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1. Introduction and Mathematical Preliminaries

The study of random fixed point theory was initiated by the Prague school of probability in the 1950’s (see [9, 10, 26]). The
concept of randomness leads to several new questions of measurability of solution, probabilistic and statistical aspects of
random solutions. Random fixed point theory provides a convenient way of modeling many problems arising from economic
theory (see [21]). The machinery of random methods has revolutionized the financial markets. The survey article by
Bharucha-Reid [2] in 1976 attracted the attention of several mathematician and gave wings to the theory, Itoh [13] extended
Spacek’s and Hans’s theorem to multivalued contraction mappings. Now this theory has become the full fledged research
area (see [8, 14, 16-18]). In 1997, the concept of weak contraction, a generalization of Banach’s contraction principle was
introduced by Alber and Guerre-Delabriere [1]. Actually in [1], the authors defined such mapping for single valued maps on
Hilbert spaces and proved the existence of fixed point. Rhoades [22] showed that most of the results of [1] are still true for
any Banach space. There are a number of works in which weakly contractive mapping has been considered, some of these
works are noted in [3, 6, 15, 20, 27]. In 2007, Huang and Zhang [11] introduced the concept of cone metric space, where
they generalized metric space by replacing the set of real numbers with an ordering Banach space. Thus the cone naturally
induces a partial order in Banach space. Some of the works are noted in [4, 5, 11, 12], etc. The aim of this paper is to
extend general weak contraction and establish some random fixed point results under this condition in random cone metric

space. Some Definitions and Results are as Follows:
Definition 1.1. Let E always be a real Banach space and P a subset of E. P is called a cone if and only if:

(1). P is nonempty, closed, and P # {0}
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(2). a,beR, a,b>0, z,ye P=—=ax+byec P
(3). PN (=P) = {0}

Given a cone P C E, a partial ordering < with respect to P is naturally defined by x < y if and only if t —y € P for
z,y € E. We shall write x < y to indicate that x <y but © # vy, while x K y will stand for y — x € intP, where intP denote

the interior of P. The cone P is said to be normal if there exists a real number K > 0 such that for all x,y € F,
0<z<y—lzl <Eklyl

The least positive number K satisfying the above statement is called the normal constant of P. The cone P is called regular

if every increasing sequence which is bounded from above is convergent; that is, if {xn} is a sequence such that

x1§x2§<mn§.<y7

for some y € E, then there is © € E such that |z, — z|| — 0 as n — co. Equivalently, the cone P is regular if and only if

every decreasing sequence which is bounded from below is convergent. It is well known that a reqular cone is a normal cone.

Definition 1.2 (Measurable function). Let (Q2,X) be a measurable space with ¥ a sigma algebra of subset of Q and M be a
non-empty subset of a metric space X = (X, d). Let 2™ be the family of all non-empty subset of M and C(M) the family of
nonempty closed subset of M . A mapping G: Q — 2™ is called measurable if for each open set U of M, G~ (U) € ¥, where
GHU)={weQ:GQ)NU + 0}.

Definition 1.3 (Measurable selector). A mapping £ : Q@ — M 1is called measurable selector of a measurable mapping G:

Q — 2M if € is measurable and £(w) € G(w) for all w € Q.

Definition 1.4 (Random operator). A mapping T : Q@ x M — X is said to be a random operator if for each fized x € M,

T(.,x): Q— X is measurable.

Definition 1.5 (Continuous Random operator). A random operator T : Q x M — X is said to be continuous random

operator if for each fized x € M, T(.,x) : Q@ — X is continuous.

Definition 1.6 (Random fixed point). A measurable mapping £ : Q@ — M is a random fized point of a random operator

T:Qx M — X if T(w,&(w)) = &(w) for each w € Q.

Definition 1.7. Let M be a nonempty set and the mapping T : @ x M — X and P C X be a cone, w € Q be a selector ,

satisfies the following conditions:

(1). d(z(w),y(w)) > 0 and d(z(w), y()) = 0 & z(w) = y(w) for all x(w),y(w) € 2 x M.

(2). d(z(w),y(w)) = d(y(w), z(w)) for allz, y € M, w € Q and z(w),y(w) € @ x M.

(3). d(z(w),y(w)) < d(y(w), z(w)) + d(z(w), y(w)) for all z, y, z € M and w € Q be a selector.
(4). for any z, y € M, w € Q,d(x(w),y(w)) is nonincreasing and left continuous.

Then d is called cone random metric on M and (M, d) is called cone random metric space.

Lemma 1.8. Let M be a nonempty set and the mapping T : Q@ x M — X and P C X be a cone, w € Q be a selector and let

{zn(w)} be a sequence in Q x X. We have
(a). {zn(w)} converges to z(w) € Q x X if and only if d(zn(w), z(w)) — 0 as n — co.
(b). {zn(w)} is a Cauchy sequence if and only if d(zn(w), Tm(w)) = 0 as n,m — co.
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2. Main Section

Definition 2.1. Let (X, d) be a cone random metric space and M be a nonempty subset of X and P C X be a cone and the

mapping T : Q@ x M — X, is said to be weakly contractive if x, y € M, w € Q

d(T(@(@), T(y(w))) < 1[d(@(w), y@)) - e(d@(w), y()))] (1)

where 0 <1 <1 and ¢ : intP U {0} — intP U{0} is a continuous and nondecreasing function such that ¢(t) = 0 if and only
ift=0

(1) is more general than that satisfying

d(T(2(@), T(y())) < d(2(@),y@)) - ¢(dw),y()) (2)

because (2) is derived from (1) by taking l = 1.

Theorem 2.2. Let (X, d) be a complete cone random metric space and M be a nonempty subset of X and P C X be a cone

and the mapping T : Q@ x M — X is a weakly contractive mapping. Then T has a unique random fixed point in € x M.

Proof. For each zg(w) € @ x X and n > 1, we choose z1(w), z2(w) € @ x X such that z1(w) = T(xo(w)) and z2(w) =
T(z1(w)). In general we define a sequence of elements of X such that zp+1(w) = T'(zn(w)) and Tpt2(w) = T(zn+1(w)).

Now substituting z(w) = zn(w) and y(w) = zn+1(w) in (1) we obtain

Now if we take

then,

d(mn+1(w),mn+2(w)) <P < PPnr < - <1"By

For m > n we have

d(2m(@), 20 (@) < d(m (@), 2m-1(@)) + d(2n-1(©), Bn-2(@)) + -+ d( 2041 (@), 20 ()
<Bm—1 +Bm—2+ -+ 1B
<A B
=I"(A+1+--+I"" B
(1 — 1"

=— 17 A
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=
=74
ln
Sl—lﬁl (4)

Let 0 < ¢ be given. Choose a natural number N such that %51 & ¢ for n > N. Thus d(zn(w),zm(w)) < ¢ for m >

n.Therefore the sequence{z,(w)} is a Cauchy sequence. From the completeness of X, there exists p(w) € © x X such that

lim z,(w) = p(w)

n— oo
Now we prove that p(w) is a random fixed point of T i.e., T'(w, p(w)) = p(w). Choose a natural number N; such that

C

d(xn+1(w),p(w)) < ™

and
o (dlznii(w).pw) < =

for every n > N1 and m > 1. Hence for n > N; we have

d(T(p(w ) < d(T ) Tngr(w )) + d(mnﬂ(w),p(w))

= A(T(E(W), T(ea())) +d(wns1 (), plw))
< z[d(m () = (d(zns1 (), p())] +d(2001(2), p())
Ul %

Thus d(T(p(w)),p(w)) < = forallm> 1. So = — (T(p(w)),p(w)) € P for all m> 1. Since = — 0 as m — oo and P is
closed so —d(T(p(w)),p(w)) € P. But d(T(p(w)),p(w)) € P. Therefore d(T(p(w)),p(w)) =0 and so T'(p(w)) = p(w). For

uniqueness let g(w) be another random fixed point of T i.e T'(¢(w)) = g(w). Now for n > N; and m> 1 we have

(
< d(T(P(),2011(®) ) + d(2n41(0), T(a(w)))
(7)), T@a(@)) +d(T(@a(w)), T(a()))
d(p(w), 20 (@) = SAP@), 0 ()] +1[d(@ns1 (@), 4)) = $(d(@ns1(w), ()]

a contradiction. Hence p(w) = g(w) and so p(w) is a unique random fixed point of T. O

Definition 2.3 (Altering distance function). A function ¥ : intPU{0} — intPU{0} is said to be altering distance function

if the following properties are satisfied

(1). ¢ is monotone nondecreasing and continuous

(2). ¥(t) =0 if and only if t = 0.
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Definition 2.4. Let M be a nonempty set and P C X be a cone and the mapping T : @ x M — X, where (X, d) is a cone

random metric space is said to be generalized weakly contractive if x, y € M, w €
o [T (@(@)), T(y(@))}] < v(m(zw), y@)) - ¢[maz{d(z(w), y(«)), dy(), T(y)}] (5)
where

m(2(w), () = max [d(a(w), y()), d(@(w), T(@(w))), dy(), T(yw)), 3 {d@(w), TE@) +dye), )]

and 1 is an linear altering distance function and ¢ : intP U {0} — intP U {0} is a continuous function with ¢(t) = 0 if and

only if t = 0.

Theorem 2.5. Let (X, d) is a complete cone random metric space and M be a nonempty subset of X and P C X be a cone
and the mapping T : Q@ x M — X is a generalized weakly contractive mapping. Then T has a unique random fized point in

Qx M.

Proof. For each zo(w) € @ x X and n > 1, we choose z1(w), z2(w) € © x X such that z1(w) = T(xo(w)) and z2(w) =
T(z1(w)). In general we define a sequence of elements of X such that z,n+1(w) = T(2n(w)) and xni2(w) = T(Tnt+1(w)).
If there exists a positive integer N such that zn(w) = zn+1(w), then zn(w) is a random fixed point of T, hence we shall

assume that zn(w) # zn41(w) for all n > 1. Now substituting z(w) = z,(w) and y(w) = znt1(w) in (5) we obtain

¥ (A@ns1 (@), 2ns2(@)) ) = (AT (@0 (@), T(@ns1(w)))
< % (m(@n (@), 201 (@) ) = ¢[mar{d(@n (@), 2041(©)), d@nt1 @), T(wns1 (@))}]
= (@0 (@), 2041(©)) ) = ¢ [maz{d(n (@), 2041(@)), d@at1 (@), Tnta(w))}]

Since %d(mn(w),mn+2(w)) < maw{d(l‘n(w),xn+1(w)),d(xn+1(w),xn+2(w))}. So

[d(@n (@), 2ara(w)) +0])

N[~

So

¥ (A@n11 @), 2ns2(@))) < 9 (Ma2{d@n (@), Bnt1 (@), d(2n11 (@), 2nra(@))})

— ¢(maa{d(@a(@), 2n 1 (@), d(@ns1 (@), Ts2(@))}) (6)

Suppose d(mn(w),xn+1(w)) < d(a:n+1(w), xn+2(w)) for some positive integer n. then

6 (A1 (@), 242(@)) < ¥(A@at1 (@), 2042(@))) = ¢(A@ns1(@),20s2(w)) )

Hence it follows that ¢(d(mn+1(w)7xn+2(w)) < 0, which implies that d(zn+1(w),Zn+2(w)) = 0, contradicting our as-
sumption that zn(w) # zny1(w) for each n. Therefore, d(mn+1(w),xn+2(w)) < d(wn(w),mn+1(w)> for all n > 1 and
{d(2n(w), Tn+1(w))} is a monotone decreasing sequence of non-negative real numbers. Hence there exists an r € intP U {0}
such that

d(mn(w)7mn+1(w)) — 7T as n— o0 (7)
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In view of the above fact, from (6) we have for all n > 1
¥ (A@nt1 @), 2nt2(@))) < (d@n (@), 20+1(0)) ) = ¢ (d@n (@), Tas1(w))) (8)
Taking limit as n — oo in both sides of the above inequality and using the continuity property of ¥, ¢, we get
P(r) < ¢(r) — o(r)
That is, ¢(r) < 0 which implies that » = 0. Hence, we have

d(mn(w),xnﬂ(w)) — 0 as n— 9)

c
m—n

Let 0 < ¢ be given. Choose a natural number N such that d(z,(w), Tnt1(w)) K for m > n > N. For m > n we have

d(xm(w), xn(w)) < d(xm(w),a:m_1(w)) + d(xm_l(w),$m_2(w)> 4+ d(ﬂcn+1(w),a:n(w))

c
< + +oF
m—-n m-—n m—n
c
=(m—n)
(m—n)
<c

Thus, d(zn(w), Zm(w)) < ¢ for m > n.Therefore the sequence{z,(w)} is a Cauchy sequence. From the completeness of X,
there exists p(w) € © x X such that

lim z,(w) = p(w)

n—00

Now we prove that p(w) is a random fixed point of T i.e., T'(w, p(w)) = p(w). Choose a natural number N7 such that
c
¥ (dznir@),pw) < =
and
¢ (d@n1 (@) pw)) < 5
for every n > N; and m > 1. Hence for n > Ny, in (8) we put z,11(w) = p(w), then we get
¥ (AT (@), p))) < ¥ (dpw), (@) = 6(d@a (@), )

<

Thus w(d(T(p(w)),p(w))> < £ for all m> 1. So £ — w(d(T(p(w)),p(w))) € P for all m> 1. Since = — 0 as

m — oo and P is closed so —1/J(d(T(p(w)),p(w))) € P. But w(d(T(p(w)),p(w))) € P. Therefore w(d(T(p(w)),p(w))) =0
that is d(T(p(w)),p(w)) = 0 and so T(p(w)) = p(w). For uniqueness let g(w) be another random fixed point of T i.e.,

T(q(w)) = p(w). Now in (8) we put @,.+1(w) = q(w) and z,.+2(w) = p(w) then we get
¥ (d(g@).p@))) < ¥ (dla(w), 20 (@))) = ¥ (d(@n(w),qw)))
Taking limit as n — oo in both sides of the above inequality and using the continuity property of 1, ¢ we get
¥ (da(w),p(@))) < v(dlaw).pw)) - ¥ (dpw), o))

at 1s p(w), g(w < 0 a contradiction. Hence d(p(w), g(w)) = 0 that is p(w) = q(w) and so p(w) is a unique random
That is ¥ (d 0 dicti H d 0 that i d i i d

fixed point of T. O
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3. Example

Example 3.1. Let E = R and M = [0,00) and P = {x € M : © > 0}, also Q = [0,1] and ¥ be the sigma algebra of
Lebesgue’s measurable subset of [0,1]. Define a mapping d : (2 x X) x (2 x X) = M by d(z(w),y(w)) = % Then

1—w+ax
2

(d,X) is a cone random metric space.Define a random operator T : (@ x X) = X as T(w,x) = and the mapping

¢ : intP U {0} — intP U {0} is defined by ¢(t) = & then

Also by taking | = g we have

(), y(w) - dld(z(w), y()] g 5 7\m(w)1g y(w)|
_ 3lz(w) — y(w)|
8
Since
|2(w) —yW)| _ 3lz(w) — y(w)|
4 - 8
So

Therefore, the condition of the theorem (2.1) is satisfied. Now we define a measurable mapping £ : @ - X as é(w) =1—w

for every w € Q.Then clearly 1 — w is a random fixed point of the random operator T.

Example 3.2. Let E = R and M = [0,00) and P = {x € M : 2 > 0}, also Q@ = [0,1] and X be the sigma algebra of
Lebesgue’s measurable subset of [0,1]. Define a mapping d: (2 x X) x (@ x X) — M by

d(z(w),y(w)) = z(w) —y(w) if ==y

=yw) —zw) if y>z

Then (d, X) is a cone random metric space. Define a random operator T : (2x X) — X as T'(w, ) = w? —x and the mapping

¥, ¢ intP U {0} — intP U {0} is defined by ¢(t) = L and ¢(t) = L. Now the following cases arise

2

Case 1: If x >y then

and

mazx [d(:c(w), Y(w)), d(z(w), T(2(w))), d(y(w), T(y(w))), %{d(w(wL T(y(w))) +d(y(w), T(m(W)))}}

:max[(x7y),(2x,w2)’(2y7w2)7{(y—w2+m) N (x—w2+y)}]

3
/N
B
£
=
£
SN—
I

2 2
= mazx [(x —vy), 2z — w2), 2y — 1+ w2), (z+y— wQ)]

= (2z — w2)
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Then

v(mlae).p(w)) = )

and

6 [mas {d(@(). (), dw(w). T(e()}] = mar[EFY=) @ry W)

4 ’ 4
_Gay-u?),
4
b (m((@),y())) - 6[mas{d(e(@), @), dy(w). )] = L - Erv=e)
_3x—y— w?
_seoyout

Since x>y and w € Q sow? <1 so0

Therefore,

¥ (AT (@), T(yw))) < ¥ (mew),yw) - ¢[maz{d@w), T(Hw), dyw), T(zw)}]

Case 2: Ify > = then

and

m(2(0), y(w)) = maz[d(e(), y()), d@(w), ), dy(w), Tyw), 5 (@), T) + dyw), )]

:max[(y*m),(2x7w2)7(2y7w2)7{(m—u;2+y) N (y—u)22+x)}]

= mazx [(y —2),(2z —w?), 2y —1+w?), (z+y— wQ)}

= (2y —w’)

Then

and

8 [maa {d(@(). (), dww). T(e()}] = mar[EFY=) Gry_eT)]

4 ’ 4
@y
4
¥ (m((0).y())) - 6[maz{d(e(), @), dy(w), T)] = BT Erv =)
_3y—x— w?
_dymeout
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Sincey >z and w € Q sow? <1 so

Therefore,
(AT (@), Ty()) < ¥ (m(a(w),yw)) - ¢[maz{d@(w), T(y(w))), dyw), T(e)}]
Therefore, the condition of the theorem (2.5) is satisfied. Now we define a measurable mapping £ : Q@ — X as {(w) = %2 for

every w € Q. Then clearly “’72 is a random fized point of the random operator T.
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