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Abstract: In this paper we will introduce an extension of the Riemann-Liouville tempered fractional derivative (integral) replacing

the exponential factor by the one parameter Mittag-Leffler function. We will calculate the Fourier Transform of this new
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1. Introduction and Preliminaries

It is known the importance of the fractional calculus in phenomena exemplification studied by diverse sciences (see [1–3, 5–10]

and [12]). The tempered fractional calculus is a generalization of the fractional calculus, it is natural to find in its focused

area of study problems that generalize the pre-existent ones, for example, tempered fractional diffusion equations, tempered

fractional Browian motion, turbulence (for further details see [1, 4, 8] and [12]). In this paper we will introduce an extension

of the Riemann-Liouville tempered fractional derivative (integral) replacing the exponential factor by the one parameter

Mittag-Leffler function. We will calculate the Fourier Transform of this new tempered fractional operator. To do this we

will start recalling some definitions and Lemmas.

Definition 1.1. Let f ∈ W 1,2[a, b], a Sobolev space, λ ≥ 0. The left and the right Riemann-Liouville tempered fractional

integral of order α > 0 respectively, is defined as

Iα,λa,x f(x) =
1

Γ(α)

∫ x

a

(x− s)α−1f(s)e−λ(x−s)ds (1)

Iα,λx,b f(x) =
1

Γ(α)

∫ b

x

(s− x)α−1f(s)e−λ(s−x)ds (2)

where Γ presents the Gamma Euler, Iαa,x denoted the left Riemann-Liouville factional integral

Iαa,xf(x) =
1

Γ(α)

∫ x

a

(x− s)α−1f(s)ds (3)

and Iαx,b denotes the right Riemann-Liouville fractional integral

Iαx,bf(x) =
1

Γ(α)

∫ b

x

(s− x)α−1f(s)ds (4)

Note that if λ = 0 the tempered fractional integral (1), (2) it reduces to the classical Riemann-Liouville fractional integral

(3), (4) see(cf. [2])
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Definition 1.2. Let f ∈W 1,2[a, b], a Sobolev space, λ ≥ 0, n−1 ≤ α < n, n ∈ N . The left and the right Riemann-Liouville

tempered fractional derivative of order α > 0 respectively, is defined as

Dα,λ
a,x f(x) =

dn

dxn

(
1

Γ(n− α)

∫ x

a

(x− s)n−α−1f(s)e−λ(x−s)ds

)
= Dn

(
In−α,λa,x f(x)

)
(5)

Dα,λ
x,b f(x) =

dn

dxn

(
1

Γ(n− α)

∫ b

x

(s− x)n−α−1f(s)e−λ(s−x)ds

)
= Dn

(
In−α,λx,b f(x)

)
(6)

where Dα
a,x denoted the left Riemann-Liouville fractional derivative

Dα
a,xf(x) =

dn

dxn

(
1

Γ(n− α)

∫ x

a

(x− s)n−α−1f(s)ds

)
(7)

and Dα
x,b denoted the right Riemann-Liouville fractional derivative

Dα
x,bf(x) =

dn

dxn

(
1

Γ(n− α)

∫ b

x

(s− x)n−α−1f(s)ds

)
(8)

Note that if λ = 0 the left and right tempered fractional derivative (5), (6) it reduces to the classical left and right

Riemann-Liouville fractional derivative (7), (8) (see [2])

Lemma 1.3. Let f ∈W 1,2[a, b], a Sobolev Space. The Fourier Transform of the left and right Riemann-Liouville tempered

fractional derivative (or integral) is

F [Iα,λa,x f(x)](w) = (λ+ iw)−α F [f(x)](w) (9)

F [Iα,λx,b f(x)](w) = (λ− iw)−α F [f(x)](w) (10)

F [Dα,λ
a,x f(x)](w) = (iw)n (λ+ iw)α−n F [f(x)](w) (11)

F [Dα,λ
x,b f(x)](w) = (iw)n (λ− iw)α−n F [f(x)](w) (12)

Note that if λ = 0 the Fourier transform of the left and right Riemann-Liouville tempered fractional derivative (or integral)

(9), (10), (11), (12), it reduces to the Fourier transform of the left and right Riemann-Liouville fracional derivative (or

integral). For further details see (see.[2, 9])

2. Main Result

Let us following generalized Mittag-Leffler function, is given by:

Eα(−xα) =

∞∑
k=0

(−x)αk

Γ(αk + 1)
(13)

The Taylor series of e−λ(x−s) at point x is given by:

e−λ(x−s) =

∞∑
k=0

[−λ(x− s)]k

k!
(14)
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If we replace (14) in (1) we have that:

Iα,λa,x f(x) =
1

Γ(α)

∫ x

a

(x− s)α−1f(s)
∑
k≥0

[−λ(x− s)]k

k!
ds

=
1

Γ(α)

∑
k≥0

−λk

k!

∫ x

a

(x− s)α−1f(s)(x− s)kds

If in the previous expression, we replace k! with Γ(µk + 1) and (x− s)k with (x− s)µk, we obtain:

Iα,λa,x f(x) =
1

Γ(α)

∫ x

a

(x− s)α−1f(s)
∑
k≥0

[−λ(x− s)µ]k

Γ(µk + 1)
ds (15)

Taking into account that:

∑
k≥0

[−λ(x− s)µ]k

Γ(µk + 1)
= Eµ[−λ(x− s)µ] (16)

replacing (16) in (15), we obtain the following

Definition 2.1. Let f ∈ W 1,2[a, b], a Sobolev space, λ ≥ 0, µ ∈ R+. The left and the right extended Riemann-Liouville

tempered fractional integral of order α > 0 respectively is defined as

Iα,λ,µa,x f(x) =
1

Γ(n− α)

∫ x

a

(x− s)α−1f(s)Eµ[−λ(x− s)µ]ds (17)

Iα,λ,µx,b f(x) =
1

Γ(n− α)

∫ b

x

(s− x)α−1f(s)Eµ[−λ(s− x)µ]ds (18)

Definition 2.2. Let f ∈W 1,2[a, b], a Sobolev space, λ ≥ 0, µ ∈ R+, n− 1 ≤ α < n, n ∈ N . The left and the right extended

Riemann-Liouville tempered fractional derivative of order α > 0 respectively is defined as

Dα,λ,µ
a,x f(x) =

dn

dxn

(
1

Γ(n− α)

∫ x

a

(x− s)n−α−1f(x)Eµ[−λ(x− s)µ]ds

)
= Dn

(
In−α,λ,µa,x f(x)

)
(19)

Dα,λ,µ
x,b f(x) =

dn

dxn

(
1

Γ(n− α)

∫ b

x

(s− x)n−α−1f(x)Eµ[−λ(s− x)µ]ds

)
= Dn

(
In−α,λ,µx,b f(x)

)
(20)

Note that Iα,λ,µa,x f(x)→Iα,λa,x f(x), Iα,λ,µx,b f(x) → Iα,λa,x f(x) when µ → 1 and Dα,λ,µ
a,x f(x)→Dα,λ

a,x f(x), Dα,λ,µ
x,b f(x) → Dα,λ

a,x f(x)

when µ→ 1.

Lemma 2.3. Let f ∈ W 1,2[a, b], a Sobolev Space. The Fourier Transform of the left and right the extended Riemann-

Liouville tempered fractional integral is

F [Iα,λ,µa,x f(x)](w) =
(
λ

1
µ + iw

)−α
F [f(x)](w) (21)

F [Iα,λ,µx,b f(x)](w) =
(
λ

1
µ − iw

)−α
F [f(x)](w) (22)
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Proof. Taking into account that F [f ∗ g](w) = F [f ](w) · F [g](w), L{xα} (s) = Γ(α+1)

sα+1 , (α)n = Γ(n+α)
Γ(α)

Symbol Pochhamer

and Binomial Theorem, we obtain

F [Iα,λ,µa,x f(x)](w) =
1

Γ(α)
F
[
f(x) ∗ xα−1Eµ(−λxµ)

]
(w)

=
1

Γ(α)
F [f(x)](w) · F

[
xα−1Eµ(−λxµ)

]
(w)

=
1

Γ(α)
F [f(x)](w)

∫
R
e−iwx

(
xα−1Eµ(−λxµ)

)
dx

=
1

Γ(α)
F [f(x)](w)

∫
R
e−iwxxα−1

∑
k≥0

(−λxµ)k

Γ(µk + 1)
dx

=
1

Γ(α)
F [f(x)](w)

∑
k≥0

(−λ)k

Γ(µk + 1)

∫
R
e−iwxxα+µk−1dx

If we make a change of variable s = iw, we obtain

F [Iα,λ,µa,x f(x)](w) =
1

Γ(α)
F [f(x)](w)

∑
k≥0

(−λ)k

Γ(µk + 1)

∫
R
e−sxxα+µk−1dx

=
1

Γ(α)
F [f(x)](w)

∑
k≥0

(−λ)k

Γ(µk + 1)
L
{
xα+µk−1

}
(s)

=
1

Γ(α)
F [f(x)](w)

∑
k≥0

(−1)k(λ)k

Γ(µk + 1)

Γ(α+ µk)

sα+µk

=
1

Γ(α)
F [f(x)](w)

∑
k≥0

(−1)k(λ)k

Γ(µk + 1)
Γ(α+ µk) · iw−α−µk

= F [f(x)](w)
∑
k≥0

(−1
1
µ )µk(α)µk

Γ(µk + 1)
(λ

1
µ )
µk

· iw−α−µk

= F [f(x)](w)
∑
k≥0

(−1)µk(−(−α)µk
Γ(µk + 1)

(λ
1
µ )
µk

· iw−α−µk

= F [f(x)](w)
∑
k≥0

(
−α
µk

)
(λ

1
µ )
µk

· iw−α−µk

=
(
λ

1
µ + iw

)−α
F [f(x)](w)

Analogously to the previous case, it may be proved that

F [Iα,λ,µx,b f(x)](w) =
(
λ

1
µ − iw

)−α
F [f(x)](w)

Lemma 2.4. Let f ∈W 1,2[a, b], a Sobolev Space. The Fourier Transform of the left and right extended Riemann-Liouville

tempered fractional derivative is

F [Dα,λ,µ
a,x f(x)](w) = (−iw)n

(
λ

1
µ + iw

)α−n
F [f(x)](w) (23)

F [Dα,λ,µ
x,b f(x)](w) = (−iw)n

(
λ

1
µ − iw

)α−n
F [f(x)](w) (24)

Proof. Taking into account the definition (19) and (20), we obtain

F [Dα,λ,µ
a,x f(x)](w) = F [Dn

(
In−α,λ,µa,x f(x)

)
](w)

= (iw)nF [In−α,λ,µa,x f(x)](w)

= (iw)n
(
λ

1
µ + iw

)α−n
F [f(x)](w)
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Analogous to the previous case, it is proved that

F [Dα,λ,µ
x,b f(x)](w) = (iw)n

(
λ

1
µ − iw

)α−n
F [f(x)](w)

Note that if µ = 1 the Fourier transform of the left and right on the extended Riemann-Liouville tempered fractional

derivative (or integral) it reduce to the Fourier transform of the left and right Riemann-Liouville tempered fractional

derivative (or integral)
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