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Abstract: An analytical solution is obtained for the problem of one dimensional transient heat conduction and thermo elasticity in

the multilayered hollow sphere. The sphere has multiple layers in the radial direction and each layer is time dependent

and spatially without heat sources are considered. To obtain the temperature distribution The eigen value problem is
solved by use of separation of variables method. At t > 0 homogenous boundary conditions of the first kind are set on

the inner radial surface (i = 1, r = r0) and third kind are set on the outer (i = n, r = rn) radial surfaces (Convection).
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1. Introduction

The determination of temperature, displacement and stresses in a one dimensional multilayer hollow sphere it is important

both in research and engineering. Earlier literature on these found to be on the homogeneous finite bodies with constant

and uniform thermo physical properties. Carslaw and Jeager [8] studied the use of heat sources and sinks in the cases of

variable temperature in the hollow and solid sphere, M.N.Ozisik [4,6] discussed homogeneous and non homogeneous heat

conduction boundary value problems of solid and hollow sphere. N. Noda [7] discussed heat conduction and thermal stresses

for spherical bodies with and without heat generation. In the review of recent literature An integral transform technique

was applied to obtained the solution of one dimensional, radial heat conduction problem of a solid sphere with internal heat

generation [2] by S.P. Pawar.

The Green’s function method has been used to obtained the exact analytical solution of the radial heat conduction problem

in a hollow multilayered sphere [3] by Urszula Siedlecka. An analytical method based on separation of variables and finite

integral transform has been used to obtain the solution of the heat conduction in the hollow sphere [5] by S. Singh. The aim

of present work is to obtain analytical solution for the problem of one dimensional transient heat conduction and thermo

elasticity in the multilayered hollow sphere. The sphere has multiple layers in the radial direction and each layer is time

dependent and spatially without heat sources are considered. To obtain the temperature distribution eigenvalue problem is

solved by use of separation of variables method and results are obtained in the form of series solutions.

∗ E-mail: nitin.wange02@gmail.com
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Solution for One-Dimensional Transient Heat Conduction And Thermoelasticity in a Multilayer Hollow Sphere

2. Formulation of the Problem

Consider a n-layer composite hollow sphere with radial coordinates r0 ≤ r ≤ rn. It is assumed that all the layers are

thermally isotropic and make a perfect thermal contact. At t = 0, the ith layer has a temperature fi(r). At t > 0,

homogeneous boundary conditions of the first kind are set on the inner radial surface (i = 1, r = r0) and third kind are

set on the outer (i = n, r = rn) radial surfaces. The thermo physical properties of spherical material are constant. The

temperature distribution, displacement and thermal stresses are to be determined and analyze numerically and graphically.

2.1. Heat Conduction Equation

The governing differential equation for the 1-D transient heat conduction in a multilayer composite sphere has the form

∂2Ti
∂r2

+
2

r

∂Ti
∂r

=
1

αi

∂Ti
∂t

(1)

Ti = Ti(r, t); r0 ≤ r ≤ rn; ri−1 ≤ r ≤ ri; 1 ≤ i ≤ n. Boundary and initial condition as for Inner surface of the 1st layer

(i = 1)

T1(r0, t) = 0 (2)

For Outer surface of the nth layer (i = n)

kn
∂Tn(rn, t)

∂r
+ hnTn(rn, t) = 0 (3)

For Inner interface of the ith layer i = 2, 3, . . . , n

Ti(ri−1, t) = Ti−1(ri−1, t) (4)

ki
∂Ti(ri−1, t)

∂r
= ki−1

∂Ti−1(ri−1, t)

∂r
(5)

For outer interface of the ith layer i = 1, 2, 3, . . . , n− 1.

Ti(ri, t) = Ti+1(ri, t) (6)

ki
∂Ti(ri, t)

∂r
= ki+1

∂Ti+1(ri, t)

∂r
(7)

The initial condition

Ti(r, t = 0) = fi(r); 1 ≤ i ≤ n (8)

where k is the thermal conductivity, hn are heat transfer parameters and α = k
cpρ

is thermal diffusivity of the material, cp

is specific heat and ρ is density of the material of the sphere.
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Figure 1. Geometry of multilayer hollow composite sphere

2.2. Themoelastic Problem

One dimensional problem of thermoelasticity in the spherical coordinates which means spherically symmetric problem, in

which the shearing stresses and strains vanish and strain and stress components in spherical coordinates θ and φ direction

are identical [Noda]. For multilayer composite hollow sphere the equations are as follows.

σ
(i)
θθ = σ

(i)
φφ, ε

(i)
θθ = ε

(i)
φφ (9)

σ
(i)
rθ = σ

(i)
θφ = σ

(i)
rφ = 0 (10)

ε
(i)
rθ = ε

(i)
θφ = ε

(i)
rφ = 0 (11)

The equilibrium equation without body force in spherical coordinates reduces to [Noda] as

dσ
(i)
rr

dr
+

1

r

(
2σ(i)

rr − σ
(i)
θθ − σ

(i)
φφ

)
= 0 (12)

dσ
(i)
rr

dr
+

2

r

(
σ(i)
rr − σ

(i)
θθ

)
= 0 (13)

Stress strain relation or Hooke’s relations are

σ(i)
rr = 2µ(i)ε(i)rr + λ(i)e(i) − β(i)τ (i) (14)

σ
(i)
θθ = σ

(i)
φφ = 2µ(i)ε

(i)
θθ + λ(i)e(i) − β(i)τ (i) (15)

where the strain dilatation

e(i) = ε(i)rr + ε
(i)
θθ + ε

(i)
φφ = ε(i)rr + 2ε

(i)
θθ (16)

σ
(i)
rr , σ

(i)
θθ and σ

(i)
φφ are the stresses in the radial and tangential direction and ε

(i)
rr , ε

(i)
θθ and ε

(i)
φφ are strains in radial and

tangential direction, τ (i) is the temperature change, e(i) is the strain dilatation and λ(i) and µ(i) are the Lame constants

related to the modulus of elasticity E(i) and the Poisson’s ratio ν(i) as,

λ(i) =
ν(i)E(i)

[1 + ν(i)] [1− 2ν(i)]
and µ(i) =

E(i)

2 [1 + ν(i)]
(17)

The strain component in terms of radial displacement u
(i)
r is

ε(i)rr =
du

(i)
r

dr
and ε

(i)
θθ = ε

(i)
φφ =

u
(i)
r

r
(18)
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The boundary and interface conditions as for Inner surface of the 1st layer (i = 1)

σ(i)
rr (r0) = 0 at r = r0 (19)

For Outer surface of the nth layer (i = n)

σ(i)
rr (rn) = 0 at r = rn (20)

For Inner interface of the ith layer i = 1, 2, 3, . . . , n− 1.

σ(i)
rr (ri) = σ(i+1)

rr (ri) (21)

ki
∂σ

(i)
rr (ri)

∂r
= ki+1

∂σ
(i+1)
rr (ri)

∂r
(22)

Now with equations one can obtain the displacement and thermal stresses as

u(i)
r =

(
1 + ν(i)

1− ν(i)

)
a
(i)
t

 1

r2

∫ r

r0

τ (i)r2dr +
2
[
1− 2ν(i)

]
[1 + ν(i)]

r(
r3i − r3i−1

) ∫ ri

ri−1

τ (i)r2dr +
r3i−1

(r3i − r3i−1)r2

∫ ri

ri−1

τ (i)r2dr

 (23)

σ(i)
rr =

a
(i)
t E(i)

[1− ν(i)]

[
2(r3 − r3i−1)

(r3i − r3i−1)r3

∫ ri

ri−1

τ (i)r2dr − 2

r3

∫ r

ri−1

τ (i)r2dr

]
(24)

σ
(i)
θθ = σ

(i)
φφ =

a
(i)
t E(i)

[1− ν(i)]

[
2r3 + r3i−1

(r3i − r3i−1)r3

∫ ri

ri−1

τ (i)r2dr +
1

r3

∫ r

ri−1

τ (i)r2dr − τ (i)
]

(25)

where ait is the coefficient of linear thermal expansion. The equation (1)-(25) constitutes the Mathematical formulation of

the problem.

3. Solution

We use the procedure adopted by M.N.Ozisik [4], defining a new dependent variable Ui(r, t). The eigenvalue problem is

solved by the use of separation of variables method. Defining a new dependent variable Ui(r, t)

Ui(r, t) = rTi(r, t) (26)

Then the system (1)-(8) becomes

∂2Ui
∂r2

=
1

αi

∂Ui
∂t

(27)

where Ui = Ui(r, t) in ri−1 ≤ r ≤ ri; 1 ≤ i ≤ n. For Inner surface of the 1st layer (i = 1)

Ui(r0, t) = 0 (28)

For Outer surface of the nth layer (i = n)

∂Un(rn, t)

∂r
+

(
hn
kn
− 1

r

)
Un(rn, t) = 0, (29)

For Inner interface of the ith layer i = 2, 3, . . . , n.

Ui(ri−1, t) = Ui−1(ri−1, t) (30)
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ki

(
r
∂Ui(ri−1, t)

∂r
− Ui(ri−1, t)

)
= ki−1

(
r
∂Ui−1(ri−1, t)

∂r
− Ui−1(ri−1, t)

)
(31)

For Outer interface of the ith layer i = 1, 2, . . . , n− 1.

Ui(ri, t) = Ui+1(ri, t) (32)

ki

(
r
∂Ui(ri, t)

∂r
− Ui(ri, t)

)
= ki+1

(
r
∂Ui+1(ri+1, t)

∂r
− Ui+1(ri+1, t)

)
(33)

For initial condition is as follows

Ui(r, t = 0) = rfi(r) (34)

In order to obtain the expression for the temperature function Ui (r, t), we use the procedure adopted by Ozisik [6]. Using

the method of separation of variables.

Ui(r, t) = Ri(r)Γi(t) (35)

Obtain the equation (27) as.

1

Ri(r)

d2Ri(r)

dr2
=

1

αiΓi(t)

dΓi(t)

dt
= −β2

im (36)

d2Ri(r)

dr2
+ β2

imRi(r) = 0 (37)

We get the solution of Rim(r) as

Rim(r) = aim cosβimr + bim sinβimr (38)

Application of the interface conditions and boundary conditions to the transverse eigenfunction Rim(r) yields for each integer

value of m, the (2n× 2n) matrix as follows:



c1in c2in 0 0 .... 0 0 0 0 .... 0 0 0 0

x11 x12 x13 x14 .... 0 0 0 0 .... 0 0 0 0

y11 y12 y13 y14 .... 0 0 0 0 .... 0 0 0 0

.... .... .... .... .... .... .... .... .... .... .... .... .... ....

0 0 0 0 .... xi1 xi2 xi3 xi4 .... 0 0 0 0

0 0 0 0 .... yi1 yi2 yi3 yi4 .... 0 0 0 0

.... .... .... .... .... .... .... .... .... .... .... .... ..... ....

0 0 0 0 .... 0 0 0 0 .... xn−1,1 xn−1,2 xn−1,3 xn−1,4

0 0 0 0 .... 0 0 0 0 .... yn−1,1 yn−1,2 yn−1,3 yn−1,4

0 0 0 0 .... 0 0 0 0 .... 0 0 c1out c2out





a1m

b1m

....

....

aim

bim

....

....

anm

bnm



=



0

0

...

...

0

0

...

...

0

0



(39)

Where c1in = cosβ1mr0; c2in = sinβ1mr0; xi1 = cosβimri; xi2 = sinβimri; xi3 = − cosβi+1,mri; xi4 = sinβi+1,mri; yi1 =

−kiriβim sinβimri−cosβimri; yi2 = kiriβim cosβimri−sinβimri; yi3 = ki+1ri+1βi+1,m sinβi+1,mri+1+cosβi+1,mri+1; yi4 =

−ki+1ri+1βi+1,m cosβi+1,mri+1 + sinβi+1,mri+1; c1out = −βnm sinβnmrn +
(
hn
kn
− 1

rn

)
cosβnmrn; c2out = βnm cosβnmrn +(

hn
kn
− 1

rn

)
sinβnmrn. For heat flux continuity conditions at the layer interfaces Ozisik [6], for all values of t

βim = β1m

√
α1

αi
i = 1, 2, 3, . . . , n (40)
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In the above matrix equation, βim (i 6= 1) may be written in terms of β1m using the equation. Subsequently, transverse

eigen condition can be obtained by setting the determinant of the coefficient matrix equal to zero. And after that eigen

value determined the constants aim and bim. We get

dΓi(t)

dt
+ αiβ

2
imΓi(t) = 0 (41)

We get the solution

Γim(t) = c3e
−αiβ2

imt (42)

using Initial condition as
∞∑
m=1

Γim(0)Rim(r) = rfi(r)

Using orthogonal condition the coefficient is Γim(0)

Γim(0) =

∫ ri
ri−1

rfi(r)Rim(r)dr∫ ri
ri−1

R2
im(r)dr

(43)

Γim(t) =

∫ ri
ri−1

rfi(r)Rim(r)dr∫ ri
ri−1

R2
im(r)dr

e−αiβ
2
imt (44)

Ui(r, t) =

∞∑
m=1

Γim(t)Rim(r)

Ui(r, t) =

∞∑
m=1

∫ ri
ri−1

rfi(r)Rim(r)dr∫ ri
ri−1

R2
im(r)dr

e−αiβ
2
imt(aim cosβimr + bim sinβimr)

Ti(r, t) =

∞∑
m=1

∫ ri
ri−1

rfi(r)Rim(r)dr∫ ri
ri−1

R2
im(r)dr

(
aim cosβimr + bim sinβimr

r

)
e−αiβ

2
imt (45)

4. Displacement and Thermal Stress Function

The temperature changeτ (i) is obtained as

τ (i) = Ti(r, t)− fi(r)

Where i = 1, 2, 3, . . . , n.

τ (i) =

∞∑
m=1

∫ ri
ri−1

rfi(r)Rim(r)dr∫ ri
ri−1

R2
im(r)dr

(
aim cosβimr + bim sinβimr

r

)
e−αiβ

2
imt − fi(r) (46)

Now consider the integral, which is required to obtain displacement and stress functions

∫
r2τ (i)dr =

∞∑
m=1

∫ ri
ri−1

rfi(r)Rim(r)dr∫ ri
ri−1

R2
im(r)dr

e−αiβ
2
imt

∫
r(aim cosβimr + bim sinβimr)dr −

∫
r2fi(r)dr

∫
r2τ (i)dr =

∞∑
m=1

∫ ri
ri−1

rfi(r)Rim(r)dr∫ ri
ri−1

R2
im(r)dr

e−αiβ
2
imt

[(
aimβimr + bim

β2
im

)
sinβimr −

(
bimβimr − aim

β2
im

)
cosβimr

]
−
∫
r2fi(r)dr (47)

Using this integral in the equations of displacement and thermal stress in ith layers functions as

u
(i)
r =

(
1+ν(i)

1−ν(i)

)
a
(i)
t
r2


∞∑
m=1

ri∫
ri−1

rfi(r)Rim(r)dr

ri∫
ri−1

R2
im(r)dr

e−αiβ
2
imt
[(

aimβimr+bim
β2
im

)
sinβimr −

(
bimβimr−aim

β2
im

)
cosβimr

]r
ri−1

−
r∫

ri−1

r2fi(r)dr


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+
(

2(1+2ν(i))

1−ν(i)

)
a
(i)
t r

(r3i−r
3
i−1)


∞∑
m=1

ri∫
ri−1

rfi(r)Rim(r)dr

ri∫
ri−1

R2
im(r)dr

e−αiβ
2
imt
[(

aimβimr+bim
β2
im

)
sinβimr −

(
bimβimr−aim

β2
im

)
cosβimr

]ri
ri−1

−
ri∫

ri−1

r2fi(r)dr


+
(

1+ν(i)

1−ν(i)

)
a
(i)
t r3i−1

r2(r3i−r
3
i−1)


∞∑
m=1

ri∫
ri−1

rfi(r)Rim(r)dr

ri∫
ri−1

R2
im(r)dr

e−αiβ
2
imt
[(

aimβimr+bim
β2
im

)
sinβimr −

(
bimβimr−aim

β2
im

)
cosβimr

]ri
ri−1

−
ri∫

ri−1

r2fi(r)dr

 (48)

σ
(i)
rr =

a
(i)
t E(i)2(r3−r3i−1)

[1−ν(i)]r3(r3i−r3i−1)


∞∑
m=1

ri∫
ri−1

rfi(r)Rim(r)dr

ri∫
ri−1

R2
im(r)dr

e−αiβ
2
imt
[(

aimβimr+bim
β2
im

)
sinβimr −

(
bimβimr−aim

β2
im

)
cosβimr

]ri
ri−1

−
ri∫

ri−1

r2fi(r)dr


− 2a

(i)
t E(i)

[1−ν(i)]r3


∞∑
m=1

ri∫
ri−1

rfi(r)Rim(r)dr

ri∫
ri−1

R2
im(r)dr

e−αiβ
2
imt
[(

aimβimr+bim
β2
im

)
sinβimr −

(
bimβimr−aim

β2
im

)
cosβimr

]r
ri−1

−
r∫

ri−1

r2fi(r)dr

 (49)

σ
(i)
θθ = σ

(i)
φφ =

a
(i)
t E(i)(2r3+r3i−1)

[1−ν(i)]r3(r3i−r3i−1)


∞∑
m=1

ri∫
ri−1

rfi(r)Rim(r)dr

ri∫
ri−1

R2
im(r)dr

e−αiβ
2
imt
[(

aimβimr+bim
β2
im

)
sinβimr −

(
bimβimr−aim

β2
im

)
cosβimr

]ri
ri−1

−
ri∫

ri−1

r2fi(r)dr


+

a
(i)
t E(i)

[1−ν(i)]r3


∞∑
m=1

ri∫
ri−1

rfi(r)Rim(r)dr

ri∫
ri−1

R2
im(r)dr

e−αiβ
2
imt
[(

aimβimr+bim
β2
im

)
sinβimr −

(
bimβimr−aim

β2
im

)
cosβimr

]r
ri−1

−
r∫

ri−1

r2fi(r)dr



−
(
a
(i)
t E(i)

1−ν(i)

)
∞∑
m=1

ri∫
ri−1

rfi(r)Rim(r)dr

ri∫
ri−1

R2
im(r)dr

(
aim cos βimr+bim sin βimr

r

)
e−αiβ

2
imt − fi(r) (50)

The equations provides general solution for displacement and thermal stresses subject to the interface conditions as

σ(i)
rr (ri) = σ(i+1)

rr (ri) and ki
∂σ

(i)
rr (ri)

∂r
= ki+1

∂σ
(i+1)
rr (ri)

∂r
for i = 1, 2, 3, . . . , n− 1

5. Special Case Study

We consider a three layer hollow sphere r0 ≤ r ≤ r3 which is initially t = 0 at uniform temperature. For time t > 0 thermal

convection occurs from the outer radial surface at r = r3

Figure 2. Geometry of three layer hollow composite sphere

The governing differential equation for the 1D transient heat conduction without heat sources in this three layer spherical

region is as follows.

∂2Ti
∂r2

+
2

r

∂Ti
∂r

=
1

αi

∂Ti
∂t

Ti = Ti(r, t); r0 ≤ r ≤ r3; ri−1 ≤ r ≤ ri; 1 ≤ i ≤ 3. This equation is used with the following boundary conditions for Inner

surface of the 1st layer (i = 1):

T1(r0, t) = 0
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Outer surface of the 3rd layer (i= 3)

k3
∂T3(r3, t)

∂r
+ h3T3(r3, t) = 0

Inner interface of the ith layer i = 2, 3

Ti(ri−1, t) = Ti−1(ri−1, t)

Outer interface of the ith layer i = 1, 2

Ti(ri, t) = Ti+1(ri, t)

ki
∂Ti(ri, t)

∂r
= ki+1

∂Ti+1(ri, t)

∂r

Initial condition for t = 0 is as follows

Ti(r, t = 0)′ = 1′; 1 ≤ i ≤ 3

Rim(r) = aim cosβimr + bim sinβimr

By using boundary and interface conditions equation



cosβ1mr0 sinβ1mr0 0 0 0 0

cosβ1mr1 sinβ1mr1 − cosβ2mr1 − sinβ2mr1 0 0

−k1r1β1m sinβ1mr1 − k1 cosβ1mr1 k1r1β1m cosβ1mr1 − k1 sinβ1mr1 k2r1β2m sinβ2mr1 + k2 cosβ2mr1 −k2r1β2m cosβ2mr1 + k2 sinβ2mr1 0 0

0 0 cosβ2mr2 sinβ2mr2 − cosβ3mr2 − sinβ3mr2

0 0 −k2r2β2m sinβ2mr2 − k2 cosβ2mr2 k2r2β2m cosβ2mr2 − k2 sinβ2mr2 k3r2β3m sinβ3mr2 + k3 cosβ3mr2 −k3r2β3m cosβ3mr2 + k3 sinβ3mr2

0 0 0 0 −β3m sinβ3mr3 +M cosβ3mr3 β3m cosβ3mr3 +M sinβ3mr3





a1m

b1m

a2m

b2m

a3m

b3m


=



0

0

0

0

0

0



Where M = h3
k3
− 1

r
. The heat flux continuity conditions at the interfaces imply the following:

βim = β1m

√
α1

αi
; i = 2, 3.

By using initial condition t = 0

Ui(r, t = 0) = r

∞∑
m=1

Γim(0)Rim(r) = r

By using orthogonal expansion method [8].

Γim(0) =

∫ ri
ri−1

rRim(r)dr∫ ri
ri−1

R2
im(r)dr

Ti(r, t) =
∞∑
m=1


aim( riβim sin βimri+cos βimri−ri−1βim sin βimri−1−cos βimri−1

β2
im

)
−bim

(
riβim cos βimri−sin βimri−ri−1βim cos βimri−1+sin βimri−1

β2
im

)
(
a2
im

+b2
im

2

)
(ri−ri−1)+

(
a2
im

−b2
im

4βim

)
(sin 2βimri−sin 2βimri−1)− aimbim2βim

(cos 2βimri−cos 2βimri−1)


(
aim cos βimr+bim sin βimr

r

)
e−αiβ

2
imt

 (51)

For different three layers the Temperature equations as follows

T1(r, t) =
∞∑
m=1


a1m( r1β1m sin β1mr1+cos β1mr1−r0β1m sin β1mr0−cos β1mr0

β2
im

)
−b1m

(
r1β1m cos β1mr1−sin β1mr1−r0β1m cos β1mr0+sin β1mr0

β21m

)
(
a21m+b21m

2

)
(r1−r0)+

(
a21m−b21m

4β1m

)
(sin 2β1mr1−sin 2β1mr0)−

a1mb1m
2β1m

(cos 2β1mr1−cos 2β1mr0)


(
a1m cos β1mr+b1m sin β1mr

r

)
e−α1β

2
1mt


T2(r, t) =

∞∑
m=1


a2m( r2β2m sin β2mr2+cos β2mr2−r1β2m sin β2mr1−cos β2mr1

β22m

)
−b2m

(
r2β2m cos β2mr2−sin β2mr2−r1β2m cos β2mr1+sin β2mr1

β22m

)
(
a22m+b22m

2

)
(r2−r1)+

(
a22m−b22m

4β2m

)
(sin 2β2mr2−sin 2β2mr1)−

a2mb2m
2β2m

(cos 2β2mr2−cos 2β2mr1)


(
a2m cos β2mr+b2m sin β2mr

r

)
e−α2β

2
2mt


T3(r, t) =

∞∑
m=1


a3m( r3β3m sin β3mr3+cos β3mr3−r2β3m sin β3mr2−cos β3mr2

β23m

)
−b3m

(
r3β3m cos β3mr3−sin β3mr3−r2β3m cos β3mr2+sin β3mr2

β23m

)
(
a23m+b23m

2

)
(r3−r2)+

(
a23m−b23m

4β3m

)
(sin 2β3mr3−sin 2β3mr2)−

a3mb3m
2β3m

(cos 2β3mr3−cos 2β3mr2)


(
a3m cos β3mr+b3m sin β3mr

r

)
e−α3β

2
3mt


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6. Displacement and Thermal Stress Function for i = 1, 2, 3

u
(i)
r =

(
1+ν(i)

1−ν(i)

)
a
(i)
t
r2


∞∑
m=1

ri∫
ri−1

rfi(r)Rim(r)dr

ri∫
ri−1

R2
im(r)dr

e−αiβ
2
imt
[(

aimβimr+bim
β2
im

)
sinβimr −

(
bimβimr−aim

β2
im

)
cosβimr

]r
ri−1

−
r∫

ri−1

r2fi(r)dr


+
(

2(1+2ν(i))

1−ν(i)

)
a
(i)
t r

(r3i−r
3
i−1)


∞∑
m=1

ri∫
ri−1

rfi(r)Rim(r)dr

ri∫
ri−1

R2
im(r)dr

e−αiβ
2
imt
[(

aimβimr+bim
β2
im

)
sinβimr −

(
bimβimr−aim

β2
im

)
cosβimr

]ri
ri−1

−
ri∫

ri−1

r2fi(r)dr


+
(

1+ν(i)

1−ν(i)

)
a
(i)
t r3i−1

r2(r3i−r
3
i−1)


∞∑
m=1

ri∫
ri−1

rfi(r)Rim(r)dr

ri∫
ri−1

R2
im(r)dr

e−αiβ
2
imt
[(

aimβimr+bim
β2
im

)
sinβimr −

(
bimβimr−aim

β2
im

)
cosβimr

]ri
ri−1

−
ri∫

ri−1

r2fi(r)dr


u(i)
r =

(
1 + ν(i)

1− ν(i)

)
a
(i)
t

r2
×

u
(i)
r =

(
1+ν(i)

1−ν(i)

)
a
(i)
t
r2
×

∞∑
m=1



aim( riβim sin βimri+cos βimri−ri−1βim sin βimri−1−cos βimri−1

β2
im

)
−bim

(
riβim cos βimri−sin βimri−ri−1βim cos βimri−1+sin βimri−1

β2
im

)
(
a2
im

+b2
im

2

)
(ri−ri−1)+

(
a2
im

−b2
im

4βim

)
(sin 2βimr−sin 2βimri−1)− aimbim2βim

(cos 2βimr−cos 2βimri−1)


[(

aimβimr+bim
β2
im

)
sinβimr −

(
bimβimr−aim

β2
im

)
cosβimr

]r
ri−1

e−αiβ
2
imt


+

[(
2(1 + 2ν(i))

1− ν(i)

)
a
(i)
t r

(r3i − r3i−1)
+

(
1 + ν(i)

1− ν(i)

)
a
(i)
t r3i−1

r2(r3i − r3i−1)

]
×

∞∑
m=1



aim( riβim sin βimri+cos βimri−ri−1βim sin βimri−1−cos βimri−1

β2
im

)
−bim

(
riβim cos βimri−sin βimri−ri−1βim cos βimri−1+sin βimri−1

β2
im

)
(
a2
im

+b2
im

2

)
(ri−ri−1)+

(
a2
im

−b2
im

4βim

)
(sin 2βimr−sin 2βimri−1)− aimbim2βim

(cos 2βimr−cos 2βimri−1)


[(

aimβimr+bim
β2
im

)
sinβimr −

(
bimβimr−aim

β2
im

)
cosβimr

]ri
ri−1

e−αiβ
2
imt


−

{(
r3 − r3i−1

3

)(
1 + ν(i)

1− ν(i)

)
a
(i)
t

r2
+

(
r3i − r3i−1

3

)[(
2(1 + 2ν(i))

1− ν(i)

)
a
(i)
t r

(r3i − r3i−1)
+

(
1 + ν(i)

1− ν(i)

)
a
(i)
t r3i−1

r2(r3i − r3i−1)

]}
(52)

σ
(i)
rr =

a
(i)
t E(i)2(r3−r3i−1)

(1−ν(i))r3(r3i−r
3
i−1)


∞∑
m=1

ri∫
ri−1

rfi(r)Rim(r)dr

ri∫
ri−1

R2
im(r)dr

e−αiβ
2
imt
[(

aimβimr+bim
β2
im

)
sinβimr −

(
bimβimr−aim

β2
im

)
cosβimr

]ri
ri−1

−
ri∫

ri−1

r2fi(r)dr


− 2a

(i)
t E(i)

(1−ν(i))r3


∞∑
m=1

ri∫
ri−1

rfi(r)Rim(r)dr

ri∫
ri−1

R2
im(r)dr

e−αiβ
2
imt
[(

aimβimr+bim
β2
im

)
sinβimr −

(
bimβimr−aim

β2
im

)
cosβimr

]r
ri−1

−
r∫

ri−1

r2fi(r)dr


σ(i)
rr =

a
(i)
t E(i)2(r3 − r3i−1)

(1− ν(i))r3(r3i − r3i−1)
×

∞∑
m=1



aim( riβim sin βimri+cos βimri−ri−1βim sin βimri−1−cos βimri−1

β2
im

)
−bim

(
riβim cos βimri−sin βimri−ri−1βim cos βimri−1+sin βimri−1

β2
im

)
(
a2
im

+b2
im

2

)
(ri−ri−1)+

(
a2
im

−b2
im

4βim

)
(sin 2βimr−sin 2βimri−1)− aimbim2βim

(cos 2βimr−cos 2βimri−1)


[(

aimβimr+bim
β2
im

)
sinβimr −

(
bimβimr−aim

β2
im

)
cosβimr

]ri
ri−1

e−αiβ
2
imt


− 2a

(i)
t E(i)

(1− ν(i))r3
×

∞∑
m=1



aim( riβim sin βimri+cos βimri−ri−1βim sin βimri−1−cos βimri−1

β2
im

)
−bim

(
riβim cos βimri−sin βimri−ri−1βim cos βimri−1+sin βimri−1

β2
im

)
(
a2
im

+b2
im

2

)
(ri−ri−1)+

(
a2
im

−b2
im

4βim

)
(sin 2βimr−sin 2βimri−1)− aimbim2βim

(cos 2βimr−cos 2βimri−1)


[(

aimβimr+bim
β2
im

)
sinβimr −

(
bimβimr−aim

β2
im

)
cosβimr

]r
ri−1

e−αiβ
2
imt


− a

(i)
t E(i)2(r3 − r3i−1)

(1− ν(i))r3(r3i − r3i−1)

[
r3i − r3i−1

3

]
+

2a
(i)
t E(i)

(1− ν(i))r3

[
r3 − r3i−1

3

]

σ
(i)
θθ = σ

(i)
φφ =

a
(i)
t E(i)(2r3+r3i−1)

(1−ν(i))r3(r3i−r
3
i−1)


∞∑
m=1

ri∫
ri−1

rfi(r)Rim(r)dr

ri∫
ri−1

R2
im(r)dr

e−αiβ
2
imt
[(

aimβimr+bim
β2
im

)
sinβimr −

(
bimβimr−aim

β2
im

)
cosβimr

]ri
ri−1

−
ri∫

ri−1

r2fi(r)dr


+

a
(i)
t E(i)

(1−ν(i))r3


∞∑
m=1

ri∫
ri−1

rfi(r)Rim(r)dr

ri∫
ri−1

R2
im(r)dr

e−αiβ
2
imt
[(

aimβimr+bim
β2
im

)
sinβimr −

(
bimβimr−aim

β2
im

)
cosβimr

]r
ri−1

−
r∫

ri−1

r2fi(r)dr


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−
(
a
(i)
t E(i)

1−ν(i)

) ∞∑
m=1

ri∫
ri−1

rfi(r)Rim(r)dr

ri∫
ri−1

R2
im(r)dr

(
aim cos βimr+bim sin βimr

r

)
e−αiβ

2
imt − fi(r)


σ
(i)
θθ = σ

(i)
φφ =

atEi(2r
3 + r3i−1)

(1− νi)r3(r3i − r3i−1)
×

∞∑
m=1



aim( riβim sin βimri+cos βimri−ri−1βim sin βimri−1−cos βimri−1

β2
im

)
−bim

(
riβim cos βimri−sin βimri−ri−1βim cos βimri−1+sin βimri−1

β2
im

)
(
a2
im

+b2
im

2

)
(ri−ri−1)+

(
a2
im

−b2
im

4βim

)
(sin 2βimr−sin 2βimri−1)− aimbim2βim

(cos 2βimr−cos 2βimri−1)


[(

aimβimr+bim
β2
im

)
sinβimr −

(
bimβimr−aim

β2
im

)
cosβimr

]ri
ri−1

e−αiβ
2
imt


+ atEi

(1−νi)r3
×
∞∑
m=1



aim( riβim sin βimri+cos βimri−ri−1βim sin βimri−1−cos βimri−1

β2
im

)
−bim

(
riβim cos βimri−sin βimri−ri−1βim cos βimri−1+sin βimri−1

β2
im

)
(
a2
im

+b2
im

2

)
(ri−ri−1)+

(
a2
im

−b2
im

4βim

)
(sin 2βimr−sin 2βimri−1)− aimbim2βim

(cos 2βimr−cos 2βimri−1)


[(

aimβimr+bim
β2
im

)
sinβimr −

(
bimβimr−aim

β2
im

)
cosβimr

]r
ri−1

e−αiβ
2
imt


−
(
atEi
1−νi

)
×
∞∑
m=1


aim( riβim sin βimri+cos βimri−ri−1βim sin βimri−1−cos βimri−1

β2
im

)
−bim

(
riβim cos βimri−sin βimri−ri−1βim cos βimri−1+sin βimri−1

β2
im

)
(
a2
im

+b2
im

2

)
(ri−ri−1)+

(
a2
im

−b2
im

4βim

)
(sin 2βimr−sin 2βimri−1)− aimbim2βim

(cos 2βimr−cos 2βimri−1)


[
aim cos βimr+bim sin βimr

r

]
e−αiβ

2
imt


− atEi(2r

3 + r3i−1)

(1− νi)r3(r3i − r3i−1)

(
r3i − r3i−1

3

)
− atEi

(1− νi)r3

(
r3 − r3i−1

3

)
+

(
atEi

1− νi

)

The Above equations provides general solution for displacement and thermal stresses subject to the interface conditions as.

σ1
rr(r1) = σ2

rr(r1) and k1
∂σ1

rr(r1)

∂r
= k2

∂σ2
rr(r1)

∂r

σ2
rr(r2) = σ3

rr(r2) and k2
∂σ2

rr(r2)

∂r
= k3

∂σ3
rr(r2)

∂r

7. Numerical and Graphical Analysis

Layers 1 2 3

Material Aluminum (pure) Copper(pure) Iron(pure)

ki (W/mK) 204.2 386 72.7

ρi (kg/m3) 2707 8954 7897

Ci (J/kgK) 896 383 452

αi = ki/ρiCI(m2/s) 84.18 ∗ 10−6 112.34 ∗ 10−6 20.34 ∗ 10−6

ri(m) ro = 0.02 to r1 = 0.100 r1 = 0.100 to r2 = 0.200 r2 = 0.200 to r3 = 0.300

Table 1. Three material and their thermal properties

ki-Thermal conductivity, ρi-density, Ci-Specific heat capacity and αi-Thermal diffusivity. The heat transfer coefficients at

the outer surface r3 are fixed to h3 = 90w/m2k.

m 1 2 3 4 5

Layer-1

β1m 2.20227 10.5764 21.0745 25.3193 32.1144

a1m 1 1 1 1 1

b1m -22.7045 -4.65571 -2.25 -1.8 -1.14286

Layer-2
β2m 1.906373 9.155355 18.2429 21.9174 31.26207

a2m 0.7442 0.811374 1.02006 0.9828 0.412357

b2m -23.8496 -2.12 -2.219 -1.6129 -1.05286

Layer-3

β3m 4.480223 21.5103 42.87325 51.5087 73.4699

a3m 2.7502 7.8948 -4.1894 1.4654 1.90348

b3m -12.9176 2.1969 -3.42645 -2.5451 1.59108

Table 2. Three Layers numerical values
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The numerical calculation and graphs are obtained by using the MATLAB software. The radial temperature variation curve

in Figure 2 show jump in derivative at the layer interfaces due to step change in material properties. Due to induced condition

the temperature at the inner surface of the first layer are zero. In the first innermost layer and second layer temperature

grows and then slowly decays in third layer to satisfy convective boundary condition at the outer surface. Figure 4 shows

the radial stress distribution in the layers for different values of t. due to conditions, the radial stresses at the inner and

outer surfaces of the hollow sphere are zero.

Figure 3. Transient Temperature distribution in radial direction

Figure 4. Radial stress variation for different values of t.
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Figure 5. Tangential stress variation for different values of t.

8. Conclusion

This problem deals with determination of temperature, displacement, radial and tangential stress in a multilayer composite

hollow sphere under unsteady temperature field. A sphere is considered having fi(r) initial temperature and heat is dissipated

by convection from the boundary at r = rn into a surrounding temperature of which is varying with time. As a special

case mathematical model is constructed for innermost layer contain Aluminum (pure) middle layer contain copper (pure)

and outer layer contain Iron (pure) of a multilayer composite hollow sphere with thermophysical properties and functions

and parameters specified as above. The transient temperature field and thermal stress profile is obtained in the multilayer

composite hollow sphere. The layer wise temperature distribution for inner layer radii are r ≈ 0.02− 0.1 (m), Middle layer

radii are r ≈ 0.1−0.2 (m) outer layer radii are r ≈ 0.2−0.3 (m) are observed where the temperature is constant irrespective

of time. The nature of the thermal stresses varies with either compressive or tensile. This model can be applied to sphere

and to design useful structural applications. The proposed method may be readily extended to solve a wide range of physical

engineering problems with change in the form of arbitrary initial and surrounding temperature. The results presented here

are obtained after an extensive search and this is a new approach.

References

[1] N. J. Wange and M. N. Gaikwad, Heat conduction in composite regions of analytical solution of boundary value problems

with arbitrary convection boundary conditions, IJCEM, 17(2014).

[2] S. P. Pawar, K. C. Deshmukh and G. D. Kedar, Effect of heat generation on Quasi-Statics thermal stresses in a solid

Sphere, IOSR Journal of Mathematics, 7(2013).

[3] Urszula Siedlecka, Radial heat conduction in a multilayered sphere, Journal of Applied Mathematics and Computational

Mechanics, 13(4)(2014).

[4] M. N. Ozisik, Heat Conduction, Second edition, John Wiley & Sons, Inc., New York, (1993).

[5] S. Singh, Analytical solution of the time dependent multilayered heat conduction problems for nuclear applications, Pro-

ceeding of the 1st International Nuclear and Renewable Energy Conference, (2010).

326



Nitin J. Wange, M. N. Gaikwad and S. P. Pawar

[6] M. N. Ozisik, Boundary value problems of heat conduction, New York, Dover Publ., (1989).

[7] N. Noda, R. B. Hetnarski and Y. Tanigawa, Thermal Stresses, 2nd Ed., Talor and Francis, New York, 302(2003).

[8] Carslaw and Jaeger, Conduction of Heat Conduction in Solids, Clarendon Press, Oxford, (1959), 319-326.

327


	Introduction
	Formulation of the Problem
	Solution
	Displacement and Thermal Stress Function
	Special Case Study
	Displacement and Thermal Stress Function for i=1, 2, 3
	Numerical and Graphical Analysis
	Conclusion
	References

