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1. Introduction

The concept of fuzzy sets and fuzzy set operations were first introduced by L. A. Zadeh [8] in the year 1965. The theory of
fuzzy topological space was introduced and developed by C. L. Chang [3]. A. Kandil [5] introduced and studied the notion
of fuzzy bitopological spaces as a natural generalization of fuzzy topological space. The concept of complement function
¢ :[0,1] — [0,1] was introduced by K. Bageerathi and P. Thangavelu in [2]. PU and Liu [7] defined the notion of fuzzy
boundary in fuzzy topological spaces in 1980. In this chapter we extend some results of fuzzy boundary to bitopological
spaces and characterize their properties using standard and arbitrary complement function and several examples are given

to illustrate the concepts introduced in this paper.

2. Preliminaries

In this section we list some definitions and results that are needed. Any function € : [0,1] — [0,1] defined from the interval
[0,1] to itself is called a complement function. Throughout the paper € denotes an arbitrary complement function and
(X, 7,7;) is a fuzzy bitopological space in the sense of A. Kandil [5]. Throughout this paper, for fuzzy set A of a fuzzy
bitopological space (X, i, 7;), Ti-intA and 7;-cle\ means, respectively, the interior and closure of A\ with respect to fuzzy

topologies 7; and ;.

Definition 2.1 ([2]). If X is a fuzzy subset of X then the complement €X of a fuzzy set \ is a fuzzy subset with membership
function defined by peA(z) = €(pA(z)) for allz € X.
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A subset X of a fuzzy topological space is fuzzy closed if its standard complement A/, where M(x) = 1 — A(x) is fuzzy open.
Several fuzzy topologists used this type of complement while extending the concepts in general topological spaces to fuzzy
topological spaces. But there are other complements available in the fuzzy literature. The properties of fuzzy complement
function € and €\ are given in George Klir [4] and Bageerathi [2]. The following lemma will be useful in sequel. Some of

the complement functions are given below.
Example 2.2 ([3]).
(1). The standard complement function: €,(z) =1 — x.

(2). The Threshold type complement function for any t € [0,1):

1 for0<ax<t
Q:t(l')z
0 fort<zx<1

(8). Sugeno class complement function for any X € (1,00):

%, forz €[0,1].

Q:s)\(m) = 1 T

(4). Yagor class of complement function for w € (0,00):

Cy,(z) = (1 —a*)*, for z €[0,1].

Lemma 2.3 ([3]). The complement functions €1, €, €gx and Cy,, satisfy the following conditions.
(1). Boundary condition: €(0) =1 and €(1) = 0;

(2). Monotonicity: for all z,y € [0,1], z <y = €(z) > €(y);

(3). € is continuous and

(4). Involutive: €(&€(x)) =z for all x € [0,1].

Definition 2.4 ([1]). For a family {Aa : a € A} of fuzzy sub sets of X, the union, A = U{As : o € A} and the
intersection, B = N{Aa : @ € A}, are defined with membership functions respectively pa(x) = sup{paa(z) : @ € A} and

us(x) =inf{uaa(z): € A}, z € X.

Proposition 2.5 ([6]). If the complement functions € satisfies the monotonicity and involutive properties, then for any

fuzzy subset A of a fuzzy bitopological space, we have
(1). €(r; —int\) = 7; — cle(€N) and
(2). €(1i — cle) = 75 — int(EN).

Theorem 2.6 ([6]). Let (X, 71,72) be a fuzzy bitopological space and € be a complement function that satisfies the mono-

tonicity and involutive properties. Then for any two fuzzy subsets A and p of a fuzzy bitopological space
(1). )\ S Ti-ClQ‘)\,‘

(2). X\ is fuzzy €-1;-closed < Ti-cle A = A;
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(3). Ti-cle(Ti-cle\) = Ti — cle;

(4). If X < p then 7i-cle A < Ti-clep;

(5). Ti-cle( AV p) =7i — cle\V 75 — clep and
(6). i —cleAAp) > 7 —cle \ AT — clep.

Lemma 2.7 ([2]). Let €:[0,1] — [0,1] be a complement function that satisfies involutive and monotonic properties. Then

for any family {\a : a € A} of fuzzy subsets of X. we have
(1). €V{Aa :a € A}) = A {CX; 1 a € A} and

(2). €N {Aa:a€ A}) =V{CA, :a € A}.

3. Fuzzy (7;,7;)-boundary

In this section, we introduce the concept of fuzzy (7;,7;)-boundary in fuzzy bitopological space and discuss some of its

properties.

Definition 3.1. Let X be a fuzzy subset of a fuzzy bitopological space (X, T1,72). Then the fuzzy (7i,7;)-boundary of X is
defined as (15, 7;) — Bd(A\) = i — cl(75 — clA\) A — cl(75 — cl(X°)), where X is the standard complement of A, 1,7 = 1,2 and
i # ],

Proposition 3.2. Let (X, m1,72) be a fuzzy bitopological space. Then for any fuzzy subset A of X, (7s,7;) — Bd\ = (74, 75) —
Bd(\°).

Proof. By Definition 3.1, (1;,7;) — Bd\ = 7, — cl(1j — cl\) A 7 — cl(1j; — cl(X°)). This implies that (7;,7;) — BA =
7 —cl(m; — (X)) A — cl(r5 — (X)) = (74, 75) — Bd(X®). Therefore (5, 7;) — BdA = (13, 7;) — Bde(\°). O

Proposition 3.3. Let (X, 71,72) be a fuzzy bitopological space. If X is fuzzy 7;-closed, i = 1,2. Then (7;,7;) — Bd A < .

Proof. Let A be a fuzzy 7-closed, @ = 1,2. By Definition 3.1, (73, 7;) — BdX = 73 — cl(15 — clA\) A i — cl(5 — cl(A9))°).

Since A is fuzzy 7-closed, 7; — cl\ = X, @ = 1,2. This implies that (7, 7;) — BdA < 73 — cl(75 — cl(X)) = A O
Proposition 3.4. Let (X, 7;,7;) be a fuzzy bitopological space. If X is fuzzy Ti-open, i = 1,2. Then (13, 7;) — Bd\ < A°.

Proof. Let A be a fuzzy ;-open, ¢ = 1,2. Therefore A is a fuzzy 7;-closed. By using Proposition 3.3, (75, 7;)—BdA < \°. O

4. Fuzzy € — (15, 7j)-boundary

In this section, we introduced the concept of fuzzy €—(7;, 7;)-boundary in fuzzy bitopological space and discuss its properties.

Definition 4.1. Let X\ be a fuzzy subset of a fuzzy bitopological space (X, T1,72) and € be a complement function. Then the
fuzzy € — (13, 7j)-boundary of X is defined as (7i,7;) — Bde(\) = 75 — cle(75 — cle\) A1 — cle(15 — cle(€N)). Since arbitrary
intersection of fuzzy € — 7;-closed sets is fuzzy € — 7;-closed, (75, 7;) — Bde is fuzzy € —7;-closed. We identify (1, 7;) — BdeA

with (13, 7;) — BdX\ when €(z) =1 — z, the usual complement.
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Example 4.2. Let X = {a,b,c}, 1 = {0,{c4},{ar},{a7,ca}, 1} and 72 = {0,{cs5},{ac}, {as,cs5},1}. Let €(z) = 11_:;;
be a complement function satisfies both monotonicity and involutive properties. Then the family of all fuzzy € — T;-closed sets
are €(11) = {1,{a1,b1,c333}, {a.125,b1,c1},{a.125,b1, c333},0} and €(12) = {1,{a1,b1,c25},{a.1s,b1,c1},{a.1s,b1,c2s5}, 0}
Let A = {a.}. Then it can be evaluated that 1 — cle(m2 — cleA) = 71 — Cle{a.1s,b1,c25} = {a1,b1,c333}. Now €A =

{a.75,b1,c1}. Then it can be found that 71 — Cle (12 — Cle(€N)) = 1. We see that
T — Clg;(‘l'z - Clo_‘)\) = {a17b1,6,333} and T1 — Cle;(Tz — Clq‘(@)\)) =1 (1)

By Definition 4.1 and Equation (1), (11,72) — BdeA = {a1,b1,c¢.333}.

Proposition 4.3. Let (X, 71, 72) be a fuzzy bitopological space and let € be a complement function that satisfies the involutive

property. Then for any fuzzy subset X of X, (75,7;) — BdeA = (74, 7;) — Bde(€N).

Proof. By Definition 4.1, (7;,7;) — BdeA = 7; — cle(15 — cleA) A5 — cle(75 — cle(€N)). Since € satisfies the involutive
property, €(€X) = A. This implies that (7;,7;) — BdeA = 7; — cle (75 — cle€(EX)) AT; — cle (15 — cle (EN)) = (73, T;) — Bde(CN).
Therefore (Ti,Tj) _BdQ:)\: (Ti,Tj)—BdQ‘(@)\). O

The following example shows that the involutive property cannot be dropped from the hypothesis of Proposition 4.3 .

Example 4.4. Let X = {a,b,c}, m = {0,{a1,b2,ca},{as2,b1,c7},{a1,b1,ca},{a2,b2,c7},1} and 7o =
{0,{a1,b1,c2},1}. Let ¢(z) = V23,0 < x < 1, be a complement function. We note that this complement func-
tion does not satisfy monotonicity and involutive properties. The family of all fuzzy € — 7;-closed sets are €(m1) =
{0,{a.2,bs,c5},{as,ba,cs},{az,b2,c5},{as,bs,cs},1} and €(12) = {0,{a.2,b2,c3},1}. Let A = {a.2,ba,c5}. Then
it can be calculated that 71 — cle(m2 — cleA) = 71 — cle{l} = 1. Now €\ = {a.1,bs,ca}. Then it can be found that

71 — cle(m2 — cle(€N)) = 1. We see that
71 —cle(m2e —cleA) =1 and 71— cle(m2 — cle(€N)) =1 (2)

By Definition 4.1 and Equation (2) we get (11,72) — BdeA = 1. Also €\ = {a.1,bs,ca}. Then it can be calculated that
71 — cle(m2 — cle(€N)) = 1. Now €(€N) = {a.03,b.2,c.3}. Then it can be found that 71 — cle(2 — cle(€N)) = {a.2,b.2,¢c5}.
We see that

T1 — Cl¢(7'2 — Cl¢(€)\)) =1 and T — Cl¢(7'2 — Cl@Q:(Q:)\)) = {alg,b.z,c_s)}. (3)
By Definition 4.1 and Equation (3), (11,72) — Bde(€X) = {a.2,b.2,c5}. Therefore (11,72) — Bde\ # (11, 72) — Bde(€N).

Proposition 4.5. Let (X, 71, 72) be a fuzzy bitopological space and € be a complement function that satisfies the monotonicity

and involutive properties. If X is fuzzy € — T;-closed, i = 1,2 then (7:,7;) — BdeX < A.
Proof.  Let X be a fuzzy € —7;-closed, ¢ = 1,2. By Definition 4.1, (7;,7;) — Bde A = 75 — cle (75 — cle \) AT — cle (15 — cle (EN)).

Since € satisfies the monotonicity and involutive properties, by Theorem 2.6 (2), 73 — cleA = A. Hence (73, 7;) — BdeA <

Ti —Clg‘)\:)\. D

Proposition 4.6. Let (X, 71, 72) be a fuzzy bitopological space and € be a complement function that satisfies the monotonicity

and involutive properties. If X is fuzzy Ti-open, i = 1,2 then (1;,7;) — BdeA < €.

Proof.  Let X be a fuzzy 7;-open, i = 1, 2. Since € satisfies the involutive property, €(€)) is fuzzy 7;-open. Therefore € is a
fuzzy € — 1;-closed. Since € satisfies the monotonicity and involutive properties, by Proposition 4.5, (73, 7;) — Bde(€X) < €.
Also by Proposition 4.3, (7i,7;) — BdeA < €. O
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The following example shows that if the complement function € does not satisfies the monotonicity and involutive properties,

then the conclusion of Proposition 4.6 is false .

Example 4.7. Let X = {a,b}, 71 = {0,{b.2},{b.15},{ar,b15},{a7,b2},{as,bs},1} and 72 = {0,{as,bs},1}. Let €(x) =
V& be a complement function that does not satisfy monotonicity and involutive properties. Then the family of all fuzzy € — ;-
closed sets are €(11) = {0,{b.oa},{b.2}, {a.10,b.2},{a.49,b.04a},{a64,b64}1} and €(12){0,{a.64,b6a},1}. Let A = {as,bs}
then €\ = {a.g9,b.so}. It can be evaluated that 1 — cle (T2 — cle\) = 71 — clel = 1 and 71 — cle (T2 — cle(€EN)) = 11 —clel = 1.
We see that

T1 — ClQ‘(TQ - CZQ‘A) =1 and T — CZQ(TQ - Clg(@/\)) =1. (4)
By Definition 4.1 and Equation (4), (11,72) — BdeA = 1. This shows that (171, 72) — BdeA £ €.

Proposition 4.8. Let (X, 71,72) be a fuzzy bitopological space and € be a complement function that satisfies the monotonicity

and involutive properties. If X < u and p is fuzzy € — 1;-closed then (7;,7;) — BdeA < p.

Proof. Let A < p and p be a fuzzy € — 7;-closed. Since € satisfies the monotonicity and involutive properties, by Theorem
2.6 (4), A < pimplies that 7, —cle (15 —cle(N)) < Ti—cle(Tj—cle(w)). By Definition 4.1, (73, 75 ) —Bde A = Ti—cle(Tj—cle \)ATi—
cle(mj—cle(€N)). Since 73 —cle (15 —cle(N)) < i —cle(Tj—cle (1)), (73, 7j) — Bde A < 75 —cle (15— clep) AT — cle (15— cle (EN)) <

7; — cle (75 — clep). Again by Theorem 2.6 (2), 75 — clep = p. This implies that (7, 7;) — BdeA < p. O

The following example shows that if the complement function € does not satisfies the monotonicity and involutive properties,

then the conclusion of Proposition 4.8 is false.

Example 4.9. Let X = {a,b}, m = {0,{as,be},{ars,b2},{as,ba},{ars,bs},{ars,be},1} and 7 =
{0,{a6,b6},{a.rs5,b3},{a6, b3}, {ars,b6}, {ars,be1},1}. Let C(z) = 52, 0 < x < 1 be a complement function.
We see that complement function € does not satisfy the monotonicity and involutive properties. Then the family of
all fuzzy € — 7;-closed sets are given by €(11) = {0,{as,bs},{ass7,b333},{as,bss3},{ass7,bs},{ass7,bre},1} and
€(m2) = {0,{as,bs},{ass7,ba61},{as,baec1},{ass7,bs},{ass7,b76},1}. Let A = {as,brs} < {ass7,b76}. Then it can
be found that 71 — cle(m2 — cleA) = 71 — cle{as,bs} = {as,bs}. Now €\ = {ar,bei2}. Then 71 — cle(2 — cle(€N)) =

71 — cle{as,bs} = {as,bs}. We see that

T1 — CZQ‘(TQ — ClQ‘)\) = {a‘g,b,g} and T1 — CZQ‘(TQ — ClQ‘(Q»\)) = {a,g,blg}. (5)

By Definition 4.1 and Equation (5), (11,72) — Bde(\) = {a.s,b.s} £ {a.ss7,b.76}. Therefore the conclusion of Proposition
4.8 is false.

Proposition 4.10. Let (X,71,72) be a fuzzy bitopological space and € be a complement function that satisfies the mono-

tonicity and involutive properties. If X < p and p is fuzzy Ti-open then (73, 7;) — BdeA < Cp.

Proof. Let A < p and p be a fuzzy 7;-open. Since € satisfies the monotonicity and involutive properties, €y < €\. By
Theorem 2.6 and €u < €A implies that 7 — Cle (75 — Cle(€p)) < 73 — Cle (15 — Cle(€X)). By Definition 4.1, (74, 7;) — Bde A =
7i — Cle(1j — Cle\) A1, — Cle(15 — Cle(€X)). Since € satisfies the monotonicity and involutive properties, by Lemma 2.7,
€((1i,75) — BdeA) = €((1s — Cle(1j — CleN)) V €(7; — Cle(15 — Cle(€N)). Since 7, — Cle(1; — Cle(€p)) < 73 — Cle(5 —
Cle(€X)), (3, 75) — BdeA) > €((1i — Cle(15 — CleA)) V €(1; — Cle(75 — Cle(€p)). Since € satisfies the monotonicity and
involutive properties, by Proposition 2.6 , €((7;,7;) — BdeA) > (73 — Int(r; — Int(€N)) V 13 — Int(r; — Int(w))). Since p is

fuzzy 7i- open, €((7,7;) — BdeA) > p. Since € satisfies the monotonic properties, (7;,7;) — BdeA < €p. O
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The following example shows that if the complement function € does not satisfy the monotonicity and involutive properties,

then the conclusion of Proposition 4.10 is false .

Example 4.11. Let X = {a,b}, T1 = {O,{aﬁ,bﬁ},{a,75,bA2},{a,6,bA2},{aA75,bA6},{a‘75,b61},1} and T2 =

{0,{as6,b6},{a.75,b3},{as,bs},{a.rs,b6},{ars,b61},1}. Let €(z) = 2=, 0 < z < 1, be a complement function.

2—x’

We see that complement function € does not satisfy the monotonicity and involutive properties. Then the family of
all fuzzy € — 7;-closed sets are given by €(11) = {0,{as,bs},{ass7,b333},{as,bss3},{ass7,bs},{ass7,bre},1} and
€(m2) = {0,{as,bs},{ass57,b461},{a.s,bae1},{ass7,bs},{ass7,b7},1}. Let A = {as,b5} and p = {ae,be}. Then it
can be found that 71 — Cle(m2 — Cle(N)) = {a.s,bs}. Now €\ = {a.333,b.333}. Then 71 — Cle(m2a — Cle(€N)) = {as,bs}. We
see that

T1 — Cl¢(7'2 — Clqj()\)) = {(I,s,b,g} and T1 — ClQ‘(TQ — Clg(@)\)) = {a,g,b,g}. (6)
By Definition 4.1 and Equation (6), (11,72) — Bde(\) = {a.s,b.8} £ €u = {a.420,b.a20}.

Proposition 4.12. Let (X, 71,72) be a fuzzy bitopological space. Let € be a complement function that satisfies the mono-
tonicity and involutive properties. Then for any fuzzy subset A of X, €((1;,7j) — BdeA) = 7 — Int(1; — Int(N)) V 7 — Int(1j —
Int(CN)).

Proof. By Definition 4.1, (7;,7;) — BdeA = 7, — Cle(7j — Cle \) AT; — Cle (1 — Cle (€)N)). Taking complement on both sides,
€((i,75) — BdeX) = €((1i — Cle(15 — CleX) A i — Cle(m5 — Cle(€X)))). Since € satisfies the monotonicity and involutive
properties, by Lemma 2.7, €((1;,7;) — BdeA) = €(1; — Cle(1; — CleN)) V €(13 — Clg(1; — Cle(€N))). Also by Proposition
2.5, €((13,75) — BdeA) = (15 — Int(t5 — Int(EX)) V 73 — Int(r; — Int(N)). O

The following example shows that if the monotonicity and involutive properties of the complement function € can be dropped,

then the conclusion of Proposition 4.12 is false.

Example 4.13. Let X = {a,b,c}, 1 = {0,{as,b7,cs},1} and o = {0,{a2,b3,c1},{a1,b5,c6},{a1,b3,c1},{a2,bs,ce},1}.
Let €(x) = 22,0 < x < 1, be a complement function. We note that this complement function does not satisfy the mono-
tonicity and involutive properties. Then the family of all fuzzy € — 7;-closed sets are €(m1) = {0,{a.7,bs,co}, 1} and
€(m2) = {0,{a.4,b5,c3},{as,b7,cs},{as,bs,c3},{aa,br,cs}t,1}. Let A\ = {a4,br,c75}. Then it can be evaluated that

71 — Cle(m2 — CleX) = {a.7,bs,co}. Now€\ = {a.16,b.49,c56} and 11 — Cle(12 — Cle(€N)) = {a.7,bs,co}. We see that

T1 — ClQ(TQ — Clg)\) = {a,7,b_8,c,9} and T1 — Clq‘(Tz — Cl@(@)\)) = {a,7,b_8,C,9}. (7)

By Definition 4.1 and Equation (7) shows that, (71,72) — BdeA = {a.7,b.s,c.9}. Also €((11,72) — BdeA) = {a.49,b.64,C81}.
Now 11 — Int(re — Int(N\)) = 71 — Int{a.2,b5,c6} = {0} and 11 — Int(1r2 — Int(€X)) = 71 — Int{a.1,bs,c1} = {0}. Thus we
see that €((11,72) — Bde) # (11 — Int(2 — Int(N\)) V 71 — Int(m2 — Int(CN))).

Proposition 4.14. Let (X, 71,72) be a fuzzy bitopological space. Let € be a complement function that satisfies the mono-
tonicity and involutive properties. Then for any fuzzy subset X of X, (7, 7;) — BdeA = (1: — Cle (15 — Cle(N)) AN€(13 — Int(7; —
Int()N))).

Proof. By Definition 4.1, (13, 7;) — BdeA = 7; — Cle (15 — Cle\) ATi — Cle (15 — Cle(€X)). Since € satisfies the monotonicity

and involutive properties, by Proposition 2.5, (73, 7;) — BdeA = 75 — Cle(15 — CleA) A €(75 — Int(1; — Int(N))). O

The next example shows that if the complement function € does not satisfies the monotonic and involutive properties, then

the conclusion of Proposition 4.14 is false.
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Example 4.15. In Ezample 4.13, let A = {a,47b,27c_7}. Then it can be evaluated that 71 — Clg(m2 — Cle)) = 11 —
Cl@{a/;,bj,cg} = {aj,b,g,CAg}. Now €\ = {0«16,(),04,049}. Then 11 — Cl(t_‘(TQ — CZQ(QA)) = 71 — Clc{@s,b%CAg} =

{a.7,bs,co}. Then we can see that
T — CZQ(TQ - Cl@)\) = {a_7,b,g,c,9} and T1 — CZQ‘(TQ - CZQ(Q:)\)) = {a‘7,b,g,c,9} (8)

By Definition 4.1 and Equation (8) shows that, (11, 72)—BdeA = {a.7,bs,co}. Also i—Int(ro—Int(\)) = 1 —Int{0} = {0}.
Therefore €(11 — Int(r2 — Int(N\))) = €{0} = {0}. This implies that €(1y — Int(r2 — Int(\))) = {0}. Thus we see that
(Tl,TQ) - Bd@A 7& T1 — CZC(TQ - Cl@(A)) AN Q:(Tl - I’I’Lt(TQ - I’I'Lt()\))) = {0}

Proposition 4.16. Let (X, 71,72) be a fuzzy bitopological space. Let € be a complement function that satisfies the mono-

tonicity and involutive properties. Then for any fuzzy subset X of X, (7, 7;) — Bde(1i — Int(m; — Int(N)) < (13,75) — BdeA.

The next example shows that if the complement function € does not satisfies the involutive property, then the conclusion of

Proposition 4.16 is false.

Example 4.17. Let X = {a,b}, 71 = {0,{a.9s,b.4},{a5,bs},{a.9s,bs}, {as,ba},1} and 2 = {0,{a6,bo},{as,ba},1}.

Let €(x) = 1;—5, 0 <z <1 be acomplement function. We see that complement function € does not satisfy the involutive
property. Then the family of all fuzzy € — 1;-closed sets are €(11) = {1,{a.1,b.65},{a.s8,b.33},{a.s8,b.65},{a.1,b.33},0} and
¢(r2) ={1,{as,b2},{a1,b4},0}. Let \ ={as,ba}. Then the value of 11 —Int(m2 —Int(N)) = 11 —Int{as,ba}t = {as,b4}.
This implies 71 — Cle (T2 — Cle (11 — Int(m2 — Int(N)))) = 11 —Clel = 1. Also €(my —Int(r2—Int(N\))) = €{as,ba}t = {as, b7}

Therefore 1 — Clg(m2 — Cle€(11 — Int(me — Int(XN)))) = 11 — Clel = 1. By Definition 4.1,
(11, 72) — Bde(m1 — Int(m2 — Int(X))) = 1. (9)

We see that

T1 — ClQ‘(TQ — Clg()\)) = {a,57b,4}and7'1 — Clqj(Tz — Cla(@)\)) =1. (10)

By Definition 4.1 and Equation (10) shows that,
(11,72) — Bde(\) = {a5,b.4}. (11)

Hence from Equations (9), (10) and (11), (11,72) — Bde(m1 — Int(1e — Int(X))) £ (11, 72) — Bde(N).

Proposition 4.18. Let (X, 71,72) be a fuzzy bitopological space. Let € be a complement function that satisfies the mono-

tonicity and involutive properties. Then (7, 7;) — Bde (15 — Cle(N)) < (74, 75) — Bde(X).

Proposition 4.19. Let (X, 71,72) be a fuzzy bitopological space. Let € be a complement function that satisfies the mono-

tonicity and involutive properties. Then (7;,7;) — Bde(AV p) < (13, 75) — Bde(N) V (13, 75) — Bde(p).

The following example shows that if the complement function € does not satisfy the monotonicity and involutive properties,

then the conclusion of Proposition 4.19 is false.

Example 4.20. Let X = {a,b,c}, 11 = {0,{cs},{a.0s},{a.os,cs},1} and 72 = {0, {c.os}, {a.o7},{a.97,co5},1}. Let €(x) =

1—z?

1707 0 <z <1, be a complement function. We see that it satisfies the monotonicity property but does not satisfies the

involutive property. Then the family of all fuzzy € — 7;-closed sets are €(11) = {1,{a1,b1,c3},{a1,b1,c1},{a.1,b1,c3},0}
and €(12) = {1,{a1,b1,c2},{a.12,b1,c1},{a.12,b.1,c2},0}. Let X = {a.13} and p = {c2}. Then €X = {a.97,b1,c1} and
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Cu = {a1,b1,co2}. Then it can be evaluated that (11,72) — Bde(N\) = 71 — Cle(m2 — Cle(N)) A 11 — Cle(12 — Cle(€X)) =
{a1,b1,¢3} A1 = {a1,b1,c3}. Also (11,72) — Bde(pt) = 71 — Cle(m2 — Cle({c.2})) A1 — Cle(m2 — Cle({a1,b1,c0})) =
{a1,b1,c3} A1 = {a1,b1,c3}. Now AV p = {a.13,bo,c2}. Then €AV u) = {a.97,b1,c92}. Then it can be evaluated that
(11,72) — Bde(AV ) = 11 — Cle(12 — Cle({a.13,bo,c.95}) A1 — Cle(12 — Cle({a.97,b1,c02})) =1 A1 =1. We see that

(Tl,Tz) — Bd@(k) = {a1,b1,c,3} and (Tl,Tg) — Bd@(u) = {al,bl,c,g} (12)
(Tl,TQ)*BdQ()\\/Iu):l (13)
Equations (12) and (13) shows that, (11,72) — Bde(AV 1) € ((11,72) — Bde(N)) V ((71,72) — Bde(p)).

Theorem 4.21. Let (X, 71,72) be a fuzzy bitopological space and the complement function € satisfies the monotonicity and
involutive properties. Then for any fuzzy subset X and p of X, (74,7;) — Bde(A A p) < ((13,75) — Bde(A\) A 13 — Cle(m5 —
Cle(u)) V (73, 75) = Bde(p) A 70 = Cle(7; = Cle(X)).

Theorem 4.22. Let (X,71,72) be a fuzzy bitopological space. Suppose the complement function € satisfies the monotonicity

and involutive properties. Then for any fuzzy subset A of X, (1i,7;) — Bde((7s,7j) — Bde(N)) < ((13,75) — Bde(N).
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