-ideal of S, and p,q € S,y € I" and e € A. Then pyq € S, since S is soft I-regular and

right duo, then pyq € ST'(gI'STq) C gI'ST'q, consequently then there exist r € S, «, 8 € I and e € A such that pyq = qarSq.

Consider
Fle)(rg) = F(e)(garfq)
> min{F(e)(q), F(e)(q)}
= F(e)(9)
Hence F'(e) is a fuzzy soft I'-left ideal of S. Similarly we can prove that (ii). O

Example 4.8. From ezample 4.6, F(e1) = {(z1,0.4), (22,0.1), (23,0.2), (24,0.1)}; F(es) = {(21,0.5), (22,0.2), (23,0.3),
(24,0.2)}. Thus (F,A) is a fuzzy soft I'-ideal and bi-ideal of regular duo I'-semigroup S.

Theorem 4.9. In a soft reqular left duo I'-semigroup S, the following conditions are equivalent
(i). (F,A) is a fuzzy soft - bi-ideal of S.

(). (F,A) is a fuzzy soft I'-(1,2)-ideal of S.
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Proof. Let F(e) be a fuzzy soft I-bi-ideal of S, and let p,s,q,7 € S,, 8 € I' and a € A. Consider

F(e)((pasBa)yr)
min{F(e)(pasfq), F(e)(r)}
min { min{F'(e)(p), F(e)(q)}, F(e)(r)}

= min{F(e)(p), F(e)(q), F(e)(r)}

F(e)(pasp(qvyr))

Y

Y

Hence F'(e) is a fuzzy soft I'-(1, 2)-ideal of S.
Conversely, assume that F'(e) is a fuzzy soft I'-(1, 2)-ideal of S, and S be a soft regular left duo I-semigroup S. Let p, s, q €
S,a,n €T and e € A. Then pyq € S since S is soft I'-regular and left duo, then pyq € ST'(pas) € (pI'STp)I'S C (pI'STp),

this equivalent to pas = pBsyp,s € S and 5,7 € I',e € A. Consider

F(e)(pasng) = F(e)((pBsyp)ng)
= F(e)(pBsy(pnq))
> min{F(e)(p), F(e)(p), F(e)(q)}

= min{F(e)(p), F(e)(q)}

Therefore F(e) is a fuzzy soft I-bi- ideal of S. O

Example 4.10. Let S = {z1, 22, 23,24} and ' = {a, By}, where «, B, is defined on S with the following Cayley table:

Q|21 |22(23 |24 [‘321 z2 %3 |24 Y [21|22 |23 |24

Z1l1z1121121]21 Z1|21|%1|%”1|%”1 Z1|R1|%1|%1|%”1

Z2|Z1|Z1|R2|21| |R2|Z1|”1 |21 |%Z1| [#2|”1|%1|%1|%”1

Z3|Z1|R1|RZ3|21| |23|21|R1|R1|%1| |R3|”1|%1|%1|”1

2421|2221 |24 |Zal21|22|21|24]| |24a|21|21|22]|21

Consider E = {e1, ez, e3,e4} and A = {e1, ez, e3}, F(e1) = {z1,22}, F(ez) = F(es) = {z1, 22, 2z3}. Hence (F,S) is soft reqular
duo T'- semigroup. Consider F(e1) = {(z1,0.6), (22,0.2), (23,0.1), (24,0.4)}; F(e2) = {(21,0.7), (22,0.3), (23,0.2), (24,0.5) }.

Thus (F, A) is a fuzzy soft T'-(1,2)-ideal and T-bi-ideal of regqular duo T'-semigroup S.
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