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1. Introduction

Petri Net has its origin in Carl Adam Petri’s dissertation submitted in the year 1962. Tokens are used in these nets to
simulate the dynamic and concurrent activities of systems [4]. Petri net is a bipartite graph with place nodes, transition
nodes and directed arcs connecting places with transitions. Places are connected only by transitions. Similarly, transitions
are connected only by places. ie, an arc can be drawn from place to transition or transition to place. The place from which
an arc enters a transition is called the input place of the transition and the place to which an arc enters from a transition is
called the output place of the transition. Any number of tokens are given on places. A distribution of tokens over the places
of a net is called a marking. Transitions act on input tokens by a process known as firing. An enabled transition can fire.
ie, if there are tokens in every input place of the transition, then a transition fires. In that case tokens are removed from
the input place of the transition and added at all of its output places [4].

A coloured Petri Net (CPN) has the net structure of a Petri Net and colours are assosiated with places, transitions and
tokens. A transition can fire with respect to each of its colours [1]. A different kind of CPN, called string - token Petri Net
was introduced in [1] by labeling the tokens with strings of symbols and the transition with evolution rules [6]. Firing of
a transition removes token with a string label from the input places and deposits it in the output places of the transition
after performing on the strings, the evolution rule indicated at the transition. In [9], a new two-dimensional 2D grammar
based on pure Context-free rules, called pure 2D context-free grammar (P2DCFG), for rectangular picture array generation
is introduced. In this 2D model, any column or any row of the rectangular array rewritten without any priority of rewriting
columns and rows as in [7] and [8]. Certain closure properties of this 2D model were also obtained.

On the other hand an extension of the string-token Petri net called array-token Petri net is introduced in [2] and [5] by

labeling tokens by arrays and is used to generate picture languages. It has been shown in [3] that the class of languages
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generated by array-token Petri nets intersects certain classes of picture languages generated by 2D matrix grammars. Also in
[2], the languages generated by these Array-token Petri nets were compared with the languages generated by 2D grammars.
In this paper, the languages generated by P2DCFG are compared with the languages generated by these ATPN’s. Some of

it’s closure properties are discussed. These are illustrated by examples.

2. Preliminaries

Definition 2.1. A pure 2D context-free grammar(P2DCFG) is a 4-tuple G = (%, P, Pr, Ao) where

e X is a finite set of symbols.

o P.={t;]1 <i<m}, P = {tr;|1 <j < n}. Eachtc, (1 <i<m), called a column table, is a set of context-free rules
of the form a — a,a € ¥, 0 € £* such that for any two rules a — a,b — B in t;, we have |a| = |B| where |a| denotes
the length of a. Each t.;, (1 <j <n), called a row table, is a set of context free rules of the form ¢ — AT, ce and

v € % such that for any two rules ¢ — 7, d — 6 in tr;, we have |y| = |4].
e Ay C X" —{\} is a finite set of aziom arrays.

Definition 2.2. Ewvolution rules R(t) which are used in Array-Token Petri Net (ATPN) are as follows:
(a). Iis the identity rule that keeps the array unaltered (for example A— A is an identity rule, where A denotes an array).
(b). X — A(l) is the left insertion rule,

A — A(r) is the right insertion rule,

A — A(u) is the up (above) insertion rule,

A — A(d) is the down insertion rule, where A is the empty array.
(c). A — X(1) is the left deletion rule,

A — X\(r) is the right deletion rule,

A — \(u) is the deletion above (up) rule,

A — X\(d) is the deletion below (down) rule.
(d). A — B is the substitution rule where A and B are arrays

(array A is replaced by array B).
Definition 2.3. An Array - Token Petri Net (ATPN) is a 7-tuple N = (Q,T,V, A, R(t), F, Mo) where

e Q={q1,92,..,qn} is a finite set of places.

T = {t1,t2,...,tm} is a finite set of transitions and each t; is the label of evolution rules.

e V is a finite non-empty set of arrays.

AC(QXT)U(TXQ) is a set of arcs (flow relation).

e R(t) is the set of evolution rules associated with each transition t of T

F is a set of final places that is places which are not having output arcs or input places of transition which are not

enabled.

e My : Q — (an array over V') is the initial marking.

QUT #¢;QNT = ¢.
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Definition 2.4. In order to simulate the dynamic behaviour of a system, a state or marking in an ATPN is changed

according to the following transition (firing) rule:

(i). A transition t is said to be enabled if each input place p of t consists of an array or part of an array, called sub array

with a left side expression of the transition rule. Suppose

a b
t: —
a c

a a b

b bd

a b
then

a C

(#). An enabled transition may fire.

(#i). A firing of an enabled transition t removes an array or sub array say

an

array say

X X X
a a b

b b d

<o e

X X X

should be there in input place q of t.

on the output place of t.

<o

from its input place q of t and adds

Definition 2.5. A language L is an ATPN language if there exists an ATPN N = (Q,T,V, A, R(t), F, Mo) such that

L={A/A e M(Q),M is a reachable marking of N,q € F'}

Example 2.6. Consider the pure 2D context-free grammar

G1 = (21, P.,, Pr,, Ao) where

Y1 ={a,b,c,e}, Pey ={te, }, Pry = {tr },

[ a

a e a

tclz{.*)..,b*)bb},m«l:{bg) b,c— C},A(): c b ¢

L] a

a e a

An ATPN that generates G1 is given below (see Figure 1):

tey, stands for 15 transition with te, as evolution rule, t.,, stands for 2" transition with t., as evolution rule and so on.

N12

C11

Figure 1.

tc12

q1

teys
ley, @ Q1

trs

4o

teis
by q2
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Figure 2.
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tryy

Figure 3.
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tcl2 N2 : tc22
t011 ql q4
tle 22
a0 ()
tclS c23
triy @ qz qs5
tT‘13 T23
Figure 4. Figure 5.
a e e q
In Figure 2, when t.,, fires, we would get A1 on q1 where Ay = ¢ b b ¢ -
a e e q
a e e q
a e e qa

on g1 where A2 = ¢ b b
a e e qa

a e e

C21
a3
thl
Figure 7.

723

Figure 8.

C21
a3
tr21
Figure 6.

¢ - In Figure 4, when t,,, fires, we would get Az on q2 where A3 = ¢ b ¢

723

T23

In Figure 3, when t,,, fires, we would get As

and so on.

Example 2.7. Consider the P2DCFG Gy = (X2, Pey, Pry, Ao1), where L2 = {a,b,c,0}, Pe, = {te,}, Pry = {try}, tey =

a b
{b—abac—ece} t,,=<a—> ,b— s
. c
aba d . . . d . .
Ao = . Here, tr,, stands for 3" transition with t., as evolution rule, te,, stands for 2" transition with t., as
e C o
) ) ) a abaa
evolution rule and so on (see Figure 5). In Figure 6, when tc,, fires, we would get Aoz on qa where Agz = . In

aaabaaa

Figure 7, when tc,, fires, we would get Aoz on qa where Aoz =
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aba

get Aoa on qs where Aoa = o ¢ o and so on.
e cCc e

Theorem 2.8. If L is a P2DCFL, then there exists an ATPN N’ such that L is generated by ATPN.

Proof. Let G = (%, P., P, Aog) be a P2DCFG that generates L.

tcll Q q1

q2

QO

Figure 9. Figure 10.

Figure 11. Figure 12.

We construct an ATPN that generates L as follows:

We start with a place go with Ao as the initial array token (see Figure 9). For every t., , 1 <i <m, and t,; , 1 <j <,
construct transitions with t.,, , t,nj17 teigs t,nj27 and so on as evolution rules. Let m = 2, n = 3. ie, Assume that t.,, tc,, try,
try, try are given in P, and P.. Now construct tc,;, teio, -« trixs trins «- o5 Lears teany <« o5 trogs bross ooy rgys trgg, -.. @S
evolution rules. From qo, attach transitions t.,,, tcy,, triys tray, trs; - From these transitions attach places g1, ¢2, g3, g4, g5
(see Figures 10 and 11). We attach transitions to ¢ that gives loop structure. Let tc s, tegy, trigs trog, try, be the transitions
that gives loop structure. So, attach these transitions to g1 (see Figure 12). Likewise on ¢2, g3, g4, g5, we attach transitions

with loop structure. Hence, the resulting ATPN ‘N’ will generate given L. (I

Example 2.9. Consider the P2DCFG as in Example 7. Since Ao1 is the axiom array, we construct a place gs with Ap1 as
initial token array (see Figure 13). Now from g3, attach transitions for te, and t.,. We call them tc,, and tr,, because tc,,
stands for first transition with t., as evolution rule and t.,, stands for first transition with t., as evolution rule. Connect

transitions te,, and tr,, to the places qu and qs (see Figure 14). We can see that tc, and t., will give a loop. From qa attach
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tegs and try, that gives loop structure. Similarly, from qs attach tcy, and tr,, (see Figures 15 and 16). Now the resulting

net will be N = ({q3,qa, G5}, {tearstesns teags trors trags trog 1o Ay {teg, try 1y F, Ao1). We can see that N generates P2DCFL L.

C22

o (o)

Figure 13. Figure 14. Figure 15. Figure 16.

T23

Theorem 2.10. The class of ATPN’s that generates P2DCFL is closed under union.

Proof. Let N1 be an ATPN that generates a P2DCFL L; and N2 be an ATPN that generates a P2DCFL L.

Now, we can construct an ATPN that generates L1 U Lo as follows:

Let gs be the place with an array A (any empty array of desirable size). Delete the axiom arrays of N1 and N2. Attach a
transition from ¢s with evolution rule A — Ap that connects to N1 where Ay is the initial array of N;. Similarly from g¢s ,
attach a transition with evolution rule A — A; that connects to N2 where A; is the initial array of N2. Now, N will generate

Ly U Ly (see Figure 17).

/ rest of the
A= AQ
part of Ny
gs
rest of the
A — A1
part of Ny

Figure 17.

O

Example 2.11. Consider ATPNs as in Examples 6 and 7. Start with the place qs consisting of an empty array A. Delete
Ao and Ao from ATPNs in Examples 6 and 7. Attach qs to the transition with the evolution rule A — Ag. Connect this
transition to initial place of Ni. Similarly attach qs to the transition with the evolution rule A — Aop1 and connect this
transition to the initial place of No. Rest of the operations in N1 and N2 are same. Now, we obtain a net that generates

L1 ULy (see Figure 18).
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Figure 18.

Theorem 2.12. The class of ATPN’s that generate P2DCFL is closed under column catenation.

Proof. Let N1 be the ATPN generated by P2DCFL L; and N> be the ATPN generated by P2DCFL Ls. Let the symbol
(Ddenote column catenation. Here, L1 and L2 must have same number of rows. Then L () L2 can be generated by ATPN

N as follows (see Figure 19):

Y

ty : A — (axiom array of Ny)¢

: rest of the

initial place | Pt of V2
of NQ

A — (axiom array of Nj)¢

t, : A — (axiom array of Ny)¢

-~

initial place
of N 1

rest of the

part of Ny

Figure 19.

Consider the ATPN N,. From the final places of ATPN N, attach transitions with the evolution rule A — ( axiom array
of N1 )¢ and delete the axiom array of N1 from N;. Connect final places of N2 with the initial place of Ny through the
transitions with the evolution rule A — ( axiom array of Ny ) £. Here, A — ( axiom array of Ny ) ¢ means left insertion as
in Definition 2. Rest of the operations are done as in N1 and N2 (see Figure 19). Similarly, Lo (DL1 can be done by taking
N, first and then Ns. O

Example 2.13. Consider ATPN’s as in Examples 6 and 7. Here, number of rows should be the same. Since the number
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aba

of rows should be the same, we consider Ao1 to be Aop1 = o ¢ e. Rest of the operations of No are the same. Connect final

e C o

places of N2 to the transition with the evolution rule A\ — (aziom array of N1)l. i.e., A = Aol. Delete the aziom array of
N from its initial place. Now connect the transitions with the evolution rule A — Aol to the initial place of N1 (see Figure

20). Now, after completing all possible firings, the resulting array will be of the form L1 (O L.

t

C12

T23 tTls

Figure 20.

Theorem 2.14. The class of ATPN’s that generate P2DCFL is closed under row catenation.

Proof. Let N1 be the ATPN generated by P2DCFL L; and N> be the ATPN generated by P2DCFL Ls. Let the symbol
© denote row catenation. Here, L1 and Lo must have same number of columns. Then L; © L2 can be generated by ATPN
N as follows (see Figure 21): Consider the ATPN N,. From the final places of ATPN N, attach transitions with evolution
rule A — (axiom array of Ni)u and delete the axiom array of Ny from N;. Connect final places of N2 with the initial places
of N1 through the transitions with evolution rule A — (axiom array of Ni)u. Here, A — (axiom array of Ni)u means above

(up) insertion as in Definition 2. Rest of the operations are done as in N7 and Nz (see Figure 21).

Y

t; : A — (axiom array of Ni)u

z rest of the

initial place part of Ny
of IV 2

A — (axiom array of Ni)u

t, : A — (axiom array of Ny)u

~

initial place

of N1

rest of the

part of Ny

Figure 21.
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Example 2.15. Consider ATPNs as in Examples 6 and 7. Here the number of column should be the same. Delete axiom
array of N1 from Ni. Consider first ATPN Ny. From the final places of N2 attach transition with evolution rule X — Agu.
Connect final places of Na with the initial place of N1 through the transitions with evolution rule A — Aou. Now, A — Aou

means up insertion as in Definition 2. Rest of the operations are done as in N1 and Na (see Figure 22).

C12

T23 tTlS

Figure 22.

Theorem 2.16. The class of ATPN’s that generate P2DCFL is closed under transposition. ie, If P2DCFL L is generated
by ATPN N3, then there exists ATPN Nai such that N4 generates LT,

Proof. Let N3 be the ATPN that generates L. LT is the transposition of L which can be generated by ATPN N, as
follows. Column tables of L is taken as row tables of LT and row tables in L is taken as column tables of LT. Suppose
A — ais in a column table of L, then take A — o, a € X** as corresponding row table of LT Likewise, for a rule B — 7

in a row table of L, the rule B — f is taken as the corresponding column table of LY. The resulting N will generate LT

(see Figures 23 and 24).

Example 2.17.

°
o —
.

and b —

t?"lg tch
N3 : N4 :
Z‘:C11 Q1 t7‘11 ql
tclg tr13
q0 40
tC15 t7'15
bria 2 bera q2
tTle tClG
Figure 23. Figure 24.

O

Consider ATPN as in Example 6. Now e — ee, b — bb are in column table of L, that is in tc,, we take

b

as corresponding row table of LT. We call it as t/rl where t'T1 =

b

o —

° b
,b—

. b

. In a row table of

)
S
&
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° a
L, that is in t.,, we have b — p ,c — ¢ convert it as b — ebe, ¢ — aca in corresponding column table of LT. We call it

[ ] a

as t., where t., = {b— ebe,c — aca} (see Figure 25).

N t/C12
1 -
e a1
/!
tT12
w (4
tl

C13

Figure 25.

3. Conclusion

Thus, it can be concluded that every Pure 2D Context-Free Language can be generated by Array Token Petri Net. Also,
the class of Array Token Petri Nets that generates Pure 2D Context-Free Languages is closed with respect to union, column

catenation, row concatenation and transposition.
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